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Chapter 1: Introduction

I’m writing these notes as I go through the book again, so Chapters 1 - 7 will
probably be more brief as I skimmed them the first time and only started taking
notes after Chapter 8 (minus Chapter 9), but I think I’ve used enough EM and
mixture models throughout the book.

1.4 Curse of Dimensionality

1.5 Decision Theory

Decision theory is coupled with probability theory - probability gives us a con-
sistent framework to deal with uncertainty, and then we must make optimal
decisions when faced with that uncertainty.

The most common setting is when using probabilistic labels associated with
classes. Then given an input image, and a previously obtained model from a
training dataset, we are interested in the posterior probabilities p(Ck|x) to make
decision.

1.5.1 Minimizing misclassification rate

We first start off with a rule on how to assign values to available classes. We
will divide the input space into decision regions, and their boundaries are called
decision boundaries. Misclassification rate can be defined as

p(mistake) = p(x ∈ R1, C2) + p(x ∈ R2, C1) (1)

From this equation, we get the intuition that we want to choose classes with the
highest posterior probability, and for multiclass problems it is actually easier to
maximize the probability of being correct:

p(correct) =
∑
k

p(x ∈ Rk, Ck) (2)
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1.5.2 Minimizing the expected loss

Here we introduce the idea of the loss matrix, and how different combinations of
true and predictive classes create different losses that we wish to minimize. An
equivalent approach is to maximize the utility. A loss matrix has the structure
Lkj , where k is the true class and j is the prediction, and we want to minimize
the expected loss over the matrix:

E[L] =
∑
k

∑
j

∫
Rj

Lkjp(x,Ck)dx (3)

So we are taking the loss over the expectations of the joint distribution p(x,Ck),
which expresses the overall uncertainty. We have one constraint, that each data
point can be assigned to only one region Rj , so under this minimization, we just
need to minimize ∑

k

Lkjp(x,Ck) =
∑
k

Lkjp(x,Ck) (4)

Which is constrained to the region the point x lies in. Because p(x,Ck) =
p(Ck|x)p(x), and the prior p(x) is common to all points, we see that the decision
rule that minimizes the expected loss is that we assign each x to the region j
that has the minimum ∑

k

Lkjp(x,Ck) (5)

which is trivial once we know the posterior probabilities.

1.5.3 The rejection option

This short section just talks about the reject option, where in regions of ex-
tremely high uncertainty, if the largest of the posterior probabilities falls below
a threshold we reject.

1.5.4 Inference and decision

The classification problem so far has been broken down into the inference stage,
where we infer p(Ck|x), and the decision stage, where we use the posterior
probabilities to make decisions about assigning classes. We could also directly
map inputs x to classes, using a discriminant function. There are three distinct
approaches to solving the decision problem:

1. First solve the inference problems of finding p(x|Ck), p(Ck), and then use
the sum over the classes to evaluate p(x), and then Bayes Theorem. Or
we can model the p(x,Ck) and normalize. Both ways give the posterior
probabilities for decisions. These approaches that model the input p(x)
and output p(x,Ck) distributions are called generative models because we
can create new points by sampling.
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2. Discrminative models - solve the inference problem of finding p(Ck|x) and
then use decision theory.

3. Find a discriminant function f(x) that directly maps inputs into the
classes, no probabilities.

Although the generative approach is the most useful, because we get the joint
and marginal distribution of x,Ck, and p(x) is great for outlier detection, it
is often computationally demanding because we require large amounts of data
points to estimate p(x|Ck) to a high degree, and these likelihood densities aren’t
necessarily great for inferring the posteriors, which is why discriminative func-
tions that just give us the posterior, which is what we want are sometimes
better.

There are some crucial advantages to always having access to the posterior
probabilities, which are better than 3:

1. Minimizing risk: we can readily evaluate new minimums/decisions for the
expected loss, compared to when we only have a discriminant function,
which requires us to resolve the problem on the training data if the loss
matrix changes

2. Compensating for class priors: This is powerful because of Bayes Theorem
- in real-world cases where the dataset is very biased towards one class,
models may reach trivial solutions by bucketing to only one class. A
solution with posterior probabilities is to instead create artificial data
balances with more even priors, and then reweight using a fraction to
restore the initial dataset priors. We would need to then renormalize the
posterior probabilities.

3. Combining models: We can also use the conditional independence prop-
erty to portion the input space / break down the problem into smaller
subproblems where we can fit classes to. Recall this is an example of the
Naive Bayes model, where different input variables can correspond to dif-
ferent classes / models, and then we perform collective inference at the
end. If xT = (x1, x2)

T , then with the conditional independence assump-
tion we see that

p(Ck|x1, x2) ∝ p(Ck)p(x1, x2|Ck) (6)

∝ p(Ck)p(x1|Ck)p(x2|Ck) (7)

∝ p(Ck|x1)p(x2|Ck)
p(Ck)

p(Ck)
(8)

∝ p(Ck|x1)p(Ck|x2)
p(Ck)

(9)

So we have now decomposed our previous posterior probability, and the class-
prior probability in the denominator is easy to estimate using fractions of train-
ing data points.

3



1.5.5 Loss functions for regression

We now move to discussing decision theory in the context of regressions, where
we are trying to fix a function y(x) to some targets t. The expected loss function
is given by

E[L] =
∫∫

L(t, y(x))p(x, t)dxdt (10)

=

∫∫
{y(x)− t}2p(x, t)dxdt (11)

On the second line we inserted the common residual squares error function. If
we optimize this with calculus of variations, assuming that y(x) is a relatively
free varying function, we get the known result that the optimal function is the
conditional mean of t given x:

∇ :

∫
(t− y(x))p(x, t)dt = 0 (12)∫

tp(x, t)dt =

∫
y(x)p(x, t)dt (13)∫

tp(x, t)dt

p(x)
= y(x) (14)∫

tp(t|x)dt = Et[t|x] = y(x) (15)

This conditional mean is also known as the regression function. Through rewrit-
ing the regression function as

{y(x)− t}2 = {(y(x)− E[t|x] + E[t|x]− t}2 (16)

And substituting this into the expected loss and solving for the minimum, we
see that an irreducible term of the loss function is the variance in the target
data. Again, just like classification, there are three different methods, in order
of decreasing complexity, analogous to the ones listed before:

1. Generative model : Learn the model p(x, t), i.e the entire joint distribu-
tion, which is usually pretty data and computationally demanding, then
normalize to find p(t|x) and take the expected mean.

2. Solve the inference problem of finding the likelihood / conditional densities
p(t|x) and then find the expected mean.

3. Directly learn a regression / discriminant function y(x) to fit to the data.

There also many other losses used in regression; one generalization is the Mi-
nowski loss: ∫∫

|y(x)− t|qp(x, t)dxdy (17)

Which reduces to the squared loss at q = 2.
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1.6 Information Theory

Short discussion on information theory.
Motivation of entropy : If we have a discrete random variable x, we want

some way of describing the new information it gives us, specifically h(x). The
constraints on h(x) naturally give rise to the logarithmic function on p: h(x)
must be monotonic, and for two unrelated events x, y, we have that

h(x, y) = h(x) + h(y), p(x, y) = p(x)p(y) (18)

The first one describes that the total information from both x, y should be their
sum since they aren’t related, and the second one is just a probability rule. This
implies h(x) = − log2 p(x). The negative sign is to ensure positivity as well as
increasing values of information for low values of p(x), and we use log 2 because
of binary, the language of computers.

If a sender wishes to transmit the value of the random variable x to a receiver,
we can represent the average amount of information given as an expectation over
p(x), giving the equation for the entropy:

H(x) = −
∑
x

p(x) log2(x) (19)

Entropy also draws connections to disorder and uncertainty through Shannon’s
noiseless coding theorem, which says that the entropy is a lower bound on the
number of bits needed to transmit the state of a random variable. If we now
switch the log to ln, then we get the units nats instead of bits, which just
differ by a factor of ln 2. Thus, the entropy describes the average amount of
information needed to describe the state of a random variable.

Maximum entropy: The maximum entropy configuration for discretized
variables can be seen as optimizing this function:

−
∑
i

p(xi) ln p(xi) + λ(
∑
i

p(xi)− 1) (20)

=⇒ p(xi) =
1

K
(21)

To extend the entropy to the differential entropy, or the continuous version, if
we assume p(x) is continuous, and divide the x line into bins of width ∆, the
MVT tells us ∫ (i+1)∆

i∆

p(x)dx = p(xi)∆ (22)

If we now quantize the continuous variable through this relation, saying that
any x value that falls into this integral width is assigned xi, and then the new
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probability is p′(xi) = p(xi)∆, and our new entropy is:

−
∑
i

p(xi)∆ ln(p(xi)∆) (23)

= −
∑
i

p(xi)∆ ln(p(xi)−
∑
i

p(xi)∆ ln∆ (24)

= −
∑
i

p(xi)∆ ln(p(xi)− ln∆ (25)

If we ignore the second term, and consider the limit ∆ → 0, since this is when
the bins get infinitesimally small and we recover the integral:

lim
∆→0

{−
∑
i

p(xi)∆ ln p(xi)} (26)

= −
∫
p(x) ln p(x)dx (27)

As the widths go to zero, the p(xi)∆ → p(x), so the bins go to points, and then
the sums become infinite sums over the points. Also note that the discrete and
continuous forms of the entropy differ by a factor of − ln∆, which we chose to
omit, but diverges when ∆ → 0. This represents that precisely representing
continuous variables requires increasing numbers of bits. To see the maximum
of the differential entropy, we can again perform an optimization, where we need
to constrain the first and second moments, so they don’t blow up or go to zero,
as well as the normalization constant:

L = −
∫
p(x) ln p(x)dx+ λ1(

∫
p(x)dx− 1) (28)

+λ2(

∫
xp(x)dx− µ) + λ3(

∫
(x− µ)2p(x)dx− σ2) (29)

∂L

∂p(x)
= − ln p(x)− 1 + λ1 + λ2x+ λ3(x− µ)2 = 0 (30)

exp{−1 + λ1 + λ2x+ λ3(x− µ2)} = p(x) (31)

We can finish the rest of the formulation by using three different constrains
with the new formulation of p(x), as solved in Exercise 1.34, but the solu-
tion shows that the distribution that maximizes the differential entropy is the
uni/multivariate Gaussian. The differential entropy can also be negative; by
looking at teh Gaussian we see that

H[N ] =
1

2
{1 + ln 2πσ2} (32)

This is an increasing function of σ2, or the variance, and we see that for σ2 <
1/2πe, it will be negative.

Conditional Entropy: If we have a joint distribution over values x and y
with p(x, y), and we observe x, the additional information needed to specify the
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value of y is − ln p(y|x), and the average information, or the differential entropy
is

H[y|x] = −
∫∫

ln p(y|x)p(x, y)dydx (33)

This is the conditional entropy, and it is straightforward to show using the
product rule that

H[x, y] = H[y|x] +H[x] (34)

It can be seen that the total entropy across x, y is given by the entropy of
observing x plus the additional information required to specify y given x.

1.6.1 Relative Entropy and Mutual Information

Motivation behind the KL divergence and relative entropy:
If we are trying to approximate/specify an unknown distribution p(x) using

q(x), and if we construct a coding scheme using q(x), then the average additional
information over p(x) required to specify the random variable x when we use
the coding scheme given by q(x) instead of p(x) is

KL[p||q] = −
∫
p(x) ln q(x)dx− (−

∫
p(x) ln p(x)dx (35)

= −
∫
p(x) ln

q(x)

p(x)
(36)

This is the KL divergence or the relative entropy, and it is not a symmetric
value which doesn’t allow it to be a distance metric.

Jensen’s inequality : We can use Jensen’s inequality to show that the KL-
divergence satisfiesKL(p||q) ≥ 0, and is 0 only with p = q. For convex functions,
Jensen’s inequality holds from induction on the convex property:

f(
∑
i

λixi) ≤
∑
i

λif(xi) (37)

=⇒ f(E[x]) ≤ E[f(x)] (38)

f(

∫
xp(x)dx) ≤

∫
f(x)p(x)dx (39)

This shows both the discrete and continuous versions of Jensen’s. Now for the
KL divergence, we can use the continuous form of Jensen’s inequality to show
that

−
∫
p(x) ln

q(x)

p(x)
≥ ln

∫
p(x)

q(x)

p(x)
(40)

= ln

∫
q(x)dx = ln 1 = 0 (41)
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When we are trying to approximate a distribution with another one, the KL-
divergence is a useful metric to minimize in order to find better approximations.
If we are trying to approximate p(x) with q(x|θ), but we can only obtain samples
from the true distribution, a sampling estimation of the KL-divergence is given
by

KL(p||q) =
∑
n

{− ln q(xn|θ) + ln p(xn)} (42)

When optimizing for parameters θ, the first term is the negative log likelihood
function, and the second term is independent, so maximizing the likelihood
function is equivalent to minimizing the KL-div.

Another useful application is determining how ’independent’ two variables,
say x, y given by

KL(p(x, y)||p(x)p(y)) = (43)

−
∫∫

p(x, y) ln
p(x)p(y)

p(x, y)
dxdy = I[x, y] (44)

This quantity is called the mutual information, and higher values imply higher
divergence between their marginal products and the joint distribution, which
equates to more information shared between them. It is only 0 when x, y are fully
independent. Another way to relate this with conditional entropy is through:

I[x, y] = H[x]−H[x|y] = H[y]−H[y|x] (45)

So the mutual information can be seen as the reduction in uncertainty about a
variable x as a consequence of observing a new observation y.

Exercises

1.1

So let’s first write out the equations we are given:

y(x,w) =

M∑
j

wjx
j (46)

E(w) =
1

2

∑
n

{y(xn, w)− tn}2 (47)

=
1

2

N∑
n

{
∑
j

wjx
j
n − tn}2 (48)

=
1

2

∑
n

{t2n − 2
∑
j

wjx
j
ntn +

∑
i

∑
j

wiwjx
i+j
n (49)
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To find the linear equation the problem presents, we can take the derivative
with respect to one component wj and then vectorize the linear equation to
create the linear system:

∇wj −
∑
n

xjntn +
∑
n

∑
i

wix
i+j
n = 0 (50)∑

n

∑
i

wix
i+j
n =

∑
n

xjntn (51)

So for this fixed component wj of the vector w, it lines up with the book’s
equation, we just swapped i and j in the notation.

1.2

To save time I’m not going to fully write it out, but if we follow the logic and
take the derivative with respect to a component wj again, then we that it just
adds a l1 norm sum that we can add into the optimization as an addition term.

1.4

We make a nonlinear transformation x = g(y), so that the density transforms
to:

py(y) = px(x)|
dx

dy
| (52)

= px(g(y))sg
′(y) (53)

We included this s ∈ {−1, 1} just to take out the absolute value to make differ-
entiation easier. Performing the differentiation, we see that

p′y(y) = p′x(g(y))g
′(y)2s+ px(g(y))sg

′′(y) (54)

Now if we know we have a maximum at x̂ for p′x(x̂) = 0, x̂ = g(ŷ), and we
substitute this in, the first term will go to 0:

p′y(ŷ) = 0 + px(g(ŷ))sg
′′(ŷ) (55)

But this is not a maximum in the new change of variable density, which shows
that modes (i.e maximums) of probability distributions are depend on the func-
tion which causes a change of variable. If this is a linear transformation, then the
term on the RHS will vanish, and this restores the original relation of x̂ = g(ŷ).

1.6

If two variables are independent, their covariance is 0.

var[x, y] = Ex,y[x, y]− Ex[x]Ey[y]
T (56)

=

∫∫
xyp(x, y)dxdy −

∫
xp(x)dx

∫
yp(y)dy (57)

=

∫∫
xyp(x)p(y)dxdy −

∫
xp(x)dx

∫
yp(y)dy = 0 (58)
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1.7

Just normal calculus, not that new.

1.8

Verify the mean condition of the Gaussian:

E[x] =
∫
xN (x|µ, σ2)dx (59)

= (2πσ2)−1/2 exp{− 1

2σ2
}
∫
x exp{(x− µ)2}dx (60)

Using a u-substitution:

u = (x− µ) =⇒ du = dx (61)

= (2πσ2)−1/2

∫
exp{− 1

2σ2
u2}(u+ µ)du (62)

(2πσ2)−1/2

∫
exp{− 1

2σ2
u2}udu+ (2πσ2)−1/2

∫
exp{− 1

2σ2
u2}µdu (63)

= 0 + 1 ∗ µ (64)

The final result comes from the left value being 0 over the interval [−∞,∞]
since it is an odd function, and the second one is the normalized Gaussian.

Next, when we differentiate the normalization condition with respect to the
variance: ∫

exp(− 1

2σ2
(x− µ)2}dx = (2πσ2)1/2 (65)

∇σ2 :

∫
σ−3(x− µ)2 exp(− 1

2σ2
(x− µ)2) = (2π)1/2 (66)

(2πσ2)−1/2

∫
(x− µ)2 exp{− 1

2σ2
(x− µ)2}dx = σ2 (67)

E[(x− µ)2] = σ2 (68)

E[x2]− 2E[x]µ− E[µ2] = σ2 (69)

E[x2] = σ2 + µ2 (70)

1.9

This is straightforward - we know the Gaussian is concave, and then taking the
first derivative puts a (x− µ) multiplicative term, so x = µ.
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1.10

E[x+ z] =

∫∫
(x+ z)p(x)p(z)dxdz (71)

=

∫∫
xp(x)p(z)dzdx+

∫∫
zp(x)p(z)dxdz (72)

=

∫
xp(x)dx+

∫
zp(z)dz = E[x] + E[z] (73)

var[x+ z] =

∫∫
(x+ z)2dzdx− E[x+ z]2 (74)∫∫

(x2 + 2xz + z2)p(x)p(z)dzdx− E[x]2 − 2E[x]E[z]− E[z]2 (75)

= E[x2]− E[x]2 + E[z2]− E[z]2 + 2

∫
xp(x)dx

∫
zp(z)dz − 2E[x]E[z] (76)

= var[x] + var[z] (77)

1.12

var[xn, xm] = E[xnxm]− E[xn][xm] (78)

var[xn, xm] + µ2 = E[xnxm] (79)

δnmσ
2 + µ2 = E[xnxm] (80)

Because the points are sampled independently from the Gaussian, the covariance
will be 0, and will only be the σ2 variance when the points are the same. To
verify 1.57 and 1.58:

E[µML] =
1

N
E[
∑
n

xn] (81)

=
1

N

∑
n

E[xn] =
N

N
µ (82)

E[σ2
ML] =

1

N
E[
∑
n

(xn − µML)
2] (83)

=
1

N

∑
n

E[xnxn]− 2E[xnµML] + E[µ2
ML] (84)

=
1

N

∑
n

σ2 + µ2 − 2E[xnµML] + E[µ2
ML] (85)
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We now need to calculate the two last terms:

E[µ2
ML] =

1

N2

N∑
n

N∑
m

E[xnxm] (86)

=
1

N2
{
∑
n

E[xnxn] + (N2 −N)µ2} (87)

=
1

N
(µ2 + σ2) +

N − 1

N
µ2 (88)

= µ2 +
1

N
σ2 (89)

E[xnµML] =
1

N
E[xn

∑
m

xm] (90)

=
1

N
(σ2 +Nµ2) (91)

=
1

N
σ2 + µ2 (92)

Now if we substitute this back into our original equation:

1

N

∑
n

σ2 + µ2 − 2E[xnµML] + E[µ2
ML] (93)

= σ2 + µ2 − 2(
1

N
σ2 + µ2) + µ2 +

1

N
σ2 (94)

= σ2 − 1

N
σ2 (95)

And we are done.

1.14

Any square matrix can be written as the sum of a symmetric and skew symmetric
matrix:

W =
1

2
(W +WT ) +

1

2
(W −WT ) (96)

The first matrix is a symmetric one, and the second one is a skew symmetric
one. Now if we consider the second order term the book is describing, we can
express it as: ∑

i

∑
j

wijxixj =
∑
i

∑
j

(wS
ij + wA

ij)xixj (97)

The skew symmetric components cancel out in the sum because we can pair
up their index swaps, which just have the weights xixj in different orders. The
number of independent parameters is the D along the diagonal, and then the
(D2 −D)/2 on one upper half, and adding these together gives:

D +D(D − 1)/2 = D2/2 +D/2 = D(D + 1)/2 (98)
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1.15

The Mth order term for a polynomial with D dimensions is:

∑
i1=1

∑
i2=1

..

D∑
iM=1

wi1i2..iMxi1xi2 ..xiM (99)

The book describes interchange symmetrics, which I assume what they mean is
when we sum over the D dimensions for each ’power’ factor in the xM term,
there are lots of swap redundancies, so once we fix wi1 to a certain dimension, we
can use it as a pivot. Basically the factors are combinations, not permutations
which allow redundancies from the order agnostic approach, so then we can
rewrite the sum as:

D∑
i1

i1∑
i2

..

iM−1∑
iM

w̄i1,..iMxi1 ...xiM (100)

From this reformulation, we see that we have D choices for the first factor, then
D − 1, and so on. To show it satisfies the recursion relation, we can just see
from the reduced form that the

D∑
i1=1

{
i1∑

i2=1

...} (101)

So the M − 1 order polynomial can be compressed into the sum inside the first
sum, and then for each first i1 we choose, we get some number of independent
parameters in the M − 1 order polynomial, dependent on i1’s choice, so then
we cna sum over and get the recursion relation (1.135).

Proof by induction to show equation (1.136). We can first prove this for the
case where D = 1, and an arbitrary M :

(M − 1)!

0!(M − 1)!
= 1 (102)

M !

0!M !
= 1 (103)

This holds, now we assume that this holds for the dimension D, and we inves-

13



tigate the case for D + 1:

D+1∑
i

(i+M − 2)!

(i− 1)!(M − 1)!
(104)

=
(D +M − 1)!

(D − 1)!M !
+

(D +M − 1)!

D!(M − 1)!
(105)

= (D +M − 1)!(
1

(D − 1)!M !
+

1

D!(M − 1)!
) (106)

= (D +M − 1)!(
D +M

D!M !
) (107)

=
(D +M)!

D!M !
(108)

And we can see the final equation is the correct RHS for the case of D + 1.
Now we want to use our two previous results to show Equation (1.137), again

through proof by induction. If we look at the case ofM = 2, D ≥ 1, we see from
Exercise 1.14 that this gives D(D+1)/2 independent parameters, and checking
the relation:

(D + 1)!

(D − 1)!2!
= D(D + 1)/2 (109)

SO this holds. So now we are fixing an arbitrary dimension D, and assume that
this Equation (1.137) holds for some order M − 1. Then if we make use of our
previous result:

n(D,M) =

D∑
i

n(i,M − 1) (110)

=

D∑
i

(i+M − 2)!

(i− 1)!(M − 1)!
=

(D +M − 1)!

(D − 1)!M !
(111)

So this holds, and we see that this expression gives us the number of independent
parameters at for any arbitrary Mth order polynomial in D dimensions.

1.16

This exercise expands off of the previous proof to show the number of indepen-
dent parameters up to the Mth order: To show equation (1.138), we just need to
show that there is no overlap between different orders of polynomials, which is
trivially true since each order polynomial has a different number of coefficients.

Equation (1.138) proof by induction: TakeM = 0, D ≥ 1, thenN(D,M) = 1
which is true for zero order polynomials, since you only need one parameter to
describe the zero term. If we assume the inductive hypothesis and look at the
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case of M + 1,

N(D,M + 1) =

M+1∑
m=0

n(D,m) (112)

=
(D +M)!

D!M !
+

(D +M)!

(D − 1)!(M + 1)!
(113)

=
(D +M)!(M + 1) + (D +M)!D

D!(M + 1)!
(114)

=
(D +M)!(D +M + 1)

D!(M + 1)!
=

(D +M + 1)!

D!(M + 1)!
(115)

So this holds. Then using Stirling’s approximation:

n! ≈ nne−n (116)

N(D,M) =
(D +M)D+Me−D−M

DDe−DMMe−M
(117)

= (D +M)D+M/(DDMM ) (118)

We see that for D >> M , the fraction becomes DD+M/DD = DM , and the
opposite happens for M >> D.

1.17

Integration by parts on the gamma function:

Γ(x) =

∫ ∞

0

ux−1e−udu (119)

Γ(x) = e−uu
x

x
+

∫ ∞

0

ux

x
e−udu (120)

xΓ(x) = [e−uux]∞0 + Γ(x+ 1) (121)

The range term goes to 0, so we get the relation.

Γ(1) =

∫ ∞

0

e−udu = −e−u]∞0 = 1 (122)

Γ(x+ 1) = x! is true by a quick proof by induction.
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1.18

D∏
i

∫
e−x2

i dxi =

D∏
i

(2π ∗ 1/2)1/2 = πD/2 (123)∫ ∞

0

e−r2rD−1dr, r2 = u, 2rdr = du (124)

1

2

∫ ∞

0

e−uu(D−2)/2du (125)

=
1

2
Γ(D/2) (126)

πD/2 = SD
Γ(D/2)

2
(127)

(128)

The relationship between volume and surface area of a sphere with some dimen-
sion is given by:

V =

∫ r

0

SDr
D−1dr =

SD

D
rD (129)

which gives the right equation for unit radius.

1.19

The volume of the sphere, from Exercise 1.18 is given by

VD =
2πD/2aD

DΓ(D/2)
(130)

VC = (2a)D (131)

Using these two equations, VD/VC gives equation (1.145). If we substitute in
Stirling’s formula into the ratio, we get

πD/2

D2D−1(2π)1/2e−(D/2−1)(D/2− 1)D/2−1/2
(132)

As D → ∞, the exponential terms will dominate, so we can group those to-
gether to see we have some type of term like aDc. a is a fraction with D in its
denominator, so a→ 0 and the ratio goes to zero.

For the second part of the problem, we’re going to look at the ratio between
the distance from the center of the hypercube to one of its corners, and the
perpendicular distance to one of its sides. We can set the center as the origin,
and one of the 2N corners coordinates as (a, a, a, a, ..a). Then the distance is
given by √√√√ D∑

i

(xi − 0)2 =

√√√√ D∑
i

(a)2 = a
√
D (133)
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The perpendicular distance can be seen by taking the distance between (0, ...0)
and the midpoint of these two points: (a,−a,−a, .. − a), (a, a, ...a), which is

(a, 0, 0, ..), and then the distance between them is a, so the ratio is a
√
D

a =
√
D

and this goes to infinity.
These two results show that in very high dimensions, the ratio of volumes

of the sphere to cube go to zero, and the ratio between the corner distance
and edge distances goes to infinity, so most of the volume is concentrated in
the corners, or ’spikes’, since the cube is constrained to touch the sphere at its
faces.

1.20

We can first observe that to convert p(x) to polar/hyperspherical coordinates,
we can use the fact that ∥x∥ = r, and then use this to separate out the influence
on x. Then we can integrate out the direction coordinates:∫

p(x)dx =
1

(2πσ)D/2
exp{−r

2

2σ2
}
∫
shell

dx (134)

=
1

(2πσ)D/2
exp{−r

2

2σ
} ∗ Vshell (135)

The volume of the shell is given by the surface area multiplied by the thickness,
and from exercise 1.18 we know that the surface area of a N -dimensional sphere
is given by SDr

D−1, where SD is the surface area of a unit sphere. Multiplying
by thickness ϵ gives the volume, which we substitute in:

SDr
D−1

(2πσ)D/2
exp{−r

2

2σ2
}ϵ (136)

We can take the derivative to find the stationary point now:

(D − 1)
SDr

D−2

(2πσ)D/2
exp{−r

2

2σ2
}+ SDr

D−1

(2πσ)D/2
∗ −r
σ2

exp{−r
2

2σ2
} = 0 (137)

(D − 1) =
r2

σ2
(138)

σ
√
D − 1 = r̂ (139)

So this gives the probability density in terms of the radial distance from r, and
we see that the at the distance r̂ ≈

√
Dσ from the origin, we get the maximal

density. For p(r̂ + ϵ), with ϵ << r̂, we can get the desired equation by looking
at the ratio:

p(ϵ+ r̂)

p(r̂)
=

(r̂ + ϵ)D−1 exp(−(r̂ + ϵ)2/2σ2)

r̂D−1 exp(−r̂2/2σ2)
(140)

= (
r̂ + ϵ

r̂
)D−1 + exp{−(r̂2 + 2r̂ϵ+ ϵ2) + r̂2} (141)

= exp{(D − 1) ln(1 +
ϵ

r̂
)}+ exp{−2r̂ϵ− ϵ2

2σ2
} (142)
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We can use the Taylor Series expression for ln(1+x) = x− x2

2 +O(x3), we only
need up to the quadratic term as the approximation since the term only has up
to the quadratic term. If we go inside the exponential term now,

(D − 1)(
ϵ

r̂
− ϵ2

2r̂2
)− 2r̂ϵ+ ϵ2

2σ2
(143)

=
r̂2

σ2
(
ϵ

r̂
− ϵ2

2r̂2
)− 2r̂ϵ+ ϵ2

2σ2
(144)

=
r̂ϵ

σ2
− ϵ2

2σ2
− r̂ϵ

σ2
− ϵ2

2σ2
= − ϵ2

σ2
(145)

=⇒ p(ϵ+ r̂)

p(r̂)
= exp{− ϵ2

σ2
} (146)

Like the book says, we can interpret this result as: for small perturbations
around the radius that maximizes the probability density r̂, we can see that the
density decays exponentially with a factor of σ2, but since σ

√
D − 1 = r̂, we

see that for high D =⇒ σ << r̂, so the exponential decay is not significant at
small perturbations, and thus most of the probability mass is centered around
a thin shell at r̂. Finally, if we look at the probability density at the origin, we
get

p(x) =
1

(2πσ2)D/2
, (147)

p(r̂) =
1

(2πσ2)D/2
exp(−σ

2(D − 1)

2σ2
) (148)

p(x)

p(r)
= exp(

D − 1

2
) (149)

So at high dimensions, the probability density p(x) is exponentially greater
than at r̂, which shows there are different regions of high probability mass and
density.

1.21

If a ≤ b =⇒ a ≤ (ab)1/2 Pf:

a ≤ b =⇒ a2 ≤ ab =⇒ a ≤ (ab)1/2 (150)

In the scope of classification, if we have decision regions R1, R2, then

p(mistake) =

∫
R1

p(x,C2)dx+

∫
R2

p(x,C1)dx (151)

If the misclassification is minimized, then we can take that p(x,C2) ≤ p(x,C1)
on R1 and vice versa, and then utilizing the inequality gives us:

p(mistake) ≤
∫
R1

{p(x,C1)p(x,C2)}1/2dx+

∫
R2

{p(x,C1)p(x,C2)}1/2dx (152)

And then the sum of these integrals covers the entire region.
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1.22

Again, for each data point x we choose the class j, represented by a column,
that minimizes this: ∑

k

Lkjp(Ck|x) (153)

=
∑
k

(1− Ikj)p(Ck|x) (154)

=
∑
k

p(Ck|x)− Ikjp(Ck|x) (155)

=
∑
k ̸=j

p(Ck|x) = 1− p(Cj |x) (156)

So by choosing the column j that minimizes this sum, we are choosing the
maximum posterior probability. The interpretation of this loss matrix is the
same as a noninformative prior – all choices have the same loss.

1.23

The criterion follows the same equation as (1.81) except now we replace the
posterior probabilities with p(x|Ck)p(Ck) following Bayes rule.

1.24

So now we have added another decision node - we can either choose to reject
when the maximum class posterior probability is less than some threshold θ, or
we assign the point to one of the classes. So in terms of more explicit decisions,
we choose class j if minj

∑
k Lkjp(Ck|x) < λ, i.e the minimum possible loss from

choosing one of the class is less than the reject loss, otherwise we reject. In the
case of Lkj = 1−Ikj , we see that the condition again becomes minj 1−p(Cj |x) <
λ ≡, so this basically tells us that we choose a class j if the maximum posterior
probability is less than λ, if not we reject. So then the threshold is given by:

max
j
p(Cj |x)− 1 > −λ (157)

max
j
p(Cj |x) > 1− λ (158)

So we accept if the maximum posterior probability of the classes is larger than
1− λ = θ.

∑
k

Lkjp(Ck|x) + λ (159)

I know that when there is a higher λ, that means the reject option has a
higher loss so we should avoid it, meaning the rejection threshold can be lower,
so they follow an inverse relationship.
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1.25, 1.26

These two are trivial, and it is just the multivariate extension of the result that
the minimizing function of the expected loss for regression is the conditional
mean.

1.27

We can again using calculus of variations on the Minkowski loss to see that∫
q ∗ |y(x)− t|q−1sign(y(x)− t))p(t|x)dt = 0 (160)∫ y(x)

−∞
q|y(x)− t|q−1sign(y(x)− t)p(t|x)dt (161)

=

∫ ∞

y(x)

q|y(x)− t|q−1sign(y(x)− t)p(t|x)dt (162)

For q = 1, it is easy to see that this does represent the conditional median, since
the LHS integral is the probability mass when t < y(x), RHS is when t ≥ y(x).

When q → 0, we can look at the original integrand in the expected loss:∫
|y(x)− t|qp(t|x)dt (163)

With the limit, for lower values of q, we see that by graphing the function it
approaches 1 for all values besides y(x) = t, where it equals 0. Then to minimize
this integrand, we choose the y(x) = t value to be the one where p(t|x) is at its
maximum, equaling the conditional mode. Thus, when y(x) the maximum of
p(t|x), at that value of t it will go down the most.

1.29

The entropy of a discrete M -state random variable is given by:

H[x] = −
∑
i

pi(x) ln pi(x) =
∑
i

p(xi) ln 1/p(xi) (164)

Using Jensen’s inequality on discrete variables, which says that:

f(
∑
i

λixi) ≤
∑
i

λif(xi) (165)

Since lnx is a concave function, and the entropy is the expectation of the concave
function, we can reverse the inequalities of Jensen’s to get

H[x] ≤ ln(
∑
i

p(xi) ∗
1

p(xi)
) = lnM (166)
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1.30

KL(p||q) =
∫

N (x|µ, σ2) ln
N (x|µ, σ2)

N (x|m, s2)
dx (167)

= −H[N (x|µ, σ2)]−
∫

N (x|µ, σ2) lnN (x|m, s2)dx (168)

= −1

2
ln(1 + 2πσ2)− Ep[lnN (x|m, s2)] (169)

= −1

2
ln(1 + 2πσ2) +

1

2
ln(2πs2) + Ep[

(x−m)2

s2
] (170)

= −1

2
ln(1 + 2πσ2) +

1

2
ln(2πs2) +

1

s2
Ep[x

2 − 2mx]− m2

s2
(171)

= −1

2
ln(1 + 2πσ2) +

1

2
ln(2πs2) +

1

s2
(σ2 + µ2 − 2mµ)− m2

s2
(172)

1.31

differential joint entropy is:

−
∫∫

p(x, y) ln p(x, y)dxdy = −
∫∫

p(y|x)p(x){ln p(y|x) + p(x)}dxdy (173)

= −
∫∫

p(y|x)p(x) ln p(y|x)dydx−
∫
p(y|x)p(x) ln p(x)dxdy (174)

=

∫
H[y|x]p(x)dx+

∫
H[x]p(y|x)dy (175)

= Ex[H[y|x]] + Ey|x[H[x]] = H[y|x] +H[x] (176)

To show this the inequality, we want to show that H[y|x] ≤ H[y]; this is true
since the conditional entropy represents the reduction in uncertainty from ob-
serving x, i.e

H[y|x] = H[y]− I[x, y] (177)

I[x, y] ≥ 0 because it is a KL divergence, so this implies H[y|x] ≤ H[y], and
this only has inequality when we have statistical independence, since I[x, y] =
KL(p(x, y)||p(x)p(y)).
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1.32

p(y) = p(x)|dx
dy

| (178)

p(y)|detA| = p(x) (179)

H[y] = −
∫
p(y) ln p(y)dy (180)

= −
∫

p(x)

detA
∗ ln{ p(x)

detA
} ∗ |dy

dx
|dx (181)

= −
∫
p(x) ln p(x) +

∫
p(x) ln detAdx (182)

And the result follows. One thing to note that I didn’t know - when we’re
performing change of over multiple variable, it is actually required to substitute
in the Jacobian determinant to make the change.

1.33

H[y|x] = −
∑
y

∑
x

p(x, y) ln p(y|x) = 0 (183)

H[x, y] = H[y|x] +H[x] =⇒ H[x, y] = H[x] (184)

In other words, observing x does nothing to change the uncertainty of y, so that
means that observing x is equivalent to already observing y, so we already know
its value. That is the intuitive explanation, but we need a formal observation.
By the definition of probability, we know that both p(x, y), p(y|x) are bounded
in [0, 1], and thus the entropy will always be greater than 0. When p(y|x) = 0,
then the conditional entropy becomes

−
∑
y

∑
x

p(y|x)p(x) ln p(y|x) (185)

And taking the limit limp→0 p ln p = 0, we see that treating p(x) as a constant
gives that the summand of one of the terms of the conditional entropy is 0.
However, because the sum H[y|x] is already given to be zero, then each of the
terms inside the sum, which are nonnegative, must be zero, giving

−
∑
y

p(x, y) ln p(y|x) = 0 (186)

−
∑
y

p(y|x) ln p(y|x) = 0 (187)

Given that p(x) > 0, we need only one p(y|x) ̸= 0 =⇒ p(y|x) = 1 =⇒
ln p(y|x) = 0, so that in this case the term is 0, and then in all the other cases
where p(y|x) = 0 =⇒ ln p(y|x) → 0, as we have shown earlier. If we had
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multiple values where p(y|x) > 0, then the total sum would not be zero because
the logarithm would not be around 1, it would be around a fraction that does
not give 0.

So the trick here is to observe the probability normalization constraint, to
note that if only one p(y|x) ̸= 0 =⇒ p(y|x) = 1, and then this results in the
zero sum.

1.35

Entropy of Gaussian:

−
∫
p(x) ln p(x)dx (188)

= −
∫
p(x) ∗ (−1

2
ln(2πσ2)− 1

2σ2
(x− µ)2)dx = (189)

1

2
ln(2πσ2) +

1

2σ2

∫
p(x)(x− µ)2dx (190)

=
1

2
ln(2πσ2) +

1

2
(191)

1.36

First direction: show that that having every chord lie above the function implies
the second derivative is positive. This means

λf(x1) + (1− λ)f(x2) > f(λx1 + (1− λ)x2) (192)

λf ′(x1) + (1− λ)f ′(x2) > (λ+ (1− λ))f(..) (193)

λf ′′(x1) + (1− λ)f ′′(x2) > 0 (194)

Because λ ∈ [0, 1], then in order for this inequality to hold the second derivatives
must be positive.

Opposite direction: This is true because every positive second derivative
function is concave up, so any chord will trivially be above the function.

1.37

H[y|x] +H[x] = −
∫∫

p(x, y) ln p(y|x)dydx−
∫
p(x) ln p(x)dx (195)

= −
∫∫

p(x, y) ln p(y|x)dydx−
∫
p(y|x)

∫
p(x) ln p(x)dxdy (196)

= −
∫∫

p(x, y) ln p(x, y)dxdy (197)

= H[x, y] (198)
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1.38

For the case the M = 1, we get that

f(λx) ≤ λf(x) (199)

f(λx+ (1− λ)0) ≤ λf(x) + (1− λ)0 (200)

And then this is true for convex functions. If we now assume the inductive
hypothesis that this holds for M variables, then for the M + 1 case we have

f(

M+1∑
i=1

λixi) ≤
M+1∑
i=1

λif(xi) (201)

M+1∑
i=1

λif(xi) =

M∑
i=1

λif(xi) + λM+1f(xM+1) (202)

≥ f(

M∑
i=1

λif(xi)) + λM+1f(xM+1) (203)

≥ f(λM+1f(xM+1) +

M∑
i=1

λif(xi)) (204)

And then we can just merge the sums in to show the inequality first depicted.

1.40

Arithmetic mean is the same as expected value.

f(x) = lnx (205)

ln[
1

N
{x1 + x2 + x3..}] ≥

1

N
(lnx1 + lnx2 + .. lnxN ) (206)

1

N

∑
n

xn ≥ (
∏
n

xn)
1/N (207)

Since lnx is concave.

1.41

I[x, y] = −
∫∫

p(x, y) ln
p(x)p(y)

p(x, y)
dxdy (208)

= −
∫∫

p(x, y) ln p(x)p(y)dxdy +

∫∫
p(x, y) ln p(x, y)dxdy (209)

= −
∫∫

p(x, y) ln p(x)dxdy −
∫∫

p(x, y) ln p(y)dxdy −H[x|y]−H[y] (210)

= H[x] +H[y]−H[x|y]−H[y] (211)

If we want to show the other one, just use H[x, y] = H[x] +H[y|x].
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Chapter Recap

This is just a quick tour of some of the concepts they were going to look at
throughout the book:

1. The idea of extremely high dimensions in data and how this changes the
way we should view Gaussians and structures we take for granted like
hypercubes. In hypercubes, most of the volume is collected at the corners,
and Gaussians in high dimensions actually have differing regions of high
probability mass and density.

2. Decision theory: using posterior probabilities, expected loss and loss ma-
trices to help us make better, more informed decisions. The different meth-
ods we can use, like generative, discriminative, and discriminant functions,
and the increasing complexities with each and the nuances.

3. Information Theory / Convex Functions : how we can view ln p(x) as the
amount of information needed to encode a random variable in bits up to a
factor of log 2, how entropy is the amount of information needed to com-
municate some random variable on average, KL divergence is the amount
of extra information required to approximate some true distribution with
another candidate one. Mutual information measures how statistically
independent two distributions are by taking their KL divergence.

Chapter 2: Probability Distributions

Some terms dropped in the intro: parameteric distributions - distributions
governed by a small number of adapative parameters

nonparameteric - things like KNN, density estimations, stuff that rises
naturally from the data. These still have parameters, but they control model
complexity rather than the actual functional form of the distribution.

In a frequentist treatment, we estimate parameters by maximizing the likeli-
hood function or some other specific criterion to obtain point estimates, while in
the Bayesian treatment we introduce priors and then compute the corresponding
posterior distributions and optimize those parameters.

2.1 Binary Vars

Bernoulli:

Bern(x|µ) = µx(1− µ)1−x (212)

E[x] = µ (213)

var[x] = µ(1− µ) (214)

We can maximize the log likelihood to estimate a value for the singular param-
eter µ.
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Binomial: This distribution extends the Binomial case to where we are
concerned over the number m of observations of x = 1 given a N size data set,
extending from the isolated case of one event. To do this, we sum over all the
possible ways of having an event, and multiply it by the actual probability:

Bin(m|N,µ) =
(
N

m

)
µm(1− µ)N−m (215)

As you can see, we now have the same singular parameter but more variables
to account for. Because the binomial distribution can also be thought of as m
independent occurrences of the Bernoulli distribution, the mean is simply the
sum of the means of Bernoulli, variance is the sum of the variances, so this gives

E[x] = Nµ (216)

var[x] = Nµ(1− µ) =
∑
n

µ(1− µ) (217)

Since we perform the trial N times.

2.1.1 Beta distribution

In order to escape the frequentist setting of wildly overestimating probabilities in
small datasets, we are going to use the conjugate prior of the binary distribution
p(µ), called the beta distribution:

beta(µ|a, b) = Γ(a+ b)

Γ(a)Γ(b)
µa−1(1− µ)b−1 (218)

The Gamma stuff is the normalization constant, mean and variance are found
in Exercise 2.6. The a, b values are called the hyperparameters - higher values
of a indicate more one values, while higher values of b mean more zero values.
This is more clear when we calculate a possible posterior by multiplying against
the binomial distribution:

p(µ|m, l, a, b) ∝ µm+a−1(1− µ)l+b−1, l = N −m (219)

Effectively, m represents the number of observations of x = 1 and l represents
observations of x = 0, and this new posterior can be reused as subsequent
prior. This gives the interpretation that the hyperparams serve as effective
observations, and they do not need to be integers.

Sequential approaches like these are natural with a Bayesian viewpoint, and
depend only on iid assumption. A frequent application is mini-batching in large
datasets, or when a steady clickstream is arriving for large ad applications. For
making predictions, we see that this is given by

p(x = 1|D) =

∫ 1

0

p(x = 1|µ)p(µ|D)dµ =

∫ 1

0

µp(µ|D)dµ (220)

= E[µ|D] =
m+ a

m+ a+ l + b
(221)
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Using the general formula of the posterior, and in the case of an infinitely large
dataset, m, l → ∞, the result reduces to m

N . It is a general property that the
Bayesian and maximum likelihood results agree in the infinite regime. IN the
finite setting, the posterior mean will always lie between the prior mean and
maximum likelihood estimate from the finite data.

To also explore whether the variance / uncertainty in the posterior distri-
bution decreases with data size, we can take a frequentist view of Bayesian
learning. If we have a general inference problem with parameter θ, dataset D,
then this result

Eθ[θ] = ED[Eθ[θ|D]] (222)

, which we will show in Exercise 2.8, tells us that the posterior mean, averaged
over the data distribution, is equal to the prior mean. Similarly from exercise
2.8, we see that we have a relation between the prior variance and the posterior
distribution’s statistics:

varθ[θ] = ED[varθ[θ|D]] + varD[Eθ[θ|D]] (223)

The left hand side is the prior variance of the parameters before inference, and
then the right hand side decomposes this into the sum of the posterior variance
over the dataset + the variance of the posterior mean. Because variances are
positive, we see that

varθ[θ] > ED[varθ[θ|D]] (224)

So the prior variance is greater than the average posterior variance. This result
shows that the posterior is on average less than the prior, and the reduction is
greater if the variance in the posterior mean is higher, i.e our posterior mean
has higher coverage and explains more. This however only holds on average.

2.2 Multinomial Variables

Multinomial variables are the extension of binomial variables to the K-class
case. They usually follow the one-of-K coding scheme, where the parameters
sum to 1 and are all nonnegative, and the likelihood is given by

p(x|µ) =
∏
k

µxk
k (225)

Every possible x vector is given by some form of

(0, 0, 0, 1, 0, 0)T (226)

All the possible x vectors would be in the form of a 1 at each of the positions.
Then it is seen that the distribution is normalized:∑

x

p(x|µ) =
∑
k

µk = 1 (227)

E[x|µ] =
∑
x

p(x|µ)x = µ1x1 + µ2x2 + ... (228)

= (µ1, µ2, ..µk)
T (229)
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When we look at the likelihood distribution given the dataset, we see that

p(D|µ) =
∏
n

∏
k

µxnk
k =

∏
k

µ
∑
n xnk

k =
∏
k

µmk

k (230)

We see that we can rewrite the outer product across the dataset by the 1-of-K
property: Now each data point only has one k index that it actually uses, i.e
each data point has a corresponding µnk, so the product can be reduced to
the number of times a specific µk is shown in the dataset. We see that the
likelihood function only depends on the dataset through

∑
n xnk = mk and it

is the sufficient statistic of this distribution.
We can now write the optimization for the log likelihood, given by∑

k

mk lnµk + λ(
∑
k

µk − 1) (231)

The solution to this is given by µML
k = mk

N . Now over an entire dataset we can
consider a joint distribution given by the sufficient statistics, conditioned on the
dataset size and parameters:

Multi(m1, ..mk|µ,D) =

(
N

m1, ..mk

)∏
k

µmk

k (232)

We see that the normalization coefficient is given by the number of ways to split
N given the sizes of each class, and we still have the constraint

∑
kmk = N .

2.2.1 Dirichlet’s Distribution

The family of conjugate priors for the multinomial distribution is the Dirichlet,
which can be seen by looking at the form of the multinomial distribution:

p(µ|α) =
∏
k

µαk−1
k (233)

Again with the familiar constraints
∑

k µk = 1 and 0 ≤ µk ≤ 1. The µk are
constrained to a simplex of K − 1 dimensionality because of the summation
constraint. The normalized form is given by

Dir(µ|α) = Γ(α0)

Γ(α1)..Γ(αk)

∏
k

µαk−1
k ,

K∑
k=1

αk = α0 (234)

The motivation for the -1 term in the powers of µk is shown when we calculate
the posterior - it allows us to clearly see the posterior is a Dirichlet as well and
that this is a conjugate prior:

p(µ|D,α) ∝ p(D|µ)p(µ|α) (235)

∝
K∏

k=1

µαk+mk−1
k (236)

We can show the appropriate normalization, and it is also clear that the αk

parameters describe the initial effective number of observations of each class.
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2.3 Gaussian

Central limit theorem - the distribution over the sum of random variables
will tend to a Gaussian as the number of variables goes to infinity.

Geometric properties of the Gaussian:
The functional dependence of the Guassian on x is through the exponential

term, dubbed the Mahalanobis distance:

∆2 = (x− µ)TΣ−1(x− µ) (237)

The Gaussian distribution is constant on space where this quadratic form is
constant. In Exercise 2.17 we will show that we can take the covariance matrix
to be symmetric, because the antisymmetric terms disappear from the exponent,
and thus Σ is a real, symmetric matrix implies it has real eigenvalues and
orthogonal eigenvectors.

Then this is also true as well:

Σ =

D∑
i

λiuiu
T
i , (238)

Σ−1 =

D∑
i

1

λi
uiu

T
i (239)

Check exercise 2.19 for the proof. If we now substitute this new expression of
the precision matrix into the Mahalanobis distance formula we get

∆2 =
∑
i

(x− µ)Tuiu
T
i (x− µ)

λi
=

D∑
i

y2i
λi
, yi = uTi (x− µ) (240)

We have defined a new coordinate space spanned by the vectors yi = uTi (x−µ),
where we have shifted and then rotated the original xi coordinates. Also since
yi = uTi (x−µ) =⇒ y = UT (x−µ), where U is the eigenvector matrix, then U
is orthogonal.

Using this equation, we can see that the quadratic form in the exponent, and
thus the Gaussian density, which only depends on x through the exponent, will
be constant on surface where yi is constant, since this implies xi is also constant.
We can also see that if all the eigenvalues λi are positive, then these surfaces are
ellipsoids, given by their center at µ (because of the translation), with axes now

rotated to align with ui, and scaling factors of λ
1/2
i . This is a common method

of interpreting quadratic forms, as ellipsoids, because these ellipsoids represent
constant slices we take of the object representing the matrix.

Nice intuition: the reason why the covariance matrix is positive semidefinite
is because the eigenvalues have to be nonnegative for the distribution to be
normalizable. This is because the quadratic form will be positive, so then the
− 1

2 term will make the exponential decay and give the common bell shape we
see.
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When we transitioned from x → y, we can find a Jacobian to formalize the
change of variables:

y = UT (x− µ) =⇒ Uy + µ = x =⇒ Udy = dx (241)

So to go from a small change in y to a small change in x, we multiply the matrix
U , which tells us the Jacobian is U , and that when we write out the change of
variables we get

|J |2 = |U |2 = |UTU | = |I| = 1 =⇒ J = ±1 (242)

p(y) = p(x)|J | (243)

p(y) =
1

2π|Σ|1/2
exp((x− µ)TΣ−1(x− µ)) (244)

|Σ|−1/2 =

D∏
i=1

λ
−1/2
i (245)

Using our previous re-expression of the Mahalanobis distance in terms of yi, we
get

p(y) =

D∏
i=1

1

2πλ
1/2
i

exp(
y2i
λi

) (246)

And then we see that the multivariate Gaussian can be factorized across of the
covariance eigenvector directions, scaled now by the eigenvalues instead of the
determinant of the covariances. Because the univariate Gaussian is normalized,
we know that this is normalized as well.

We can also derive the first and second order moments by putting in a x
then performing the z-substitution z = (x− µ) and using symmetry to simplify
the integrals.

Here’s the derivation for both moments:

E[x] =
∫
xp(x)dx (247)

=
1

(2π)D/2|Σ|−1/2

∫
x exp{1

2
(x− µ)TΣ−1(x− µ)}dx (248)

=
1

(2π)D/2|Σ|−1/2

∫
(z + µ) exp{1

2
zTΣ−1z}dz (249)

=
1

(2π)D/2|Σ|−1/2
µ ∗ (2π)D/2|Σ|−1/2 = µ (250)

(251)
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Second moment:

E[xxT ] =

∫
p(x)xxT dx (252)

=
1

(2π)D/2|Σ|−1/2

∫
exp{1

2
zTΣ−1z}(z + µ)(z + µ)T dz (253)

=
1

(2π)D/2|Σ|−1/2

∫
exp{1

2
zTΣ−1z}(zzT + µµT )dz (254)

= µµT +
1

(2π)D/2|Σ|−1/2

∫
exp{1

2
zTΣ−1z}zzT dz (255)

(256)

Now here, because we defined z = (x − µ), and we have also shown that we
can find inspect the Mahalanobis distance to show that we can create a new
coordinate space yi = uTi (x−µ) = uTi z, the exponent can be rewritten in terms
of these sum of the rotated coordinates, and we can also show

z = c1u1 + c2u2 + ..cnun (257)

uTi z = ci = yi =⇒ z =

n∑
i

yiui (258)

This comes from the symmetric matrix property. We can substitute both of
these into the integral to get:

µµT +
1

(2π)D/2|Σ|−1/2

∫
exp{

D∑
k

y2k
λk

}
∑
i

∑
j

yiyjuiu
T
j dy (259)

This integral will vanish when i ̸= j by symmetry since each y component is
odd, so the new integral becomes

µµT +
1

(2π)D/2|Σ|1/2
∑
i

uiu
T
i

∫
exp{

∑
k

y2k
2λk

}y2i dy (260)

= µµT +
∑
i

uiu
T
i ∗ λi = µµT +Σ (261)

What I did in the last step - notice that we can separate the |Σ−1/2| term into
each of its eigenvalues, and then distribute it to each of the k components in the
exponent sum. This will give K independent univariate Gaussian distributions,
and each of the integrals become E[y2i ] = µ2 + σ2 = λi, since that was in the
denominator. We can then substitute and use the diagonalization form of the
symmetric matrix Σ. Thus this is the formal proof of E[xxT ] = µµT +Σ

Different types of covariance matrices and their geometrical interpretations:
Once we scale to higher dimensions, the number of free parameters scales
quadratically and we are interested in faster methods of inversion. If we have
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diagonal covariance matrices, these are axis-aligned ellipsoids scaled by inverse
eigenvalues, and isotropic covariance matrix are just spherical slices.

Another limitation of Gaussians is that they are unimodal and fail to cap-
ture multimodal distributions. This can be solved by the introduction of latent
variables with arbitrary dimensions, and some applications are HMMs, GMMs,
PCAs and continuous latent variables. By allowing us to modulate and manipu-
late the latent variable selection, we get access to a much larger pool of possible
distributions, independent of the inherent dimension D of the Gaussian, that
still allow us to capture correlations in the datasets.

2.3.1 Conditional Gaussians

An important property is that if two variables are jointly Gaussians, their con-
ditional and marginals are also Gaussians. Let’s first consider conditional gaus-
sians, where we have xT = (xa, xb)

T . The means are given by the same split,
while the precision and covariance matrices take the block form:

Σ =
Σaa Σab

Σba Σbb
(262)

Because the covariance matrix is symmetric, the off-diagonals are transposes
of each other and the block-diagonals are symmetric. To obtain p(xa|xb), the
book recommends to derive the exponential form of the distribution from the
joint and then post-hoc find the normalization constants. We can write out the
normal exponential as:

−1

2
(x− µ)TΣ−1(x− µ) = (263)

−1

2
(xa − µa)

TΛaa(xa − µa)−
1

2
(xa − µa)

TΛab(xb − µb)− (264)

1

2
(xb − µb)

TΛba(xa − µa)−
1

2
(xb − µb)

TΛbb(xb − µb) (265)

We can then complete the square as the book calls it, but it’s really just pick-
ing out the quadratic and linear terms associated with xa and treating xb as
constant:

xTa (Λaa)xa (266)

xTaΛaaµa −
1

2
xTaΛab(xb − µb)−

1

2
(xb − µb)

TΛbaxa (267)

xTaΛaaµa −
1

2
xTaΛab(xb − µb)−

1

2
xTaΛab(xb − µb) (268)

xTaΛaaµa − xTaΛab(xb − µb) = xTa (Λaaµa − Λab(xb − µb)) (269)

32



So now we know the precision and the mean for p(xa|xb), which are given by:

Λa|b = Λaa, (270)

Σ−1
a|bµa|b = Λaaµa − Λab(xb − µb) (271)

µa|b = Λ−1
aa (Λaaµa − Λab(xb − µb) (272)

µa|b = µa − Λ−1
aaΛab(xb − µb) (273)

The book also introduces Schur’s complement here, a nice and efficient way
of performing inverses on large block matrices. We can use this to find actual
relations between the block components of the precision and covariance matrices,
and since this will be useful for the next few subsections, we can derive it here:

(
Σaa Σab

Σba Σbb
)−1 = (

Λaa Λab

Λba Λbb
) (274)

Using Schur’s complement, we write the following relations:

Λaa = (Σaa − ΣabΣ
−1
bb Σba)

−1 (275)

Λba = −Σ−1
bb Σba(Σaa − ΣabΣ

−1
bb Σba)

−1 (276)

Λab = −(Σaa − ΣabΣ
−1
bb Σba)

−1ΣabΣ
−1
bb (277)

Λbb = Σ−1
bb +Σ−1

bb Σba(Σaa − ΣabΣ
−1
bb Σba)

−1ΣabΣ
−1
bb (278)

We can then substitute these into the expressions for the mean and covariance
to get:

Σa|b = (Σaa − ΣabΣ
−1
bb Σba) (279)

µa|b = µa +ΣabΣ
−1
bb (xb − µb) (280)

This is an example of a linear-Gaussian model, since the dependence on the
conditioning variable is linear in the mean, and there is no non-linear dependence
of xa in the covariance.

2.3.2 Marginal Gaussian distributions

These follow the same vein of completing the square, but now we express the
marginals as

p(xa) =

∫
p(xa, xb)dxb (281)

So we write out the form of the exponent again, but this time we isolate terms
of xb, complete the square to find the variance, and then use this as the normal-
ization constant. All the other terms come out of the integral and will only have
dependence on xa. By picking out those terms from the expanded quadratic
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form, we have

−1

2
xTb Λbbxb −

1

2
(xa − µa)

TΛabxb −
1

2
xTb Λba(xa − µa) + xTb Λbbµb (282)

= −1

2
xTb Λbbxb + xTb m, (283)

m = Λbbµb − Λba(xa − µa) (284)

= −1

2
(xb − Λ−1

bb m)TΛbb(xb − Λ−1
bb m) +

1

2
mTΛ−1

bb m (285)

Notice how we made a substitution with a variable m to make writing out it
easier, it allows us to compress the linear contribution. When we’re integrating
out xb, the first term in the last line is the unnormalized Gaussian distribution,
so it’s normalization constant is proportional to the square root of the precision
determinant. The m term still has a dependence on xa, and if we combine this
with the other terms in the entire quadratic sum that had a dependence on xa,
we have

1

2
(Λbbµb − Λba(xa − µa))

TΛ−1
bb (Λbbµb − Λba(xa − µa)) (286)

−1

2
xTaΛaaxa + xTaΛaaµa + xTaΛabµb (287)

= −1

2
xTa (Λaa − ΛT

baΛ
−1
bb Λba)xa + xTa (Λaaµa + Λabµb − Λabµb (288)

−ΛabΛ
−1
bb Λbaµa) (289)

Looking at this equation, we can find the covariance and mean again:

Σ−1
a = Λaa − ΛT

baΛ
−1
bb Λba (290)

µ = Σ−1
a (Λaa − ΛabΛ

−1
bb Λba)µa = µa (291)

If we look at the Schur matrix expressions again, although we only have the
precisions in terms of the covariances, we can swap them again easily to show
the inverse relationship, which shows that the covariance of p(xa) is Σaa. Thus
we get the intuitive result.

2.3.3 Bayes Theorem For Gaussian distributions

Looking at investigating cases more tailored to applied machine learning - if we
have a linear-Gaussian model with prior p(x) and conditional p(y|x), which has
a mean that is a linear function of x and a covariance ind. of it, we are interested
in finding the marginal p(y) and the ’posterior’ p(x|y). Some notation:

p(x) = N (x|µ,Λ−1) (292)

p(y|x) = N (y|Ax+ b, L−1) (293)
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We are interested in first finding the joint distribution, because we can apply
results from previous sections after. If we done the joint distribution as z:

z = (
x
y
) (294)

ln p(z) = ln p(y|x) + ln p(x) (295)

= −1

2
(y −Ax− b)TL(y −Ax− b) (296)

−1

2
(x− µ)TΛ(x− µ) + const. (297)

If we now want to write this log-quadratic of combinations of x and y in terms
of z, we need to first write out the second-order terms involved here:

−1

2
yTLy +

1

2
yTLAx+

1

2
xTATLy − 1

2
xT (Λ +ATLA)x (298)

= −1

2
(
x
y
)T ∗ (Λ +ATLA −ATL

−LA L
) ∗ (x

y
) = −1

2
zTRz (299)

So now we have an expression for the precision matrix, and we can also find the
covariance matrix by taking the inverse of this, which is done in Exercises 2.29.
So the covariance matrix is given by

cov[z] = (
Λ−1 Λ−1AT

AΛ−1 L−1 +AΛ−1AT ) (300)

We now need to also collect the linear terms in order to find the mean, which
are given by:

yTLb+ xT (−ATLb+ Λµ) (301)

= (
x
y
)T (

Λµ−ATLb
Lb

) (302)

E[z] = cov[z] ∗ (Λµ−ATLb
Lb

) (303)

= (
µ− Λ−1ATLb+ Λ−1ATLb

Aµ−AΛ−1 −AΛ−1ATLb+ b+AΛ−1ATLb
) (304)

= (
µ

Aµ+ b
) (305)

This also completes Exercise 2.30.
To now find the marginal distribution p(y), recall that the marginal form

is expressed much better in terms of the covariance, while the conditional is
expressed better in terms of the precision. Using the equations as defined in
section 2.3.2, we see that

p(y) = N (Aµ+ b|L−1 +AΛ−1AT ) (306)
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To find the conditional, or the posterior, we know that this is expressed better
in terms of the precision block matrices, so we can write it out as:

p(x|y) = N (x|γ, (Λ +ATLA)−1) (307)

γ = µ− (Λ +ATLA)−1[−ATL(y −Aµ− b)] (308)

= (Λ +ATLA)−1(Λµ+ATLAµ) + (Λ +ATLA)−1[ATL(y − b)−ATLAµ)]
(309)

= (Λ +ATLA−1)[ATL(y − b) + Λµ] (310)

The book then provides some standard equations from these results, but I found
it doesn’t really need to be memorized and can be used a reference. The more
important thing is that it shows how when we have a prior and likelihood, we
can find the joint distribution and then the evidence and posterior, all under
the Gaussian assumption.

2.3.4 Maximum likelihood with the Gaussian

Went over the iid assumption of the dataset with a multivariate Gaussian, we
can write out the log likelihood:

ln p(X|µ,Σ) = −ND
2

ln 2π − N

2
ln |Σ|+

N∑
n=1

(xn − µ)Σ−1(xn − µ) (311)

The sufficient statistics of the Gaussian distribution can be described as where
the likelihood gets its dependence on the data set from: it’s the terms∑

n

xn,
∑
n

xnx
T
n (312)

. We can also see the derivatives are given by:

∂

∂µ
ln p(X|µ,Σ) =

∑
n

Σ−1(xn − µ) = 0 =⇒ µML =
1

N

∑
n

xn (313)

ΣML =
1

N

∑
n

(xn − µML)(xn − µML)
T (314)

Note: the derivation of the optimal mean is straightforward since it’s linear,
but the derivation of the covariance is slightly more involved. You have to
remove the assumption of symmetry and positive-definiteness, and then show
that the resulting solution is symmetric, which it is. There were other papers
that actually did it with the symmetry constraints though.

2.3.5 Sequential Estimation

Sequential estimation of maximum likelihood is another formulation that is
mostly used in online learning. We can show a nice interpretation for sequential
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estimation in the Gaussian, by looking at the ML mean after N observations:

µN
ML =

1

N

∑
n

xn (315)

=
1

N
xN +

1

N

N−1∑
n

xn (316)

=
1

N
xN +

N − 1

N
µN−1
ML (317)

=
1

N
(xN − µN−1

ML ) + µN−1
ML (318)

So we adjust the mean at the Nth step by the error we get from our previous
belief and the current observation. As N increases, the error contribution goes
to 0.

Robbins-Monro Algorithm: This is used when the sequential estimation
and batch approach are not formally equivalent, and we need a different type
of sequential update derivation. If we assume we have two variables z, θ, with
joint distribution p(z, θ), the conditional expectation is given by a deterministic
function f :

f(θ) ≡ E[z|θ] =
∫
zp(z|θ)dz (319)

Functions defined this way are called regression functions, and our goal is to
find a root where f(θ∗) = 0. If we have a large dataset of joint observations
we could model the regression function directly, but this algorithm takes the
assumption of sequential observations of z. Here are the assumptions for the
algorithm:

1. The conditional variance is finite: E[(z − f)|θ] <∞.

2.

2.3.6 Bayesian inference of the Gaussian

This just describes the priors behind the mean and the covariance, and the
motivation behind them. For the case of the mean, where we have unknown
mean and known variance, we see that the likelihood is an exponential quadratic
function of µ, so this implies that the prior p(µ) = N (µ|µ0, σ

2
0) is a Gaussian

as well, and the posterior is given by p(µ|X) = N (µ|µN , σ
2
N ), the derivative is

given in exercise 2.38:

µN =
σ2

Nσ2
0 + σ2

µ0 +
Nσ2

0

Nσ2
0 + σ2

µML (320)

1

σ2
N

=
1

σ2
0

+
N

σ2
(321)
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Taking the extremes of N shows us that the Bayesian formulation again recovers
the maximum likelihood solution for univariate Gaussian model fitting. At
N = 0, the mean is the prior mean and the precision is the prior precision,
and as N → ∞, the mean goes to the maximum likelihood estimate, and the
precision goes to infinity, making the Gaussian infinitely peaked. We can also
now formulate a sequential view of Bayesian inference. If our data is IID, then
the posterior after N − 1 observations acts as the prior for the single Nth point
update.

If we are now interested in looking at a prior for the variance where the
mean is known, it is more convenient to work with the precision and try to find
a conjugate prior. The likelihood in terms of the precision is:

p(X|λ) ∝ λN/2 exp{−λ
2

N∑
n=1

(xn − µ)2} (322)

The distribution which has λ to a power and then a linear term in the exponen-
tial is called the Gamma distribution:

Gam(λ|a, b) = 1

Γ(a)
baλa−1 exp(−bλ) (323)

The gamma distribution has finite integrals for positive values of a, and finite
curves for a ≥ 1. The mean and variance are:

E[λ] =
a

b
(324)

var[λ] =
a

b2
(325)

When we multiply a prior distribution of Gam(λ|a0, b0) onto the likelihood, we
get a new Gamma posterior distribution:

p(λ|X) ∝ λa0−1λN/2 exp(−b0λ− λ

2

N∑
n=1

(xn − µ)2) (326)

We can see this again takes the form of a Gamma distribution with updated
statistics:

aN = a0 +
N

2
(327)

bN = b0 +
1

2

N∑
n=1

(xn − µ)2 = b0 +
N

2
σ2
ML (328)

From this new formulation, we can interpret that the a parameter increases by
N/2 for N observations, so a0 represents 2a0 effective prior observations. We
also see that the N data points contribute to N/2 ∗ σ2

ML to the b parameter, so
it represents the variance arising from the 2a0 effective prior observations.
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If we now assume both the mean and precision are unknown, this gives rise
to the Gaussian-gamma distribution, which is the conjugate prior we get by
investigating the likelihood’s dependence on the mean and precision together:

p(X|µ, λ) ∝ [λ1/2 exp(−λ
2
µ2)]N ∗ [λµ

N∑
n=1

xn − λ

2

N∑
n=1

x2n] (329)

=⇒ p(µ, λ) = [λ1/2 exp(−λ
2
µ2)]β exp{cλµ− dλ} (330)

= λβ/2 exp{λ(−β
2
µ2 + cµ− d)} (331)

= λβ/2 exp{−βλ
2

(µ− c/β)2} exp{λ(−d+ c2

2β
)} (332)

From this form, we notice that if we complete the square in the exponential,
then we will get a quadratic function in the exponential with respect to µ, with
a linear term of λ multiplied on it, while the residue is a linear term. By writing
p(µ, λ) = p(µ|λ)p(λ), we see by inspection that this separates into a Gaussian
distribution and gamma distribution, with the Gaussian on the mean depending
on λ in the precision term:

p(µ, λ) = N (µ|µ0, (β0λ)
−1)Gam(λ|a0, b0) (333)

When we expand this to the multivariate case, the Gaussian extends easily, but
now we need to find a multivariate version of the Gamma distribution, which is
the Wishart distribution, for a D-dimensional variable:

W(Λ|W, ν) = B|Λ|(v−D−1)/2 exp(−1

2
Tr(W−1Λ)) (334)

Notice some of the parallels to the Gamma distribution: we have a new parame-
ter ν, which is the degrees of freedom and acts again like an effective prior - I’m
not sure of the exact interpretation, but finding the posterior Wishart would
probably show what it is. Now W is a D ×D scale matrix, but since we are in
matrix space now, we need to use the trace, a linear operator. The extension to
unknown mean and variance is just now using a Gaussian-Wishart distribution,
which is just the multivariate version of the Gaussian-gamma distribution.

2.3.7 Student-t’s distribution

If we have the Gaussian-gamma setting, and we are interested in integrating out
the precision, we get a new distribution:

p(x|µ, a, b) =
∫

N (x|µ, τ−1)Gam(τ |a, b) (335)

=
baΓ(a+ 1/2)

Γ(a)(2π)1/2(b+ (x− µ)2/2)−a−1/2
(336)
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By making some notation substitutions, specifically ν = 2a, λ = a/b, we have a
new distribution in terms of:

p(x|µ, ν, λ) = Γ(ν/2 + 1/2)

Γ(ν/2)
(
λ

πν
)1/2[1 +

λ(x− µ)2

ν
]−ν/2−1/2 (337)

This is the Student t distribution, and its parameter λ is sometimes called the
precision, though it is not necessarily the inverse of the variance - notice how
it correlates to the inverse of the effective variance from prior observations in
the gamma distribution. The ν parameter is called the degrees of freedom,
with larger values converging to a Gaussian and lower values going to a uniform
distribution. Because this all came from marginalizing out the precision, we see
that the student-t represents an averaging over infinite mixture of Gaussians,
all with the same mean and different precision.

Thus the Student t is a much more powerful, robust representation that
holds information about longer-tailed Gaussians as well and is robust to outliers.
The multivariate t distribution can also be found by using the same alternative
parameters, as well as η = τa/b, and performing a marginalization over η after
a u-sub. Those results can be seen in the exercises 2.48, 2.49.

2.3.8 Periodic variables

Periodic variable are where Gaussians can fall a bit short, because the parameter
fitting is highly dependent on the choice or origin, and in angular variables this
doesn’t work as well. Instead, we should treat angular measurements as points
on the unit circle, and convert between Cartesian and polar coordinates. It is
also much more convenient to think of points as the radians, because this makes
finding statistics easier. You can find the according radii after determing the
radians.

Von mises distributions are a generalization of the Gaussian distribution to
the periodic space. We consider distributions p(θ) that have period 2π, so they
must also satisfy the constraint p(θ+2π) = p(θ), alongside standard probability
constraints. One example of a Gaussian distribution satisfying these constraints
is given over a two variable x = (x1, x2) with means and covariance: Σ = σ2I,
so that it is isotropic.

The contours of constant p(x) are circles (not ellipses) aligned along the
x1, x2 axes. If we now consider the values of the distribution along a circle of
fixed radius, by construction the distribution is periodic, and we can transform
to polar coordinates:

x1 = r cos θ, x2 = r sin θ (338)

µ1 = r0 cos θ0, µ2 = r0 sin θ0 (339)

If we now substitute these values into our 2D gaussian and examine the ex-
ponential, and condition on the unit circle, since we are only interested in the
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dependence on θ:

− 1

2σ2
{(r cos θ − r0 cos θ0)

2 + (r sin θ − r0 sin θ0)
2} (340)

= − 1

2σ2
{1− 2r0 cos θ cos θ0 + r20 − 2r0 sin θ sin θ0} (341)

=
r0
σ2

cos(θ − θ0) + const. (342)

Notice the analog to the Gaussian where we are taking a difference from the θ0
radian representing the mean. If we now take m = r0/σ

2, we get our final von
Mises distribution:

p(θ|θ0,m) =
1

2πI0(m)
exp{m cos(θ − θ0)} (343)

Here θ0 can be thought of as the mean of the distribution, and m is the con-
centration parameter, which is analogous to the precision. The normalization
constant is a special function called the zeroth-order Bessel function of the first
kind, and is just the integral over this distribution when ignoring the mean:

I0(m) =
1

2π

∫ 2π

0

exp{m cos(θ − θ0)}dθ (344)

I guess this is just a classification of a special kind of integral. For large m von
Mises becomes approximately Gaussian.

If we consider the maximum likelihood fitting, we can examine the log like-
lihood function:

ln p(D|θ0,m) = −N ln 2π −N ln I0(m) +m

N∑
n=1

cos(θ − θ0) (345)

If we take the derivative, we use a trig identity (Exercise 2.53), and we get the
result:

θML
0 = arctan{

∑
n sin θn∑
n cos θn

} (346)

Which was equivalent to the previous result where we viewed observations in 2D
cart space. Deriving the maximizer for the concentration parameter is slightly
more involved, but I’ll write the final solution:

A(m) =
I ′0(m)

I0(m)
=
I1(m)

I0(m)
=

1

N

N∑
n=1

cos(θ − θML
0 ) (347)

Some alternative techniques for constructing periodic distributions. Repre-
senting the observations as a histogram where the angular coordinate is divided
into fixed bins - it is simple and flexible but has severe limitations. Can also try
marginalizing over the unit circle but results in complex distributions. Finally,
any valid distribution over real axis can be ’wrapped around’ the periodic axis
by cutting up the real axis into intervals of [0, 2π] and mapping them onto val-
ues in that range. One disadvantage of von Mises distributions is that they are
unimodal, but this can be treated by constructing mixtures of von Mises.
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2.3.9 Mixtures of Gaussians

most of this is already in chapter 9

2.4 Exponential Family

Most of the distributions in this chapter besides the Gaussian mixture model,
are all part of the exponential family, and they all have some nice properties
that can be advantageous to know. All distributions in the family have the
form:

p(x|η) = h(x)g(η) exp(ηTu(x)) (348)

Here η is called the natural parameters of the distribution, and the function
g(η) can be seen as the normalization constant. We can use the Bernoulli and
multinomial distribution as examples of how to turn them into the exponential
form. If we first look at the Bernoulli:

p(x|µ) = µx(1− µ)1−x (349)

= exp{x lnµ+ (1− x) ln(1− µ)} (350)

= exp{x lnµ− x ln(1− µ) + x ln(1− µ) + (1− x) ln(1− µ)} (351)

= (1− µ) exp{x ln µ

1− µ
} (352)

To fit the exponential form, we set η = ln µ
1−µ , and then see that

exp(−η) = 1

µ
− 1 (353)

µ =
1

1 + exp(−η)
= σ(η) (354)

Which is the sigmoid function. So interestingly, the previous parameter of the
Bernoulli function µ is actually the sigmoid function of the natural parameter,
which is a common loss function in binary classification, what Bernoulli repre-
sents. So maybe µ is an implicit, prior fitting of the Bernoulli distributions onto
the natural parameter. Then our new distribution is given by:

p(x|η) = σ(−η) exp(ηx) (355)

If we next consider the multinomial distribution, we get

p(x|µ) =
M∏
k=1

µxk
k = exp{

M∑
k=1

xk lnµk} (356)

= exp{ηTx}, ηk = lnµk =⇒ η = lnµ (357)

We can alternatively express the multinomial distribution by using the fact that
µk, ηk are not independent because of the summation constraint, and we can
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express µM = 1−
∑M−1

k=1 µk. When we rewrite it this way:

exp{
M∑
k=1

xk lnµk} (358)

= exp{
M−1∑
k=1

xk lnµk + xM lnµM} (359)

= exp{
M−1∑
k=1

xk lnµk + (1−
M−1∑
k=1

xk) ln(1−
M−1∑
k=1

µk)} (360)

= exp{
M−1∑
k=1

xk ln
µk

1−
∑M−1

j=1 µj

+ ln(1−
M−1∑
k=1

µk)} (361)

We can now split this exponential into two parts, noticing that only the first
term has the x dependence, giving

ηk = ln
µk

1−
∑M−1

j=1 µj

(362)

exp(ηk) =
µk

C
(363)

C
∑
k

exp(ηk) =
∑
k

µk (364)

C
∑
k

exp(ηk) = 1− C (365)

C =
1

1 +
∑

k exp(ηk)
(366)

exp(ηk) = µk/C (367)

exp(ηk)

1 +
∑

j exp(ηj)
= µk (368)

This is the softmax or regularized exponential function. Now the overall likeli-
hood can be written as:

p(x|η) = (1−
∑
k

µk) exp(η
Tx) (369)

= (1−
∑
k

exp(ηk)

1 +
∑

j exp(ηj)
) exp(ηTx) (370)

= (
1 +

∑
j exp(ηj)−

∑
k exp(ηk)

1 +
∑

j exp(ηj)
) exp(ηTx) (371)

= (1 +
∑
j

exp(ηj)
−1 exp(ηTx) (372)
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And this matches the standard form of the exponential distribution, with:

u(x) = x, h(x) = 1, g(η) = (1 +
∑
k

exp(ηk)
−1 (373)

Lastly, we can do this on the Gaussian distribution, where we now need to note
the quadratic dependence on x and work with it accordingly:

p(x|µ, σ2) =
1

(2πσ2)1/2
exp{− 1

2σ2
(x− µ)2} (374)

p(x|µ, σ2) =
1

(2πσ2)1/2
exp{− x2

2σ2
+
xµ

σ2
− µ2

2σ2
} (375)

=⇒ u(x) = (
x
x2

), η = (
µ/σ2

−1/2σ2), h(x) = (2π)−1/2 (376)

g(η) = σ−1 exp{− µ2

2σ2
} = (−2η2)

1/2 exp{ η
2
1

4η2
} (377)

2.4.1 Maximum likelihood and sufficient statistics

If we are now interested in estimating the natural parameter vector η using max-
imum likelihood, we take the derivative of the exponential form normalization:

g(η)

∫
h(x) exp{ηTu(x)}dx = 1 (378)

∇g(η)
∫
h(x) exp{ηTu(x)}dx (379)

+g(η)

∫
h(x) exp{ηTu(x)}u(x)dx = 0 (380)

=⇒
∫
h(x) exp{ηTu(x)}u(x)dx = − 1

g(η)
∇g(η) = −∇ ln g(η) (381)

=⇒ E[u(x)] = −∇ ln g(η) (382)

This gives a particularly strong property of the exponential family - provided we
can normalize its distribution, we can always find its moments through simple
differentiation. We can find the covariance through second differentiation, and
even higher moments as well. If we do this over the likelihood of a IID dataset,
we have

p(X|η) = (

N∏
n=1

h(xn))g(η)
N exp{

N∑
n=1

u(xn)} (383)

Taking the derivative and setting it to zero gives:

−∇ ln g(ηML) =
1

N

N∑
n=1

u(xn) (384)

Which tells us that for any dataset, we only need to keep the sufficient statistics
to find the ML estimator. When N → ∞, we recover the previous result of first
moment.
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2.4.2 Conjugate priors

The conjugate prior for the exponential form can also be expressed as:

p(η|χ, ν) = f(χ, ν)g(η)ν exp{νηTχ} (385)

When we multiply this by the likelihood, we get the posterior, with only terms
proportional to the natural parameter, as

p(η|X,χ, ν) ∝ g(η)N+ν exp{ηT (
N∑

n=1

u(xn) + νχ)} (386)

We that this validates the conjugate prior, and that the parameter ν is in-
terpreted as the effective number of pseudo-observations, each of which has a
pseudo value for the sufficient statistic given by u(x) = χ.

2.4.3 Noninformative priors

We often want priors to encode some inductive biases, but oftentimes we have
very limited knowledge of data before fitting, so we want noninformative priors.
The first kind is the most simple, when we want to assign a uniform distribution
over a parameter λ. However when λ has an unbounded domain, there is no
b−a that fits, so this prior distribution cannot be normalized - it is an improper
prior. These are OK as long as the resulting posterior is proper. An easy
example is the uniform prior distribution over the mean, which we have seen
has a proper posterior distribution.

Another nuance comes from nonlinear changes of variables in probability
distributions. If h(λ) = const, a common prior, and λ = η2, then ĥ(η) = h(η2)
is constant. However when we take densities to be constant, the change is
different:

pη(η) = pλ(λ)|
dλ

dη
| (387)

= pλ(λ)2η (388)

So this is not a constant function anymore, and in general we must care to use
appropriate representations of prior parameters to avoid non-constant results in
nonlinear changes of variables.

Two simple examples of noninformative priors:
Location parameter: this case arises when a density takes the form:

p(x|µ) = f(x− µ) (389)

µ is known as a location parameter, and this family of densities exhibits trans-
lational invariance, since any x̂ = x+c can be matched by a µ̂ = µ+c. We want
to choose a prior p(µ) that also exhibits this translation invariance property, so
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then we want a density that assigns equal probability mass to shifted intervals:∫ B

A

p(µ)dµ =

∫ B+c

A+c

p(µ)dµ =

∫ B

A

p(µ̂)dµ̂, µ̂ = µ+ c (390)

=⇒ p(µ̂) = p(µ+ c) = p(µ) (391)

This implies p(µ) is constant. So the correct noninformative prior for when
we want our likelihood density to have translational invariance under a certain
parameter, is a constant prior.

The second example is when we want a likelihood density to have scale
invariance under a certain parameter:

p(x|σ) = 1

σ
f(
x

σ
) (392)

σ > 0 is a scale parameter, and when we scale x̂ = cx by any factor c, we can
always match this form of density again by σ̂ = cσ. An intuitive example is
when we are changing units. Now, again we want our priors to have this same
scale invariance, so that when we apply some scaling to regions in p(σ), we have
the same probability mass:∫ B

A

p(σ)dσ =

∫ B/c

A/c

p(σ)dσ, (393)

σ̂ = σ/c =⇒
∫ B

A

1

c
p(σ̂)dσ̂ =⇒ p(σ) =

1

c
p(
σ

c
) (394)

cp(σ) = p(
σ

c
) =⇒ p(σ) ∝ 1

σ
(395)

This prior is also improper, since the integral over 0 ≤ σ ≤ ∞ diverges, but it
is actually constant in log space, interestingly enough. An example of a scale
parameter is the covariance of the Gaussian distribution. If we look at the
density after we have taken account of the scale parameter, we get:

p(x|µ, σ2) ∝ σ−1 exp{−(x̂/σ)2}, x̂ = x− µ (396)

So the noninformative prior for a likelihood density that has scale invariance
can be represented by the family of functions: 1/σ.

2.5 Nonparametric Methods

Nonparametric methods make extremely weak assumptions about the data, and
use inherent properties instead to fit some form of distribution.

Histogram method: The histogram method divides the domain of x into
distinct bins of width △i, and to get the probabilities for each bin they are:

pi =
ni
N△i

(397)
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This gives a model where p(x) is constant over a bin, and we usually take
the same bin widths. The histogram itself isn’t a particularly good model,
volatile and only good for quick visualizations, but it provides some interesting
lessons. First, to estimate the probability density at a location, we should
consider the points close to it, utilizing some distance metric. For histograms,
this was defined by the bins, and the width of the bins determined the smoothing
property. Secondly, the bin width or in more general terms, model complexity
is a parameter that must be fitted to some optimal value that can capture the
data densities well.

2.5.1 Kernel density estimators

Take a D-dimensional space where we want to estimate the value of p(x). If
we take some neighborhood R containing x, then the probability mass in this
region is:

P =

∫
R
p(x)dx (398)

If we have a dataset of N observations, the probability that K out of N points
fall into R is going to be a binomial because of IID:

Bin(K|N,P ) =
(
N

K

)
PK(1− P )N−K (399)

E[K/N ] = P, var[K/N ] = NP (1− P ) (400)

For large N , the Binomial distribution becomes sharply peaked around the
mean, so K ≊ NP , but if we also assume region R is sufficiently small so that
the density is constant, we have P ≊ p(x)V , where V is the volume of region
R. Combining these two we get:

p(x) =
K

NV
(401)

However, notice this derivation is based on contradictory assumptions. We
assume the region is small enough to be constant while also claiming that the
region is sufficiently large so that the binomial distribution becomes peaked.
Because these are contradictory, we need to either fix K (which assumes a
sharply beaked Binomial and large dataset) to determine V , or fix V , which
assumes a sufficiently small region, and determine K. The former describes the
K-nearest neighbors while the latter is the kernel density estimator.

Both converge to the true solution asN → ∞ provided thatK grows suitably
with N , since it is dependent on datasize, while V shrinks with N since the fixed
region R will get smaller relative to the growth of the data region.

Density estimation: First, let’s fix V , as a hypercube around the point x.
We would like to determine the number of points K falling inside this region.
If we define a function:

k(
x− xn
h

) (402)
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That equals 1 when xn lies inside the hypercube of side h centered inside x,
then K can be expressed as

K =
∑
n

k(
x− xn
h

) =⇒ p(x) =
1

N

∑
n

1

hD
k(
x− xn
h

) (403)

Because k is a symmetric function, we can also interpret this as whether our
candidate point x falls in the hypercubes of data points. One shortcoming is
that this KDE can’t handle discontinuities at the boundaries of the cubes, so
we can adopt a smoother kernel function, like the Gaussian. Note here that h,
or whatever determines the scale of the kernel window, will always play the role
as the smoothing parameter.

This density model is nice because it is easy to calculate and just requires
storing the dataset, but this also means its computational cost is O(N).

2.5.2 K-Nearest Neighbors

This time we’re fixing K and trying to determine V - so given a number of
points, we are essentially trying to determine the minimum volume to fit the K
closest points. This also removes the dependence on a distance parameter that
the KDE requires - in the example of the hypercube, this was given as the width
of the hypercube. This parameter needs to be constantly tweaked and is too
dependent on data and location in parameter space. Here, we place hyperspheres
around data points and grow them until they contain K neighbouring points,
and V is the volume of the hypersphere.

We can also use KNN for classification. To do this, let’s assume that we
have Nk points for each Ck, so that

∑
kNk = N . If we now want to classify a

point x, we draw a hypersphere until we get some number of K points, and call
its volume V. Then the estimated class-conditional density is given by:

p(x|Ck) =
Kk

V Nk
(404)

p(x) =
K

NV
, p(Ck) =

Nk

N
(405)

p(Ck|x) =
p(x|Ck)p(Ck)

p(x)
=

Kk

V Nk

Nk

N

NV

K
=
Kk

K
(406)

So to minimize the misclassification rate, we pull from decision theory and
choose the highest posterior probability.

To summarize: density models are convenient and practical to use, but they
suffer from their dependence on the dataset. OTOH, parametric models have
limited expressivity and are bounded by how complex their parameters are.
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Exercises

2.1

Property (2.257) is just given by p(0|µ)+ p(1|µ) = µ+1−µ = 1. The expected
value is simple too. The variance is given by

var[x] = E[x2]− E[x]2 (407)

= µ− µ2 = µ(1− µ) (408)

H[p] = −
0,1∑
x

p(x) ln p(x) (409)

= −µ lnµ− (1− µ) ln(1− µ) (410)

2.2

To show this new distribution is normalized, we just have to enumerate over
-1,1:

1− µ

2
+

1 + µ

2
= 1 (411)

So it is normalized. To find the mean, we just take each case:

E[x] =
∑

x∈{−1,1}

x ∗ p(x|µ) (412)

= −1 ∗ 1− µ

2
+

1 + µ

2
= µ (413)

E[x2] = 1 + µ (414)

var[x] = µ− µ2 = µ(1− µ) (415)

p(x = 1|µ) = 1 + µ

2
(416)

p(x = 0|µ) = 1− µ

2
(417)

We can also find the entropy:

H[x] = −1 + µ

2
ln

1 + µ

2
− 1− µ

2
ln

1− µ

2
(418)

2.3

To first show 2.262, we show that:

N !

(N −m)!m!
+

N !

(N −m+ 1)!(m− 1)!
(419)

=
N ! ∗ (N −m+ 1) +N ! ∗m

(N −m+ 1)!m!
(420)

(N + 1)!

(N + 1−m)!m!
=

(
N + 1

m

)
(421)
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Now to prove the binomial theorem by induction, we first show for N = 1:

1 + x =

(
1

0

)
+

(
1

1

)
x1 = 1 + x (422)

If we assume this is true for the N − 1 case in the inductive hypothesis, and we
look at the Nth case:

(1 + x)N = (1 + x)N−1(1 + x) (423)

=

N−1∑
m=0

(
N − 1

m

)
xm +

N−1∑
m=0

(
N − 1

m

)
xm+1 (424)

We can then pair powers of x up together, with the 0th power, or 1, being the
only one that is alone:

1 +

N−1∑
m=1

(

(
N − 1

m

)
+

(
N − 1

m− 1

)
)xm (425)

= 1 +

N∑
m=1

(
N

m

)
xm (426)

And this proves the theorem. To show the normalization:

N∑
m=0

(
N

m

)
µm(1− µ)N−m (427)

(1− µ)N
N∑

m=0

(
N

m

)
(

µ

1− µ
)m (428)

= (1− µ)N ∗ (1 + µ

1− µ
)N (429)

= (1− µ)N ∗ ( 1

1− µ
)N = 1 (430)

2.4

This one has no alpha!
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2.5

We’re going to prove the normalization constant of the beta distribution.

Γ(a)Γ(b) =

∫ ∞

0

exp(−x)xa−1dx

∫ ∞

0

exp(−y)yb−1dy (431)

=

∫∫ ∞

0

exp(−x− y)xa−1yb−1dxdy (432)

t = y + x, dt = dy (433)∫∫ ∞

0

exp(−t)xa−1(t− x)b−1dxdt (434)

x = tµ =⇒ dx = t ∗ dµ (435)∫∫ ∞

0

exp(−t)ta−1µa−1tb−1(1− µ)b−1dt ∗ t ∗ dµ (436)

= Γ(a+ b)

∫ 1

0

µa−1(1− µ)b−1dµ (437)

So in summary, to show the normalization constant holds, we first split the
Gamma product in the numerator into the integrals, and show it equals the
Gamma sum multiplied by the beta integral.

2.6

E[µ] =
∫ 1

0

µa(1− µ)b−1 Γ(a+ b)

Γ(a)Γ(b)
dµ (438)

=
Γ(a+ 1)Γ(b)

Γ(a+ b+ 1)
∗ Γ(a+ b)

Γ(a)Γ(b)
(439)

=
aΓ(a)Γ(b)

(a+ b)Γ(a+ b)
∗ Γ(a+ b)

Γ(a)Γ(b)
=

a

a+ b
(440)

E[µ2] =

∫ 1

0

µa+1(1− µ)b−1 Γ(a+ b)

Γ(a)Γ(b)
dµ (441)

=
Γ(a+ 2)Γ(b)

Γ(a+ b+ 2)
∗ Γ(a+ b)

Γ(a)Γ(b)
(442)

=
(a+ 1)a

(a+ b+ 1)(a+ b)
(443)
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var[µ] =
(a+ 1)a

(a+ b+ 1)(a+ b)
− a2

(a+ b)2
(444)

=
(a2 + a)(a+ b)− a2(a+ b+ 1)

(a+ b)2(a+ b+ 1)
(445)

=
a3 + a2b+ a2 + ab− a3 − a2b− a2

(a+ b)2(a+ b+ 1)
(446)

=
ab

(a+ b)2(a+ b+ 1)
(447)

To find the mode, we need to find the value that gives a maximum, so we
differentiate the beta distribution expression:

∇ :
Γ(a+ b)

Γ(a)Γ(b)
{(a− 1)µa−2(1− µ)b−1 − µa−1(b− 1)(1− µ)b−2} = 0 (448)

(a− 1)µa−2(1− µ)b−1 − µa−1(b− 1)(1− µ)b−2 = 0 (449)

(a− 1)(1− µ) = (b− 1)µ (450)

a− aµ− 1 + µ = bµ− µ (451)

a− 1

a+ b− 2
= µ (452)

2.7**

The posterior mean in the problem settings is given by

m+ a

m+ a+ l + b
(453)

We can also write this as a convex sum of the prior mean and the maximum
likelihood estimate:

aλ

a+ b
+

(1− λ)m

m+ l
=

m+ a

m+ a+ l + b
(454)

aλ(m+ l) + (1− λ)m(a+ b)

(a+ b)(m+ l)
= c (455)

λam+ λal +ma+mb− λma− λmb = c(a+ b)(m+ l) (456)

λal +−λmb = c(a+ b)(m+ l)−m(a+ b) (457)

λ(al −mb) = (a+ b)(c(m+ l)−m) (458)

(459)
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2.8

Ey[Ex[x|y]] =
∫∫

xp(x|y)p(y)dxdy (460)

=

∫∫
xp(x, y)dxdy =

∫
xp(x)dx = E[x] (461)

Ey[varx[x|y]] + vary[Ex[x|y]] (462)

=

∫
p(y){Ex[(x|y)2]− Ex[x|y]2}dy (463)

+vary[

∫
xp(x|y)dx] (464)

=

∫∫
p(y)p(x|y)x2dxdy −

∫
p(y)(

∫
p(x|y)xdx)2dy (465)

+vary[Ex[x|y]] (466)

vary[Ex[x|y]] = Ey[(Ex[x|y])2]− Ey[Ex[x|y]]2 (467)

=

∫
p(y)(

∫
xp(x|y)dx)2dy − (

∫∫
p(y)p(x|y)xdxdy)2 (468)

Combining these two:∫∫
p(y)p(x|y)x2dxdy −

∫
p(y)(

∫
p(x|y)xdx)2dy (469)

+

∫
p(y)(

∫
xp(x|y)dx)2dy − (

∫∫
p(y)p(x|y)xdxdy)2 (470)

=

∫∫
p(x, y)x2dxdy − (

∫∫
p(x, y)xdxdy) (471)

= E[x2]− E[x]2 = var[x] (472)

So this question shows when we have two random variables x, y with conditionals
and joints, that the marginal mean of x is equal to the conditional mean of x
over y. Also, the marginal variance of x is equal to the sum of the expectation
of the conditional variance of x over y plus the variance of the conditional mean
x|y over x.

2.9

Proving normalization coefficient of Dirichlet. We can use a proof by induction
where we use the previous normalization proof of the beta distribution, which is

M = 2 as the base, recall that this is true: Γ(a+b)
Γ(a)Γ(b) . If we assume the inductive

hypothesis for M − 1, and consider the Dirichlet for the M variables, where we

53



use the summation constraint to sub for µM .

p(µ1, ..µM−1) = CM

M−1∏
k=1

µαk−1
k (1−

M−1∑
j

µj)
αM−1 (473)

p(µ1, ..µM−2) =

∫
p(µ1, ..µM−1)dµM−1 (474)

=

∫ 1−
∑M−2
j µj

0

CM

M−1∏
k=1

µαk−1
k (1−

M−1∑
j

µj)
αM−1dµM−1 (475)

We switched the integral and our setting to the µM−1, because we know our
inductive hypothesis holds here well, and we can still bring in CM . For the
bounds, we use the summation constraint this time with

∑M−1
k µk = 1. We

also do this to show the relationship between M −1 and M , crucial in inductive
proofs. We can see this in the second line most obviously, where the expression
for the distribution overM−1 variables takes out µM−1 through the summation
constraint as well, and equates it to the Mth step distribution which has taken
out µM . When we further integrate over µM−1 both sides are equal.

∫ 1−
∑M−2
j µj

0

CM

M−1∏
k=1

µαk−1
k (1−

M−1∑
j

µj)
αM−1dµM−1 (476)

= CM

M−2∏
k=1

µαk−1
k

∫ 1−
∑M−2
j µj

0

µ
αM−1−1
M−1 (1−

M−1∑
j

µj)
αM−1dµM−1 (477)

Idea for change of variables: when µM−1 = 1−
∑M−2

j µj , then the new change
of variables should equal 1. Maybe make the change of variables: µM−1 =
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t(1−
∑M−2

j µj) =⇒ dµM−1 = dt(1−
∑M−2

j µj).

CM

M−2∏
k=1

µαk−1
k

∫ 1

0

tαM−1−1(1−
M−2∑

j

µj)
αM−1−1 (478)

(1−
M−2∑

j

µj + t(1−
M−2∑

j

µj))
αM−1 ∗ (1−

M−2∑
j

µj)dt (479)

= CM

M−2∏
k=1

µαk−1
k

∫ 1

0

tαM−1−1(1−
M−2∑

j

µj)
αM−1 (480)

((1− t)(1−
M−2∑

j

µj))
αM−1dt (481)

CM

M−2∏
k=1

µαk−1
k (1−

M−2∑
j

µj)
αM−1+αM−1

∫ 1

0

tαM−1−1((1− t)αM−1dt (482)

= CM

M−2∏
k=1

µαk−1
k (1−

M−2∑
j

µj)
αM−1+αM−1Γ(αM )Γ(αM−1)

Γ(αM−1 + αM )
(483)

Using our inductive hypothesis, we can use equation (2.272) on pM−1(µ1, ..µM−2),
we get that

CM

M−2∏
k=1

µαk−1
k (1−

M−2∑
j

µj)
αM−1+αM−1Γ(αM )Γ(αM−1)

Γ(αM−1 + αM )
(484)

= pM−1(µ1, ..µM−2) (485)

This distribution can be seen as again expressing the Dirichlet distribution of
M−1 variables using only up to µM−2, where we have hyperparams: α1, ...(αM−1+
αM ). So if we assume the correct Dirichlet normalization constant for M − 1
coefficients, we get that

CM ∗ Γ(αM )Γ(αM−1)

Γ(αM−1 + αM )
=

Γ(
∑M

k=1 αk)

Γ(α1) ∗ ..Γ(αM−1 + αM )
(486)

CM =
Γ(

∑M
k=1 αk)

Γ(α1), ...Γ(αM )
(487)

So although the solution to this problem is a little convoluted, it involves looking
at the M -coefficient Dirichlet distribution, then putting the degrees of freedom
to its actual amount with the summation constraint, by rewriting µM . We can
then integrate out µM−1 - notice we are STILL in a Dirichlet distribution of
M since we have αM separate. However, when we make the change of variable
and integrate over 0-1, we can finally remove the M -th coefficient by merging
αM , αM−1 together. This gives a M − 1 coefficient Dirichlet, whose normaliza-
tion is known and we can equate to.
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2.10

Dirichlet:

p(µ|α) = CM

M∏
k=1

µαk−1
k (488)

E[µj ] =

∫
µjp(µ|α)dµ (489)

= CM ∗
∫ M\j∏

k=1

µαk−1
k µ

αj
j dµ (490)

=
Γ(α0)

Γ(α1)...Γ(αk)
∗ Γ(α1)..Γ(αj + 1)..Γ(αk)

Γ(α0 + 1)
(491)

=
αj

α0
(492)

In the last step, we used the fact that Γ(α0+1) = α0Γ(α0),Γ(αj+1) = αjΓ(αj).

var[µj ] = CM

∫
(µj −

αj

α0
)2p(µ|α)dµ (493)

= CM

∫
(µ2

j −
2µjαj

α0
+
α2
j

α2
0

)p(µ|α)dµ (494)

= CM (
Γ(α1)..Γ(αj + 2)..Γ(αK)

Γ(α0 + 2)
)− 2

α2
j

α2
0

+
α2
j

α2
0

(495)

=
Γ(α0)

Γ(α1) ∗ ..Γ(αk)
∗ Γ(α1)..Γ(αj + 2)..Γ(αk)

(α0 + 1)α0Γ(α0)
−
α2
j

α2
0

(496)

=
(αj + 1)αj

α0(α0 + 1)
−
α2
j

α2
0

(497)

=
α2
jα0 + αjα0 − α2

jα0 − α2
j

α2
0(α0 + 1)

(498)

And this matches the textbook result. For the covariance, we need to write out
the explicit equation, which is

cov[µjµl] = E[µjµl]− E[µj ]E[µl] (499)

=
Γ(α1)..Γ(αj + 1)..Γ(αl + 1)..Γ(αk)

Γ(α0 + 2)
∗ Γ(α0)

Γ(α1), ..Γ(αk)
(500)

−αjαl

α2
0

(501)

=
αjαl

(α0 + 1)α0
− αjαl

α0
(502)

αjαl(
α0 − α0 − 1

α2
0(α0 + 1)

) (503)
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2.11**

E[lnµj ] =

∫
lnµjp(µ|α)dµ = (504)

ψ(αj)− ψ(α0) =
d

dαj
(505)

2.12

Uniform distribution for continuous variable:

U(x|a, b) = 1

b− a
(506)∫ b

a

1

b− a
dx = 1 (507)

E[x] =
∫ b

a

x

b− a
dx =

b2 − a2

2(b− a)
=
b+ a

2
(508)

E[x2] =
∫ b

a

x2

b− a
dx =

(b3 − a3)

3(b− a)
=
b2 + ab+ a2

3
(509)

var[x] = E[x2]− E[x]2 (510)

=
b2 + ab+ a2

3
− b2 + 2ab+ a2

4
(511)

=
1

12
(4b2 + 4ab+ 4a2 − 3b2 − 6ab− 3a2) (512)

=
1

12
(b2 − 2ab+ a2) =

1

12
(b− a)2 (513)
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2.13

Solved in Chapter 1, but I’ll do it again for practice

KL(p||q) =
∫
p(x) ln

p(x)

q(x)
dx (514)

= H[p(x)]−
∫
p(x) ln q(x) (515)

=
1

2
(ln |Σ|+D(1 + ln 2π))−

∫
N (x|µ,Σ)(−D

2
ln 2π (516)

−1

2
ln |L| − 1

2
(x−m)TL(x−m)dx (517)

=
1

2
(ln

|Σ|
|L|

+D)− 1

2
Ep[x

TLx− 2xTLm]− 1

2
mTLm (518)

=
1

2
(ln

|Σ|
|L|

+D)− 1

2
Tr[LEp[xx

T ]] +mTLm− 1

2
mTLm (519)

=
1

2
(ln

|Σ|
|L|

+D)− 1

2
Tr[L(Σ + µµT )] +

1

2
mTLm (520)

=
1

2
(ln

|Σ|
|L|

+D)− 1

2
Tr[LΣ]− 1

2
µTLµ+

1

2
mTLm (521)

2.14

For this multivariate optimization problem, we need to introduce appropriate
Lagrangian multipliers that match the dimensions and represent the appropriate
constraints:

H[p] = −
∫
p(x) ln p(x)dx+ λ(

∫
p(x)dx− 1) (522)

+mT (

∫
p(x)xdx− µ) + Tr{W (

∫
p(x)(x− µ)(x− µ)T dx− Σ} (523)

The reason why the first constraint is a vector is because it needs to represent the
D constraints across the D-dimensional vector µ, and similarly for W . Taking
the partial derivative with respect to p gives:

− ln p(x)− 1 + λ+mTx+Tr{W (x− µ)(x− µ)T } = 0 (524)

p(x) = exp{−1 + λ+mTx+Tr{W (x− µ)(x− µ)T } (525)

We now need to inspect the term inside the exponential, to get a more palatable
form for the integrals. We can complete the square first:

exp{−1 + λ+mTx+ (x− µ)TW (x− µ)} (526)

= −1 + λ+mTx+ xTWx− 2µTWx+ µTWµ (527)

= −1 + λ+ (x− µ+
1

2
W−1m)TW (x− µ+

1

2
W−1m)) (528)

−mTµ− 1

4
mTW−1m = ln p(x) (529)
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After completing the square, we can make a change of variable, similar to the
one performed in section 2.2 where we did y = uT (x − µ), but instead we’re
going to do y = x− µ+ 1

2W
−1m. Doing this gives us a new expression for p(y)

which we can substitute into the mean normalization expression:∫ ∞

−∞
exp{−1 + λ+ yTWy −mTµ− 1

4
mTW−1m}(y + µ− 1

2
W−1m)dy = µ

(530)

The y term vanishes from symmetry, and we can also move out terms inside
the integral. Because the entire exponential is p(y), we see that the µ comes
outside and cancels with the right hand side, giving a different expression for
the normalization constraint:∫ ∞

−∞
exp{−1 + λ+ yTWy −mTµ− 1

4
mTW−1m}(−1

2
W−1m)dy = 0 (531)

−1

2
W−1m ∗ 1 = 0 =⇒ −1

2
W−1m = 0 (532)

Now that we know this equals 0, this tells us that y = (x − µ) and we can
substitute back into our expression and solve again, this turns p(y) into

p(x) = exp{λ− 1 + (x− µ)TW (x− µ)} (533)

(534)

So actually, the second-order Lagrangian constraint doesn’t directly affect the
p(x) equation. Then when we substitute this into the second-order constraint
and perform a change of variable z = x− µ:

exp{λ− 1}
∫ ∞

−∞
exp{zTWz}zzT dz = Σ (535)

We know from this integral that W = − 1
2Σ, and that exp{λ−1} can be seen as

a normalization constant. Since W is nonzero, this means that mT = 0T , and
so our probability distribution that depends on the Lagrangian constraints can
be rewritten:

p(x) = exp{λ− 1} exp{−1

2
(x− µ)TΣ−1(x− µ)} (536)

.
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2.15

This is honestly pretty trivial, just substitute and perform expectation substi-
tutions to get what we need?

H[p] =

∫
p(x) ln p(x)dx (537)

= −1

2
(D ln 2π + ln |Σ|)− 1

2
E[xTΣ−1x− 2xTΣ−1µ+ µTΣ−1µ] (538)

= −1

2
(D ln 2π + ln |Σ|)− 1

2
Tr[Σ−1E[xxT ]] +

1

2
µTΣ−1µ (539)

= −1

2
(D ln 2π + ln |Σ|)− 1

2
Tr[I +Σ−1µµT ] +

1

2
µTΣ−1µ (540)

= −1

2
(D ln 2π + ln |Σ|)− D

2
(541)

2.16

I’m assuming this question is not multivariate Gaussians, we should clarify the
form of both distributions first:

p(x2) = N (x2|µ2, τ2) (542)

p(x1 + x2|x2) = N (x|µ1 + µ2, τ1) (543)

For the second distribution, we don’t have any noise in x2 because it is already
observed, so there will be no τ2 precision, but the means will be added. Then
the integral becomes:

p(x) =

∫ ∞

−∞
N (x|µ1 + x2, τ1) ∗ N (x2|µ2, τ2)dx2 (544)

We need to extract all the x2 terms in order to find the normalization constant:
the full exponential term:

exp{−τ1
2
(x− µ1 − x2)

2 − τ2
2
(x2 − µ2)

2} (545)

−τ1
2
((x− µ1)

2 + x22 − 2(x− µ1)x2)−
τ2
2
(x22 − 2x2µ2 + µ2

2) (546)

= −1

2
[x22(τ2 + τ1)− 2x2((x− µ1)τ1 + µ2τ2)] + const. (547)

= −1

2
[(x2 − s)(τ2 + τ1)(x2 − s)− s2(τ2 + τ1)] + const. (548)

s =
(x− µ1)τ1 + µ2τ2

τ2 + τ1
(549)

So the integral of the exponential form will be the inverse of the normalization
constant: √

2π(τ2 + τ1) (550)
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So we pull this out from the integral, along with the residue from completing
the square, plus the const. terms and then combine them all to give√

2π(τ2 + τ1) ∗ exp{
1

2

((x− µ1)τ1 + µ2τ2)
2

τ2 + τ1
(551)

−1

2
τ1(x− µ1)

2 + τ2µ
2
2} (552)

So the entropy, which is what we’re interested in, only depends on the variance
/ precision. Thus we only need to look at the quadratic term on x2:

1

2
x2 ∗ ( τ21

τ1 + τ2
− τ1) (553)

=
1

2
x2(

τ1τ2
τ2 + τ1

) (554)

σ2
x =

τ2 + τ1
τ1τ2

(555)

H[x] =
1

2
{1 + ln(2π

τ2 + τ1
τ1τ2

} (556)

2.17

This question shows that the precision matrix can be taken to be symmetric
because antisymmetric components will be exponentiated out. If we write

Σ−1 =
1

2
(A+AT ) +

1

2
(A−AT ) (557)

The first matrix is symmetric and the second is skew-symmetric. When we take
the exponent, we get

(x− µ)T (
1

2
(A+AT ) +

1

2
(A−AT ))(x− µ) (558)

=
1

2
(x− µ)T (A+AT )(x− µ) +

1

2
(x− µ)T (A−AT )(x− µ) (559)

In this exponent, we see that the second addition, the antisymmetric term will
go to zero, because the matrix multiplication can be written out as∑

i

∑
j

(xi − µj)Sij(xj − µj) (560)

Since x− µ is a vector, we see that

(xi − µi)B(xj − µj) = (xj − µj)B(xi − µi) (561)

Since the components are scalar and are commutative. Then this sum goes to
zero since Sij = −Sji. More generally, this is just a consequence of quadratic
forms of skew-symmetric matrics:

xTAx = xTATx = −xTAx = 0 (562)

These are only equal when both equal 0, so the exponential term goes away.
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2.18

Σui = λiui (563)

Σu∗i = λ∗i u
∗
i (564)

ūi
TΣui = λūi

Tu∗i (565)

ūi
TΣui = (Σūi)

Tui = λ∗i ūi
Tui (566)

Because these two equations are equal and we are assuming that ui ̸= 0 since it
is an eigenvector, λi = λ∗i so it is a real value.

To show orthogonality between two eigenvectors, take two eigenvectors x, y,
and we are going to work with their inner products and the symmetry property

< Ax, y >= x∗Ay = λyx
∗y (567)

λuy
∗x = y∗Ax = λxy

∗x (568)

Since the eigenvalues are not equal to each other, then y∗x = 0, and the eigen-
values are orthogonal. To show the last part, we want to show that we can
preserve the problem conditions while normalizing all the eigenvectors. We can
do this by showing that if we divide an eigenvector ui by its norm, then we just
need to divide its corresponding eigenvalue λi by the norm as well, so we get

Σui
1

∥ui∥
= λiui

1

∥ui∥
(569)

2.19

So now we know that a real symmetric matrix has real, orthonormal eigenvec-
tors. To show both equations, we can just use the outer product formulation of
matrix multiplication + eigendecomposition:

Σ = UΣUT (570)

Σ−1 = U−1Σ−1U = UTΣ−1UI (571)

The covariance matrix, because Σ is diagonal can be written as the sum of
the columns of U multiplied by the rows of UT . The columns of U are just the
eigenvectors, and the rows of UT are the corresponding eigenvectors transposed,
giving us (2.48). The only difference with the inverse covariance matrix is
that we are taking the inverse of the diagonal matrix giving us reciprocals of
eigenvalues instead.

2.20

This question is actually just asking for the specific case where Σ is a positive
definite symmetric matrix, which is a much stronger start point than the
general case.
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We need to show both directions. First prove that if a symmetric matrix
is positive definite, this implies all of it’s eigenvalues are positive. If we write
a =

∑
i ciui as a linear combination of the matrix’s eigenvectors, then

aTΣa = (c1u1 + ..cnun)
TΣ(c1u1...cnun) (572)

= c1u
T
1 Σu1 + ...cnu

T
nΣun (573)

=
∑
i

c2iλi ∥ui∥
2
> 0 (574)∑

i

c2iλi > 0 (575)

This is only true when all of the eigenvalues are positive, assume a positive
definite symmetric matrix.

For the other direction, we can see from the eigenvalue equation:

Σui = λui (576)

uTi Λui = λ ∥u∥ (577)

Since the norm is always positive, then if each of the eigenvalues of Σ are positive,
this implies that the matrix is positive definite. We can extend this to the non
eigenvector case by just writing some arbitrary a as a linear combination of the
eigenvectors. This is under the assumption that the matrix’s eigenvectors form
a basis under RD.

2.21

D +
(D2 −D)

2
=
D2 +D

2
(578)

From the diagonal, and then subtract diagonal from total matrix and divide by
2

2.22

If S is a symmetric matrix, we have its eigendecomposition:

S = DΣD−1 (579)

Since it is a symmetric matrix, it will have real, orthogonal eigenvectors, so
DT = D−1, and S = DΣDT . We can then multiply the matrix DTΣ−1D, s.t

S(DΣ−1DT ) = I, S−1 = DTΣ−1D (580)

This is just another diagonalization, where D is orthogonal, Σ−1 has only real
values since Σ has only real values, and thus the inverse is also symmetric.
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2.23**

2.24

Proof of Schur’s identity: Obviously the LHS just becomes the identity, so we
need to show this is the same on the RHS. If we call the resulting matrix Σ,
then we can write each of the block components out:

Σ11 = AM −BD−1CM = (A−BD−1C)M = I (581)

Σ12 = −AMBD−1 +BD−1 +BD−1CMBD−1 (582)

= (−AM +BD−1CM + I)BD−1 (583)

= (−(A−BD−1C)M + I)BD−1 = 0 (584)

Σ21 = CM − CM = 0 (585)

Σ22 = −CMBD−1 + I + CMBD−1 = I (586)

2.25

The way to approach this problem is to recognize we don’t really need to interact
with xc at all - we need to first find the joint distribution of p(xa, xb). So if we
group together a, b the new mean and covariance vectors are given by:

µ = (
µa,b

µc
) (587)

Σ = (
Σab,ab Σab,c

Σc,ab Σcc
) (588)

Then using the equation to find marginals, we can actually see that

p(xa, xb) = N (xa, xb|µa,b,Σab,ab) (589)

So it is just the part removing all influence from xc. Then we can take this part
and find the conditional by equation (2.96), giving

p(xa|xb) = N (x|µa|b,Λ
−1
aa ) (590)

µa|b = µa − Λ−1
aaΛab(xb − µb) (591)

2.26

Woodbury’s matrix inversion proof, multiplying both sides by that quantity
implies we just need to make the RHS equal to I.

(A+BCD)[A−1 −A−1B(C−1 +DA−1B)−1DA−1] (592)

= I −B(C−1 +DA−1B)−1DA−1 +BCDA−1 (593)

−BCDA−1B(C−1 +DA−1B)−1DA−1 (594)
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(This is not my solution, I got it from the guy who has created a huge PRML
solution manual already). He uses a trick here to simplify the last behemoth
term by a lot:

BCDA−1B(C−1 +DA−1B)−1DA−1 (595)

= BC(−C−1 + C−1 +DA−1B)(C−1 +DA−1B)−1DA−1 (596)

= −B(C−1 +DA−1B)−1DA−1 +BCDA−1 (597)

So when we substitute this back into the original, we get that the RHS equals
identity which proves the identity.

2.27

E[x+ z] =

∫∫
(x+ z)p(x, z)dxdz (598)

=

∫
p(z)

∫
(x+ z)p(x)dxdz (599)

= E[x] + E[z] (600)

E[(x+ z)2] =

∫∫
(x2 + 2xz + z2)p(x)p(z)dxdz (601)

= Ex[x
2] + 2Exz[xz] + E[z2] (602)

var[x+ z] = E[(x+ z)2]− (E[x] + E[z])2 (603)

= E[x2] + E[z2]− E[x]2 − E[z]2 = var[x] + var[z] (604)

2.28

So we are basically rederiving the introduced results in section 2.3.3. Notation
and assumptions:

z = (
x
y
) (605)

E[z] = (
µ

Aµ+ b
) (606)

cov[z] = (
Λ−1 Λ−1AT

AΛ−1 L−1 +AΛ−1AT ) (607)

The marginal distribution p(x) is easy to show using the previous result - we
know it keeps it’s mean and covariance, so that is just matching up. Using the
previous result, we need to know find p(y|x). If we treat xa = y, xb = x, then
from the equations of 2.92 and 2.93, we know that the covariance is given by the
inverse of the bottom right matrix in equation 2.104, which is L−1 and aligns.
For the mean, we can see that

µy|x = Aµ+ b+ L−1(LA)(x− µ) (608)

= Aµ+ b+Ax−Aµ = Ax+ b (609)
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. done.

2.29

So we need to use Schur’s complement to do an inverse on the block precision
matrix. Let’s first find Schur’s complement:

M = (A−BD−1C)−1 (610)

= (Λ +ATLA−ATLL−1LA)−1 (611)

= Λ−1 = cov[z]11 (612)

. So now we can find the other elements easily:

cov[z]12 = −MBD−1 (613)

= Λ−1 ∗ (−ATL) ∗ L−1 = −Λ−1AT (614)

cov[z]21 = −D−1CM (615)

= −L−1 ∗ (−LA) ∗ Λ−1 = AΛ−1 (616)

cov[z]22 = D−1 +D−1CMBD−1 (617)

= L−1 + L−1(−LA) ∗ Λ−1 ∗ (−ATL)L−1 (618)

= L−1 +AΛ−1AT (619)

And this completes the result of equation 2.105

2.30

Done in the work of section 2.3.3.

2.31

So if we just define the prior and conditional distributions, we can use the
equations to find the resulting marginal p(y). p(x) is already given, so we need
to look at p(y|x). Similar to a previous problem, since we are conditioning on
x, we know that on average it will be around the mean, and we don’t have any
noise/covariance associated with x. So

p(y|x) = N (y|x+ µz,Σz) =⇒ (620)

p(y) = N (y|µx + µz,Σ
−1 + Λ−1) (621)

2.32

So the problem is asking us to rederive the results from section 2.3.3, but using
manual complete the square instead of just applying previous results. We are
trying to find:

p(y) =

∫
p(x, y)dx (622)
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So we need to isolate x-terms in the exponential of the joint distribution, com-
plete the square to find the residue that depends on y, and then complete the
square again in y. Let’s use the fact that the book already wrote out most of
the terms in Section 2.2.3, we just need to collect them:

−1

2
(xT (Λ +ATLA)x− xT (ATL(y − b) + Λµ) (623)

= −1

2
(x−m)T (Λ +ATLA)(x−m) +

1

2
mT (Λ +ATLA)m, (624)

m = (Λ +ATLA)−1[ATL(y − b) + Λµ] (625)

We are interested in the residue term, since know the x only terms will be
processed through the integral and won’t have any y-terms. More specifically,
we need to solve the term and find the quadratic and linear terms, which will
helps us find the mean and covariance in the new term. Residue written out:

1

2
[ATLy + (Λµ−ATLb)]T (Λ +ATLA)−1[ATLy + (Λµ−ATLb)] (626)

=
1

2
yTLA(Λ +ATLA)−1ATLy + yTLA(Λ +ATLA)−1(Λµ−ATLb) (627)

=
1

2
yT (L− (L−1 +AΛ−1AT )−1)y (628)

−yT [L− (L−1 +AΛ−1AT )−1]b+ yTLA(Λ +ATLA)−1Λµ (629)

I tried simplifying it as much as I could, maybe more light will come when we
combine with the other terms of y:

−1

2
yTLy + yTLb+

1

2
yT (L− (L−1 +AΛ−1AT )−1)y (630)

−yT [L− (L−1 +AΛ−1AT )−1]b+ yTLA(Λ +ATLA)−1Λµ (631)

= −1

2
yT (L−1 +AΛ−1AT )−1y (632)

+yT ([L−1 +AΛ−1AT ]−1b+ LA(Λ +ATLA)−1Λµ) (633)

We see that the covariance is given by the inverse of the quadratic term, so
cov[y] = (L−1 + AΛ−1AT ), which matches (2.110). To find the mean, we left-
multiply the covariance on the linear term, as is common in completing the
square to get:

b+ (L−1 +AΛ−1AT )LA(Λ +ATLA)−1Λµ (634)

= b+ (A+AΛ−1ATLA)(Λ +ATLA)−1Λµ (635)

= b+AΛ−1(Λ +ATLA)(Λ +ATLA)−1Λµ (636)

= b+Aµ (637)

And this completes the mean (2.109), and we are done.
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2.33

So now if we have the same starting joint distribution, but we want to find the
conditional p(x|y), we just group all x terms together to find the precision and
mean, and we assume y is a known variable. We can use a lot of our previous
results, but by writing out the x-terms again, we get

−1

2
(xT (Λ +ATLA)x− xT (ATL(y − b) + Λµ) (638)

From this it is straightforward to see that

cov[x|y] = (Λ +ATLA)−1 (639)

E[x|y] = (Λ +ATLA)−1(ATL(y − b) + Λµ) (640)

2.34

In these settings where we have an inverse inside the term, and the log term
also is the inverse, it is always easier to consider the inverse of the covariance,
which is the precision. If rewrite the equation in terms of the precision:

N

2
ln |Λ| − 1

2

N∑
n=1

(xn − µ)TΛ(xn − µ) (641)

=
N

2
ln |Λ| − 1

2

N∑
n=1

Tr[Λ(xn − µ)(xn − µ)T ] (642)

∇Λ :
N

2
Λ−T − 1

2

N∑
n=1

(xn − µ)(xn − µ)T = 0 (643)

ΣT
ML =

1

N

N∑
n=1

(xn − µ)(xn − µ)T (644)

The right hand side is symmetric, so then this implies that ΣML is symmetric
and it is also positive definite since it is equal to the sample covariance, which
is trivially positive definite.

2.35

cov[xnxm] = InmΣ = E[xnxTm]− E[xn]E[xm]T (645)

(646)

Note that if xn, xm are independently sampled from a Gaussian distribution as
in the dataset is the reason behind the Inm - only when the points are the same
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are there are any covariance between them. Then using this, we see that

E[ΣML] =
1

N

N∑
n=1

E[xnxTn − 2xnµ
T
ML + µMLµ

T
ML] (647)

=
1

N

N∑
n=1

{E[xnxTn ]− 2E[xnµT
ML]}+ µµT (648)

= Σ− 2

N

N∑
n=1

E[xn ∗ 1

N

∑
m

xTm] + 2µµT (649)

= Σ− 2

N2

N∑
n

N∑
m

E[xnxm] + 2µµT (650)

= Σ− 1

N
Σ− 2µµT + 2µµT (651)

= Σ (652)

2.36

σ2
N =

1

N

N−1∑
n=1

(xn − µ)2 +
1

N
(xN − µ)2 (653)

=
N − 1

N
σ2
N−1 +

1

N
(xN − µ)2 (654)

=
1

N
((xN − µ)2 − σ2

N−1) + σ2
N−1 (655)

So this is analogous to the mean result where we update our estimate by pushing
it towards the current observation’s variance. So now when we substitute this
into the sequential estimation formula, we set θ = σ2

ML:

σ2
N = σ2

N−1 + aN−1 (656)

2.38

This derives the results of the Bayesian update to the mean belief when the
variance is known:

p(µ|X) ∝ p(X|µ)p(µ) (657)

(658)
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We only care about the exponent terms because those contain indicators of the
variance + mean.

− 1

2σ2

N∑
n=1

(xn − µ)2 − 1

2σ2
0

∗ (µ0 − µ)2 (659)

= − N

2σ2
∗ µ2 − 1

2σ2
0

∗ µ2 +
µ

σ2

N∑
n=1

xn +
µ

σ2
0

µ0 + const. (660)

= −1

2
[µ2(

N

σ2
+

1

σ2
0

)− 2µ(
1

σ2

N∑
n=1

xn +
µ0

σ2
0

)] + const. (661)

So the variance matches with equation 2.142 - we know need to show that the
mean matches. If we substitute in the expression for µML

µN = (
N

σ2
+

1

σ2
0

)−1 ∗ (N
σ2
µML +

µ0

σ2
0

) (662)

= (
Nσ2

0 + σ2

σ2σ2
0

)−1(
NµMLσ

2
0 + µ0σ

2

σ2σ2
0

) (663)

=
NµMLσ

2
0 + µ0σ

2

Nσ2
0 + σ2

(664)

And this matches equation 2.141 and it is verified.

2.39

When we dissect out the contributions of the first N − 1 data points, let’s call
that distribution N (µ|µN−1, σ

2
N−1). Then the posterior given the Nth data

point, following equations 2.141 and 2.142, is given by, with (N=1):

N (µ|µN , σ
2
N ) (665)

µN =
σ2

σ2
N−1 + σ2

µN−1 +
σ2
N−1

σ2
N−1 + σ2

xN (666)

1

σ2
N

=
1

σ2
N−1

+
1

σ2
(667)

If we now perform the other method of completing the square:

p(µ|X) = p(xN |µ, σ2)p(µ|µN−1, σ
2
N−1) (668)

= exp{− 1

2σ2
(xN − µ)2 − 1

2σ2
N−1

(µ− µN−1)
2}+ const. (669)

= exp{− 1

2σ2
(µ2 − 2xNµ)−

1

2σ2
N−1

(µ2 − 2µN−1µ)} (670)

= exp{−1

2
[µ2(

1

σ2
+

1

σ2
N−1

)− 2µ(
xN
σ2

+
µN−1

σ2
N−1

)]} (671)
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When we complete the square, we see that the precision matches up with the
previously calculated one, and the mean is given by:

(
xN
σ2

+
µN−1

σ2
N−1

) ∗ ( 1

σ2
+

1

σ2
N−1

)−1 (672)

= (
xN
σ2

+
µN−1

σ2
N−1

) ∗
σ2σ2

N−1

σ2 + σ2
N−1

(673)

=
xNσ

2
N−1

σ2 + σ2
N−1

+
µN−1σ

2

σ2 + σ2
N−1

(674)

So they match and we are done.

2.40

This is a straightforward extension of the univariate case, we just have to com-
plete the square again, given the prior and likelihood functions. We just need
to care about the part in the exponents, which are functions of µ:

−1

2
(µ− µ0)

TΣ−1
0 (µ− µ0)−

1

2

N∑
n=1

(xn − µ)TΣ−1(xn − µ) (675)

= −1

2
[µT (Σ−1

0 +NΣ−1)µ− 2µT (Σ−1
0 µ+Σ−1

N∑
n=1

xn)] (676)

cov[µ] = (Σ−1
0 +NΣ−1)−1 (677)

E[x] = (Σ−1
0 +NΣ−1)(Σ−1

0 µ+Σ−1
N∑

n=1

xn) (678)

= Σ−2
0 µ+N2Σ−1µML +NΣ−1Σ−1

0 µ+NΣ−1
0 Σ−1µML (679)

2.41

So we just have to show that the integral is 1, or equivalently that the normal-
ization constant is ba

Γ(a) .

ba

Γ(a)

∫ ∞

0

λa−1 exp(−bλ)dλ, z = bλ (680)

=
ba

Γ(a)

∫ ∞

0

(z/b)a−1 ∗ b−1 exp(−z)dz (681)

= 1 (682)
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2.42

E[λ] =
∫ ∞

0

1

Γ(a)
(bλ)a exp(−bλ)dλ (683)

=
1

Γ(a)b

∫ ∞

0

za exp(−z)dz (684)

=
Γ(a+ 1)

Γ(a)b
=
a

b
(685)

E[λ2] =
∫ ∞

0

1

Γ(a)
baλa+1 exp(−bλ)dλ (686)

=
ba

Γ(a)

∫ ∞

0

(
z

b
)a+1 exp(−z)dz

b
(687)

=
Γ(a+ 2)

b2Γ(a)
=

(a+ 1)a

b2
(688)

Now that we have both moments, we can find the variance:

var[λ] =
a(a+ 1)− a2

b2
=

a

b2
(689)

The mode we just differentiate with respect to the precision:

ba

Γ(a)
((a− 1)τa−2e−bt − bτa−1e−bt) = 0 (690)

(a− 1) = bτ (691)

(a− 1)

b
= mode[τ ] (692)

2.43

Let’s first show this distribution is normalized, we can do this by performing a
u-substitution:

u =
|x|q

2σ2
=⇒ du = sign(x)q

|x|q−1

2σ2
dx (693)∫ ∞

−∞

1

2Γ(1/q)(2σ2)1/q−1(2σ2u)1−1/qsign(x)
exp(−u)du (694)

=

∫ ∞

−∞

u1/q−1

2Γ(1/q)sign(x)
exp(−u)du = −

∫ 0

−∞

u1/q−1

2Γ(1/q)
exp(−u)du+

∫ ∞

0

u1/q−1

2Γ(1/q)
exp(−u)du

(695)

= −− 1/2 + 1/2 = 1 (696)

It is straightforward to see that q = 2 is the Gaussian, by subbing in Γ(1/2) =√
π.

72



The log likelihood function in the regression setting where noise is generated
from this general distribution is given by:

ln p(t|X,w, σ2) =
∑
n

ln p(t|xn, w, σ2) (697)

=
∑
n

{−1

q
ln(2σ2) +

|y(xn, w)− tn|q

2σ2
}+ const. (698)

which matches the previous one.

2.44

The posterior is given by:

p(µ, τ |X) ∝ p(X|µ, τ−1)p(µ, τ) (699)

∝
√
τ
N
exp(−τ

2

N∑
n=1

(xn − µ)2) ∗
√
βτ exp(−βτ

2
(µ− µ0)

2)
ba

Γ(a)
τa−1 exp(−bτ)

(700)

To reconstruct this into another Gaussian gamma, we need the mean variable to
be a Gaussian who’s precision depends on the precision prior from the Gamma
distribution. Let’s first complete the square for the mean variable in the expo-
nential:

−1

2
[µ2(Nτ + βτ)− 2µ(τ

N∑
n=1

xn + βτµ0)] (701)

= −1

2
[µ− (

N∑
n=1

xn + βµ0)(N + β)−1]2 ∗ (N + β)τ +
1

2
(

N∑
n=1

xn + βµ0)
2(N + β)−1τ

(702)

So the precision is given by (N + β)τ , and the mean is given by:

E[µ] =
NµML + βµ0

N + β
(703)

Notice again that the precision of the Gaussian is a function of τ . To find the
parameters of the Gamma distribution, we can now find the powers of τ for a,
and the exponential linear terms for b:

τN/2+1/2+a−1 = τa =⇒ a′ = a+ (N + 1)/2 (704)

exp{−τ(b− 1

2
(

N∑
n=1

xn + βµ0)
2(N + β)−1)} (705)

=⇒ b′ = b− 1

2
(NµML + βµ0)

2(N + β)−1 (706)
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2.45

We can verify this by multiplying by the likelihood function:

p(X|µ,Λ) = |Λ|N/2 exp(−1

2

N∑
n=1

Tr{(xn − µ)(xn − µ)TΛ}) (707)

And this corresponds to the Wishart form.

2.46

We are verifying the marginalization of the precision in the Gaussian-gamma
setting: ∫ ∞

0

bae−bττa−1

Γ(a)
(
τ

2π
)1/2 exp{−τ

2
(x− µ)2}dτ (708)

Using the z-substitution described in the book, this allows us to use the Gamma
integral function, when we substitute z = τ [b+ (x− µ)2/2]:

ba

Γ(a)
∗ 1

(2π)1/2

∫ ∞

0

(
z

b+ (x− µ)2/2
)a−1/2 exp(−z)dz ∗ 1

b+ (x− µ)2/2
(709)

=
baΓ(a+ 1/2)

Γ(a)(2π)1/2(b+ (x− µ)2/2)−a−1/2
(710)

2.47

if we ignore the normalization constant, we have:

[1 +
λ(x− µ)2

ν
]−(ν+1)/2 (711)

= exp(−ν + 1

2
ln[1 + λ(x− µ)2/ν]) (712)

When we have limits like ν → ∞, it is smart to use a first-order Taylor-series
approximation, since when the value becomes very large even the first-order is
a good approximation. This gives:

exp(−ν + 1

2
[
λ(x− µ)2

ν
+O(ν−2)]) (713)

= exp{−λ
2
(x− µ)2 +

ν + 1

2
O(ν−2)} (714)

We see that as the limit goes to infinity, it matches the form of the Gaussian
distribution up to a constant.
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2.48

If it follows the same technique as before, we should look to use some sort of
z-substitution to convert the integral from ν to some multiple to make an easier
Gamma integral. Let’s write out the integral first:

|Λ|1/2

(2π)D/2|

∫ ∞

0

exp{−η
2
(x− µ)TΛ(x− µ)} ∗ ν/2

ν/2

Γ(ν/2)
ην/2+D/2−1 exp{−νη

2
}dη

(715)

If we now make the substitution z = η
2 (ν + ∆2), where ∆ is the Mahalanobis

distance, we get the new integral:

ν/2ν/2|Λ|1/2

(2π)D/2Γ(ν/2)

∫ ∞

0

exp{−z} zν/2+D/2−1(
2

ν +∆2
)ν/2+D/2dz (716)

=
Γ(ν/2 +D/2)

Γ(ν/2)

ν/2ν/2|Λ|1/2

(2π)D/2
(

2

ν +∆2
)ν/2+D/2 (717)

=
Γ(ν/2 +D/2)

Γ(ν/2)

ν/2ν/2+D/2|Λ|1/2

(πν)D/2
(
ν +∆2

2
)−ν/2−D/2 (718)

=
Γ(ν/2 +D/2)

Γ(ν/2)

|Λ|1/2

(πν)D/2
(1 +

∆2

ν
)−ν/2−D/2 (719)

(720)

2.49

Finding properties of the multivariate student-t distribution. since it is a con-
volution between the Gaussian and gamma distributions, the first moment will
not be dependent on the Gamma distribution, so E[x] = µ still. Similarly, the
only part where the student-t distribution has a dependence on x is through
the squared Mahalanobis distance, so when we differentiate we will get that the
mode is the same as the normal Gaussian: mode[x] = µ.

Since this is a convolution between two distributions, we can separate their
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integrals, so when finding the second moments, we have:

E[xxT ] =
∫ ∫ ∞

0

N (x|µ, (ηΛ)−1)xxTGam(η|ν/2, ν/2)dηdx (721)

=

∫ ∞

0

Gam(η|ν/2, ν/2)(µµT + (ηΛ−1))dη (722)

= µµT + Λ−1Egam[η−1] (723)

Egam[η−1] =

∫ ∞

0

1

Γ(a)
(ν/2)ν/2ην/2−2e−ν/2∗ηdη, z =

ην

2
, dz =

ν

2
dη (724)

=
(ν/2)ν/2

Γ(a)

∫ ∞

0

(
2z

ν
)v/2−2e−z ∗ 2

ν
dz (725)

=
ν

Γ(ν/2)2

∫ ∞

0

zν/2−2e−zdz (726)

=
ν

Γ(ν/2) ∗ 2
Γ(ν/2− 1) (727)

=
ν

2(ν/2− 1)
=

ν

ν − 2
(728)

2.50

If we again ignore the normalization constant, and only look at the dependence
on x, we see that:

St(x|µ,Λ, ν) ∝ [1 +
∆2

ν
]−D/2−ν/2 (729)

= exp[−D + ν

2
ln(1 +

∆2

ν
)] (730)

= exp[−D + ν

2
∗ (∆

2

ν
+O(ν−2)] (731)

= exp[−D∆2

2ν
− D∆2

2
− DO(ν−2)

2
+O(ν−1)] (732)

(733)

After we take the limit ν → ∞, we see this is equivalent to the multivariate
Gaussian distribution up to a multiplicative constant and some O terms.

2.51

First one is trivial, the middle term cancels out the squares equal 1. For (2.178),
we have

R exp(i(A−B)) = R exp(iA) ∗ exp(−iB) (734)

= R[(cosA+ i sinA)(cos−B + i sin−B)] (735)

= R[cosA cos−B − sinA sin−B] (736)

= cosA cosB + sinA sinB (737)
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The last part comes from cosine being an even function and sin being an odd
function. To prove (2.183):

sin(A−B) = I[exp(iA) exp(−iB)] (738)

= I[(cosA+ i sinA)(cos−B + i sin−B)] (739)

= sinA cos−B + cosA sin−B (740)

= sinA cosB − cosA sinB (741)

2.52**

We can write the exponential in terms of:

exp{m(1− (θ − θ0)
2

2
+O(θ)4)} (742)

= exp{m− ξ2

2
+mO(θ4)} (743)

(744)

2.53

Solution to the maximum likelihood of the von Mises distribution over a dataset
of N points is:

N∑
n=1

sin(θn − θ0) = 0 (745)

N∑
n=1

cos θ0 sin θn − cos θn sin θ0 = 0 (746)

cos θ0
∑
n

sin θn = sin θ0
∑
n

cos θn (747)

tan θ0 =

∑
n sin θn∑
n cos θn

(748)

And done.

2.54

First and second derivatives of von Mises distribution are given by:

∇ :
1

2πI0(m)
exp{m cos(θ − θ0)} ∗ (−m sin(θ − θ0)) (749)

And the second derivative is given by:

1

2πI0(m)
{exp(m cos(θ − θ0)) ∗ (m2 sin2(θ − θ0) (750)

+ exp(m(cos(θ − θ0)(−m cos(θ − θ0)} (751)
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Let’s look at the cases where the first derivative can be zero. This would be
when sin(θ − θ0) = 0, or when θ − θ0 = kπ, k ∈ Z. To show that the maximum
occurs at θ = θ0, we can substitute it into the second derivative, which gives:

1

2πI0(m)
exp(m) ∗ (−m) (752)

The first two terms are always positive, so the second derivative is negative
and this is a maximum. To investigate any other integer, but more specifically
θ0 + π, if we substitute this into the second derivative we get:

1

2πI0(m)
exp(m) ∗ (m) (753)

so it is positive and thus a minimum.

2.55

We can write A(mML) as:

A(mML) = (r̄ cos θ̄) cos θML
0 − (r̄ sin θ̄) sin θML

0 (754)

= r̄ cos(θ̄ − θ0ML) (755)

= r̄ cos(0) = r̄ (756)

2.56

The beta distribution is given by:

Beta(x|a, b) = Γ(a+ b)

Γ(a)Γ(b)
xa−1(1− x)b−1 (757)

∝ exp{(a− 1) lnx+ (b− 1) ln(1− x)} (758)

u(x) = (
lnx

ln(1− x)
), η(a, b) = (

a− 1
b− 1

), h(x) = 1, g(a, b) =
Γ(a+ b)

Γ(a)Γ(b)
(759)

The gamma distribution is given by:

Gam(x|a, b) = 1

Γ(a)
bae−bxxa−1 (760)

=
ba

Γ(a)
exp{−bx+ (a− 1) lnx} (761)

u(x) = (
x

ln(x)
), η(a, b) = (

−b
a− 1

), h(x) =
1

Γ(a)
, g(a, b) =

ba

Γ(a)
(762)

The von Mises distribution is given by:

p(θ|m, θ0) =
1

2πI0(m)
exp{m cos(θ − θ0)} (763)

∝ exp{m cos θ cos θ0 +m sin θ sin θ0)} (764)

u(θ) = (
sin θ
cos θ

), η(θ0,m) = (
m sin θ0
m cos θ0

), g(θ0,m) =
1

2πI0(m)
, h(θ) = 1 (765)
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2.57

Writing out the multivariate Gaussian gives:

p(x|µ,Σ) = 1

2π|Σ|
exp{−1

2
(x− µ)TΣ−1(x− µ)} (766)

=
1

2π|Σ|
exp{−1

2
xTΣ−1x+ µTΣ−1x− 1

2
µTΣ−1µ} (767)

u(x) = (
x

vec(xxT )
), η = (

µTΣ−1

− 1
2vec(Σ

−1)
), h(x) = (2π)−1/2, (768)

g(η) = | − 2η2|−1/2 exp{4ηT1 η2η1} (769)

2.58

Second derivatives of the exponential family function:

−∇ ln g(η) = E[u(x)] =
∫
h(x)g(η) exp{ηTu(x)}u(x)dx (770)

−∇∇ ln g(η) = ∇g(η)
∫
h(x) exp{ηTu(x)}u(x)dx+

∫
h(x)g(η) exp{ηTu(x)}u(x)u(x)T dx

(771)

= −E[u(x)]E[u(x)T ] + E[u(x)u(x)T ] = cov[x] (772)

2.59

If we take the integral provided the scale parameter is positive:∫ ∞

0

1

σ
f(
x

σ
)dx (773)

=

∫ ∞

0

f(y)dy = 1 (774)

2.60

Some D-dimensional space x is divided into fixed regions, where each region has a
constant density hi, and a volume ∆i. We have a set of N points, where

∑
i ni =

N and we want to derive an expression for the maximum likelihood estimator
of hi, given that the divided regions are fixed. The Lagrangian optimization
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function is given by:

λ(1−
∑
i

hi∆i) +
∑
n

ln p(xn) (775)

= λ(1−
∑
i

hi∆i) +
∑
n

ln(hj∆j) (776)

∇ : −λ∆i +
∑
ni

1

hi
= 0 (777)

λ =
ni
hi∆i

(778)

λ
∑
i

hi∆i = N =⇒ λ = N (779)

−N∆i +
ni
hi

= 0 (780)

hi =
ni
N∆i

(781)

2.61

We can write this out - by assuming that at local and small enough K, that the
probability densities are relatively constant, such that∫

p(x)dx ≊
∑
i

K

NVi
Vi = K ̸= 1 (782)

The distribution is only normalized when K = 1, which is the trivial case.

Chapter Recap

The chapter introduces Probability Distributions, one of the fundamental ob-
jects in Machine Learning, and the different types that correspond to different
variables, and their conjugate priors:

1. Bernoulli - single binary event

2. Binomial - multiple N binary events - both Bernoulli and Binomial have
the Beta conjugate prior

3. Multinomial - multiple N K-ary events - Dirichlet conjugate prior

4. Gaussian - general distribution - conjugate prior for the mean is Gaus-
sian, conjugate prior for the variance is Gamma, combined conjugate prior
for entire Gaussian is Gaussian-Gamma - when it is multivariate is the
Gaussian-Wishart.

5. Student t’s distribution - when we marginalize out the variance of the
Gaussian-gamma distribution, we get the Student t’s, which intuitively
tells us that this distribution is an averaging over Gaussian distributions
with the same mean but different variances.
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Some other topics: went over bayes rule and how we use it in concordance
with conjugate priors to show sequential estimation and posteriors, how to find
conditional and marginal distributions from Gaussians using completing the
square. Also looked at the exponential family and how we can generalize all the
distributions, besides Mixtures of Gaussians into this family, and the interesting
property that the negative log gradient of the natural parameter function gives
the sufficient stats. The last thing was nonparametric methods like KDE and
KNN, which are motivated by trying to approximate data densities using other
neighboring points, either by fixingK or the volume V that we can cover around.

Chapter 3: Linear Regression

Special property: we keep our prediction functions as linear function of the
parameters w, but we allow nonlinearity through the basis functions for more
expressivity.

3.1 Linear Basis-Function Models

The linearity is expressed through

y(x,w) = w0 + w1x1 + ..wDxD (783)

= w0 +

D−1∑
i=1

wiϕi(x) (784)

The first line is when we are linear in terms of the input variable, the second
we achieve nonlinearity through the basis functions. Some examples of basis
functions include the ’Gaussian’ basis functions, which has both a location and
scale parameter:

ϕj(x) = exp{ (x− µj)
2

2s2
} (785)

ϕj(x) = σ(
x− µj

s
) (786)

The second one is the sigmoid function. The last basis function is the Fourier
basis, where we expand into sinusodal functions - each basis function represents a
specific frequency and has an infinite spatial extent. Conversely, basis functions
that are limited to specific spatial context must comprise a spectrum of different
spatial frequencies.

3.1.1 Maximum likelihood and least squares

In Chapter 1 we saw that fitting polynomial functions to a noisy dataset using
the SSE was equivalent to fitting a ML solution under a Gaussian noise model.
We can now consider the least squares approach and its relation to maximum
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likelihood. We first take the assumption that the target variable has some noise
ϵ with precision β, so our model is represented as:

p(t|x,w, β) = N (t|y(x,w), β−1) (787)

p(t|X,w, β−1) =
∏
n

N (tn|wTϕ(xn), β
−1) (788)

One nuance in supervised learning is that we are not seeking to model the input
data distribution, just the output in response to the inputs, so the inputs will
always be in the conditioning set. If we write out the log likelihood, we can
explicitly determine how to optimize for both the actual parameters:

ln p(t|w, β) = N

2
ln(β)− βED(w), ED(w) =

1

2

N∑
n=1

(wTϕ(xn)− tn)
2 (789)

So when we optimize for w, we are minimizing the SSE again, and when we take
the gradient we see that:

∇w :

N∑
n=1

(wTϕ(xn)− tn)ϕ(xn)
T = 0 (790)

N∑
n=1

wTϕ(xn)ϕ(xn)
T =

N∑
n=1

tnϕ(xn)
T (791)

=

N∑
n=1

ϕ(xn)ϕ(xn)
Tw =

N∑
n=1

ϕ(xn)tn (792)

wML = (ΦTΦ)−1ΦT t (793)

We solve for wML by turning it into matrix form - here Φ is the design matrix,
where each row is one of the data points and its basis function applications
flattened out. The intuition behind the design matrix is that we see that in
the LHS the w parameter comes out, and we have a sum of outer products
ϕ(xn)ϕ(xn)

T . We can then find an outer product matrix multiplication on
itself, where the columns are given by ϕ(xn), so a M × N matrix. So another
way to think about the multiply is Φ′Φ′T , where Φ′ = ΦT , and it has N columns,
each is ϕ(xn). On the RHS, we know that for matrix-vector multiplication, the
column vector tells us the linear combinations of the columns of the matrix, so
it is the same as multiplying Φ′t again, since Φ′’s columns are ϕ(xn).

One last thing to note is that the solution for wML is actually the least
squares solution of the design matrix Φ - so the connection between ML and
least squares regression is that we are finding the w that minimizes the distance
between the subspace defined by the design matrix and our data vector t.

We can also gain some insight into the role of the bias parameter w0 by
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making it explicit:

ED(w) =
1

2

∑
n

{tn − w0 −
M−1∑

j

wT
j ϕ(xn)}2 (794)

∇w0 : −1

2

∑
n

{tn − w0 −
M−1∑

j

wT
j ϕ(xn)} = 0 (795)

Nw0 =
∑
n

tn −
∑
n

∑
j

wT
j ϕj(xn) (796)

= t̄−
∑
j

wT
j ϕ̄j (797)

So we see that the bias acts as the last bit of correction for the parameters, by
accounting for the difference between the training set and the average of the
parameterized basis functions. If we now maximize for the precision, we get:

1

βML
=

1

N

∑
n

{tn − wT
MLϕ(xn)}2 (798)

So we see that the maximizing variance is given by the residual variance from
our wML estimate - this could also be framed as the aleatoric uncertainty of the
data, while we try to minimize the epistemic uncertainty of the data by fitting
wML.

3.1.2 Geometry of Least-Squares

We can also dive deeper into the geometrical interpretations of the least squares
solution of the design matrix on the target data vector. If we have a N -
dimensional space whose axes are defined by tn, so that t = (t1, ...tN )T is a
vector in this space, then each of the basis functions ϕj(xn) are of N -dimension
as well, and are vectors in this space. If the actual number of basis vectors
M < N , then {ϕj}Mj=1 spans a linear subspace of dimensionality M .

Any y(xn, w) = wTϕ(xn) is then a linear combination of the vectors and lives
in this subspace, and so the ED(w) SSE can be seen as minimizing the distance
between the subspace and the target vector t. Equivalently, we are performing
an orthogonal projection of t onto the subspace of S. Some difficulties in LS
may come when ΦTΦ is highly singular, resulting from some of the ϕj being
highly colinear - this can be mitigated with some data preprocessing, such as
SVD to orthogonalize our inputs, or inserting a regularization term.

3.1.3 Sequential Learning

They introduce SGD here and how it can be used to process batches and update
parameters, which is useful in streaming data or real-time prediction.
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3.1.4 Regularized LS

We can add a rich family of different regularization functions to our SSE to
make a new error function:

E = ED(w) + λEW (w) (799)

One of the more common regularizations is weight decay, where EW (w) =
1
2w

Tw. The motivation behind this is parameter shrinkage - we encourage
parameters to tend to zero as long as there is no evidence in the data for them,
to encourage efficient parameter use and more robust models. The solution is
still in closed-form because of the quadratic dependence, and is an extension of
the least-squares:

w = (λI +ΦTΦ)−1ΦT t (800)

We can have more generalized regularization techniques according to the l-x-
norm, where EW (W ) = 1

2

∑M−1
j |wj |q, and q = 2 corresponds to the quadratic

regularizer. The case of q = 1 is lasso regression, which allows some parameter
values to be driven to 0 when λ is sufficiently large. So when λ, the regularization
weight increases, increasing numbers of parameters are driven to zero. This now
changes the problem of determining model complexity from the optimal number
of basis functions to the optimal value of λ - nevertheless, the regularization
method allows us to keep effective model complexity low and avoid models from
overfitting on smaller datasets.

3.1.5 Multiple outputs

We can now expand the discussion to multiple outputs, where K > 1, so that
each data point is a K-dimensional vector of target data. We could either
introduce independent basis functions to fit each of theK items, which is similar
to the Naive Bayes model, or try to find a general parameter matrix W :

y(x,w) =WTϕ(x) (801)

HereW is aM×K matrix, so for each row/basis functions, we have K different
weights for each of the outputs. If we carry out the same procedure as before
of determining the maximum likelihood, we get:

WML = (ΦTΦ)−1ΦTT (802)

Where T is a N ×K matrix, such that each row is one of the data points. If we
now decompose the target matrix on the output-dimension, i.e column-wise, to
investigate how our model fits to each output:

wk = (ΦTΦ)−1ΦT tk (803)

So we see the nice conclusion that for each target variable tk across the data
points, we are decoupling the LR fitting, and we only need to compute a single
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psuedo-inverse that can be applied for all classes. Another nice property is that
with the extension to general covariance, we still get the decoupling phenomenon
into K independent regression problems, because the only dependence of the
model onW is through the mean, and we know theWML is already independent
of the covariance.

3.2 Bias-Variance Decomposition

This idea is the direct result of figuring how to determine optimal model-
complexity - how do we shrink our model complexity enough to avoid overfitting,
while keeping it high enough to have some robustness to new data points?

From decision theory, we know that defining a certain loss function will result
in an optimal prediction once we are given the conditional distribution p(t|x),
i.e the squared loss function results in E[t|x]. The distinction between this
loss function and the SSE in maximum likelihood is that the SSE is involved
in model parameter fitting - the pretraining stage - while the squared loss is
involved in decision theory - the inference stage - where different decisions will
incur different types of losses. The expected squared loss, which we are trying
to minimize, is given by:

E[L] =
∫∫

{y(x)− t}2p(x, t)dxdt (804)

=

∫
{y(x)− h(x)}2p(x)dx+

∫∫
{h(x)− t}2p(x, t)dxdy (805)

If we had unlimited resources and data, we could find the optimal h(x) that
turns the first term to zero - the second term is the intrinsic noise.

However we only have N points. If we set h(x) = y(x,w) for some para-
metric function and we are trying to determine the uncertainty surrounding
our prediction, in the Bayesian treatment we would look at the entropy of the
posterior - in the frequentist we instead sample a large number of datasets of
sizes N IID from the dataset and obtain different prediction functions y(x;D).
We can then average our ensemble of prediction functions: ED[y(x;D)], and
augment the first term:

{y(x;D)− h(x)}2 (806)

= {y(x;D)− ED[y(x;D)] + ED[y(x;D)]− h(x)}2 (807)

= {y(x;D)− ED[y(x;D)]}2 + {ED[y(x;D)]− h(x)}2 (808)

+2{y(x;D)− ED[y(x;D)]}{ED[y(x;D)]− h(x)} (809)

When we take the expectation of this function with respect to D, the final term
will vanish because of the first value in the braces, and we get:

ED[{y(x;D)− ED[y(x;D)]}2] + {ED[y(x;D)]− h(x)}2 (810)

Note that the second term doesn’t change because now it is not dependent on
D. The first term is the variance - the average difference between the current
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prediction and the ensemble prediction squared, and the second term is the bias
squared. The variance represents how volatile/sensitive our predictive function
is to the specific data set D from the large number of datasets, while the bias
measures the specific distance.

The expected loss is now decomposed as the sum of the bias squared, variance
and the intrinsic data noise. Although the bias-variance decomposition allows a
nice perspective of the trade-offs between model-complexity and over fitting, it
is limited by the averaging process and the frequentist treatment - we turn to the
Bayesian perspective which allows for more practical techniques for addressing
model complexity.

3.3 Bayesian Linear Regression

3.3.1 Parameter distribution

To motivate this part, we see that the conditional distribution p(t|w) is an
exponential quadratic of w - so our resulting conjugate prior will be a Gaussian:

p(w) = N (w|m0, S0) (811)

The resulting posterior distribution is given by:

p(w|t) = N (w|mN , SN ) (812)

S−1
N = S−1

0 + βΦTΦ, (813)

mN = SN (S−1
0 m0 + βΦT t) (814)

Some nice properties: this is a Gaussian, so its mode coincides with its mean,
i.e wMAP = mN , and if we consider the uninformative, infinitely broad prior
S0 = α−1I, α → 0, which corresponds to the frequentist treatment, we will get
wMLagain:

S−1
N = αI + βΦTΦ = βΦTΦ (815)

mN = (βΦTΦ)−1 ∗ βΦT t (816)

Also when N = 0 our posterior reverts back to the prior - that is a property
of the conjugate prior. From now on, we’ll use the general prior p(w|α) =
N (w|0, α−1I), where α is a hyperparameter.

3.3.2 Predictive distribution

We now want to look at inference with our new posterior:

p(t|t, α, β) =
∫
p(t|w, β)p(w|t, α, β)dw (817)

= N (t|mT
Nϕ(x), σ

2
N (x)) (818)

σ2
N (x) = β−1 + ϕ(x)TSNϕ(x) (819)
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We get this result from the linear-Gaussian model, and the resulting variances
are additive because the noise processes and the parameter distributions are
independent. We show in Exercise 3.11 that the second term decreases with
respect to N , so it will go to zero in the infinity limit, and any noise in the pre-
dictive distribution is given by β−1. If both the w, β parameters are unknown,
the prior distribution is a Gaussian-gamma distribution, and the predictive dis-
tribution is given by a Student-t’s distribution.

3.3.3 Equivalent Kernel

We can rewrite the posterior mean solution in the form of a Kernel solution,
called the equivalent kernel as follows: we know the expression for the mean of
the predictive distribution, given by

mT
Nϕ(x) = βϕ(x)TSNΦT t =

∑
n

βϕ(x)TSNϕ(xn)tn (820)

=
∑
n

k(x, xn)tn (821)

The kernel function is also known as the linear smoother, and regression func-
tions that make preds by taking linear combinations of the training target values
are known as linear smoothers. Linear smoothers also have the property of lo-
calization - i.e even for nonlocal basis functions like the sigmoid, they still weight
local points higher. We can see a further relation from the equivalent kernel by
taking the covariances of different predictions:

cov[y(x), y(x′)] = cov[ϕ(x)Tw,wTϕ(x′)] (822)

= E[ϕ(x)TwwTϕ(x′)]− E[ϕ(x)Tw]E[wTϕ(x′)] (823)

= ϕ(x)T (SN +mNm
T
N )ϕ(x′)− ϕ(x)TmNm

T
Nϕ(x

′) (824)

= ϕ(x)TSNϕ(x
′) = β−1k(x, x′) (825)

From the localization property of the equivalent kernel, where nearby points are
weighted higher, in the predictive distribution, nearby points will be much more
highly correlated compared to distant points. We see that this effective kernel
defines weights on each of the training points in order to make a new prediction
for our input x, and the kernel also satisfies:∑

n

k(x, xn) = 1 (826)

3.4 Bayesian Model Comparison

The classic issue of maximum likelihood is the balance between overfitting and
model complexity / robustness, which can be mitigated by averaging over all
the model parameters for a more averaged, intuitive result, compared to a point
estimate.
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If we wish to compare a set of L models given by Mi for the different model
spaces, we will have some p(Mi) which acts as a prior uncertainty over which
model actually represents/generates the data. Given the data set, we wish to
evaluate the posterior probability, because this will aid in our decision-making:

p(Mi|D) ∝ p(D|Mi)p(Mi) (827)

The first term in the multiplication is called the evidence - how well our given
Mi class of model explains the data through likelihood. It can also be framed
as the likelihood marginalized over all the possible parameters in the Mi model
class. The ratio of model evidences between two model is called a Bayes factor.
Thus the model evidence is given by:

p(D|Mi) =

∫
p(D|w,Mi)p(w|Mi)dw (828)

If we omit the dependence on Mi out of redundancy, and look at an approx-
imation of this integral, we get some more insight into the model evidence.
If we assume that the posterior is sharply peaked around wMAP with width
∆wposterior and the prior is flat with width ∆wprior, then the integral simplifies
to:

p(D) = p(D|wMAP )
∆wposterior

∆wprior
(829)

ln p(D) = ln p(D|wMAP ) + ln{∆wposterior

∆wprior
} (830)

The first term represents solely how well the model fits to the data - with a
flat, uninformative prior this is equal to the log likelihood. The second term
is the complexity / overfitting penalty: since ∆wposterior < ∆wprior because of
reduction in uncertainty, this term will be negative, with greater magnitude the
smaller the posterior delta is. If our chosen model has a set of M parameters,
we can make a similar approximation for each parameter, and assuming they
all have around the same end width, we get:

ln p(D) = ln p(D|wMAP ) +M ln{∆wposterior

∆wprior
} (831)

So we see that there is a tradeoff here - increasing the model complexity usually
increases the first term because it fits the data better, but it will decrease the
second term. Models that are in the sweet spot of model complexity are able to
fit the data well and assign a non-trivial probability to them by not being too
spread out.

If we hold the assumption that the data is actually generated by one of the
models in our model space, then we see that Bayesian Model Comparison tends
to favor the correct model. If we consider two models M1,M2 where M1 is the
true model, there may be certain datasets where the bayes factor is larger for
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the incorrect model, but if we perform the expectation over all datasets with
the true distribution: ∫

p(D|M1) ln
p(D|M1)

p(D|M2)
dD (832)

This is a form of a KL-divergence, so this is always positive, so the expected
bayes factor for the correct model is always positive and higher.

The one detractor of the Bayesian approach is the dependence on an accurate
and appropriate prior. The model can be sensitive to the prior’s tails, and the
evidence will not be defined if the prior is improper, since the integral will not
be defined. We could take a proper prior and take limits to make an improper
prior - this would make the evidence zero since the prior width goes to infinity.
A meaningful approach would be to find the ratio of model evidences, like the
Bayes factor and take some sort of limit, to show a relation between the two
model evidences.

3.5 Evidence Approximation

In the full Bayesian approach, we need to attach prior distributions to the
hyperparameters, defining them with hyperpriors and making predictions by
marginalizing over all of them. However this integral is analytically intractable
- we can only integrate either over w or the hyperparameters, but not both.
We can perform evidence approximation, where we set the hyperparameters
to specific values by maximizing the marginal likelihood, then integrating over
the parameters. For example our predictive distribution is given now by a
marginalization over both hyperparameters and parameters:

p(t|t) =
∫∫∫

p(t|w, β)p(w|t, α, β)p(α, β|t)dαdβdt (833)

If we now assume that the posterior distribution over the hyperparameters is
sharply peaked around some maximizing values, then we can remove their inte-
grals:

p(t|t) =
∫
p(t|w, β̂)p(w|t, α̂, β̂)dw (834)

We can find these peaked values by looking at the equation for the posterior
over the hyperparameters: p(α, β|t) ∝ p(t|α, β)p(α, β). When the prior is rel-
atively flat and noninformative, then we find these values by maximizing the
marginal likelihood p(t|α, β), which we do by integrating the likelihood over the
parameters and then finding maxima.

The actual reason behind why the triple integral above is analytically in-
tractable becomes clear after assigning conjugate priors to α, β, which are
Gamma distributions because they are both precision-based. Integrating over
the precisions results in a Student-t’s distribution, and a convolution between a
Gaussian and a Student-t’s is intractable.
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3.5.1 Evaluation of evidence function

The marginal likelihood / evidence function is given by this integral:

p(t|α, β) =
∫
p(t|w, β)p(w|α)dw (835)

We can use either the linear-Gaussian or completing the square to find the
value, which is done in the exercises. If we complete the square, we can write
the integral as:

(
β

2π
)N/2(

α

2π
)M/2

∫
exp{−E(w)}dw (836)

= (
β

2π
)N/2(

α

2π
)M/2 exp{E(mN )}

∫
exp{−1

2
(w −mN )TA(w −mN )}dw (837)

p(t|α, β) = (
β

2π
)N/2(

α

2π
)M/2 exp{−E(mN )}(2π)M/2|A|−1/2 (838)

ln p(t|α, β) = N

2
lnβ +

M

2
lnα− E(mN )− 1

2
ln |A| − N

2
ln 2π (839)

Where

E(mN ) =
β

2
∥t− ΦmN∥+ α

2
mT

NmN (840)

This is the residue / the constants from completing the square - they will be
important when we try to optimize for each of the hyperparameters. Also notice
that A = ∇∇E(w), E(w) = βED(w)+αEW (w) by definition of the exponential
and Gaussians, so it is the Hessian of the error function, which is a weighted
sum of the training error and a regularization term.

3.5.2 Maximizing the evidence function

If we first maximize the evidence function with respect to α, we see that in the
log evidence there is a dependence in the terms |A|, E(mN ), lnα. We need to
expand out |A| in order to get the alpha term, and we can do this by looking at
the eigenvectors of A = βΦTΦ+α. If βΦTΦui = λiui =⇒ Aui = λiui+αui so
A’s eigenvalues are α+λi. This also intuitively follows since we are just adding
α to A’s diagonals. Then the derivative of the log determinant can be written
as:

d

dα
ln |A| = d

dα
ln

∏
i

(α+ λi) =
d

dα

∑
i

ln(α+ λi) (841)

=
∑
i

1

α+ λi
(842)
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If we now take the overall derivative of the log evidence function, we get:

M

2α
− 1

2
mT

NmN − 1

2

∑
i

1

λi + α
= 0 (843)

M −
∑
i

α

λi + α
= αmT

NmN (844)

γ =
∑
i

λi
λi + α

= αmT
NmN (845)

α =
γ

mT
NmN

(846)

This is however an implicit solution of α - we see that the numerator explicitly
depends on α, but the posterior mode also depends on the choice of α because
of its dependence on SN . So we use an iterative procedure where we choose an
initial α, then calculate γ,mN , and then we use these to re-estimate α′ using
the above equation above until convergence. Note: we iteratively determine α
purely through the training data set - we do not need to IID sample multiple
different datasets in order to determine the optimal model complexity.

In order to now optimize for β, we see that the eigenvalues of A are directly
proportional to β, since (βΦTΦ)ui = λiui, so a factor of change in β will cause
an equal factor of change in λi implying that dβ = dλi

β
λi
. So for the log

determinant, this manifests as:

d

dβ
ln |A| = d

dβ

∑
i

(α+ λi) =
1

β

∑
i

λi
α+ λi

=
γ

β
(847)

Notice the appearance again of the γ factor - this is an important value that
will come up later. If we substitute this into the total log evidence again, we
get:

N

2β
− 1

2
∥t− ΦmN∥2 − γ

2β
= 0 (848)

N − γ

β
= ∥t− ΦmN∥2 (849)

1

β
=

1

N − γ
∥t− ΦmN∥2 (850)

Because both γ, which depends on the eigenvalues, which depends on β and
the posterior mean mN again depend on β, this is another implicit solution we
need to iteratively optimize. We can jointly optimize for α, β by determining γ
at each iteration and using that to determine the next iteration’s values.

3.5.3 Effective number of parameters

The result α = γ/mT
NmN has an elegant geometrical interpretation giving in-

sight into the Bayesian solution for α, the precision on the Gaussian prior for
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our w parameters. Because βΦTΦ is a positive definite matrix, λi > 0 =⇒ 0 ≤
λi

λi+α ≤ 1 =⇒ 0 ≤ γ ≤M .
If we now look at the contours of the maximum likelihood distribution,

rotated along the axes of the eigenvectors of the covariance matrix, which is ac-
tually βΦTΦ, we see that eigenvalues with λi >> α will have fractional values
closer to 1, so in those directions wi will go closer to the maximum likelihood
estimate. These directions / parameters are called well-defined because they are
highly constrained by the data. Another way to look at it is the eigenvalues of
the Hessian of the error function are much higher in those directions compared
to the weak prior constraints - so the error is most sensitive to perturbations
in those directions and will want to keep those near the maximum likelihood
position, which is also the minimum error position. For places where λi << a,
the corresponding parameters and ratios will be near zero, because the corre-
sponding likelihood function and the Hessian again does not change much in
those directions and so automatically does not care about them. Thus

γ =
∑
i

λi
α+ λi

(851)

Measures the effective number of well-defined parameters by summing over the
relative importance of a direction of the Hessian of the error matrix relative to
the prior’s initial weighting - tells us in our current model how many of the total
parameters are effectively used to explain / map out the parameter space. So
as we iteratively optimize for α, the Bayesian model learns a good prior circle
that adjusts according to the response from the error Hessian - in directions the
error Hessian is very interested in, it probably learns to decrease the α, while
in uninteresting directions it needs to increase α > λi.

Also another cool thing is that the eigenvalues of a real symmetric matrix
determine the curvatures of the hyperellipse in the direction determined by its
respective eigenvector. Areas of higher curvature mean shorter semilengths in
the ellipse, because a shorter, sharper length creates a sharper elongation of
the contours. Longer semi-lengths would stretch the ellipse a out a lot more,
creating smaller curvature.

We can also gain insight into β, which is the constant multiplied on the
likelihood precision. We see from the equation before that the inverse of beta,
which is actually the covariance, is the average of the variances in the dataset
divided by N − γ. Just like in Chapter 1 where we divided by N − 1:

σ2
ML =

1

N − 1

∑
n

(xn − µML)
2 (852)

We did this to remove some of the bias resulting from the µML parameter fitting
some of the noise from the data, up to one degree of freedom / one point, since
µML is an average of the points in the dataset. Equivalently, we subtract γ
in the denominator to correct for the maximum likelihood result, since this
describes the number of parameters wi used up in determining / fitting to the
data through ML.

92



Finally, we have an easy-to-compute approximation of the re-estimation
equations which does involve computing the error Hessian spectrum, in the
case of N >> M . Here the eigenvalues will increase with the size of the data
set, since ΦTΦ a M ×M matrix, will grow with the size of the dataset since
the multiplication is an implicit sum over the dataset through the dot products.
Then γ =M eventually, and

α =
M

2EW (mN )
(853)

β =
N −M

2ED(mN )
(854)

3.6 Limitations of Fixed Basis Functions

One of the bigger issues with using fixed basis functions, although they are
extremely useful, is that they are fixed before the training dataset is observed.
Thus we need to grow the number of basis functions to match the dimensionality
D of the data points, which often can grow exponentially and cause the curse
of dimensionality.

Later chapters will provide some solutions that take advantage of the prop-
erties of real data. For example, Chapter 12 which goes into continuous latent
variables and PCA describes how the intrinsic dimensionality of the data is a
lot lower, and that these points actually lie in a lower dimensional, non-linear
manifold because of strong correlations between input variables. We can also
use localized basis functions and scatter them only in input regions where data
actually appears. Neural Networks are good at this because they naturally use
adaptive basis functions with weights and sigmoidal nonlinearities that adapt
the parameters - regions of input space where the basis functions vary corre-
sponds to the clustered data manifold.

Exercises

3.1

2σ(2a)− 1 (855)

=
2

1 + exp(−2a)
− 1 (856)

=
1− exp(−2a)

1 + exp(−2a)

exp(2a)

exp(2a)
=

exp(2a)− 1

exp(2a) + 1
= tanh(a) (857)
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Then we can show the general linear combinations hold:

y(x,w) = u0 +
∑
j

uj tanh(
x− µj

2s
) (858)

= u0 +
∑
j

uj2(σ(
(x− µj)

s
)− 1) (859)

= u0 −
∑
j

2uj +
∑
j

2uj ∗ σ(
(x− µj)

s
) (860)

=⇒ w0 = u0 −
∑
j

2uj , wj = 2uj (861)

3.2

This is just the normal matrix from LS solution, but we need to make it more
clear that any vector gets projected:

Φ(ΦTΦ−1)ΦT v = Φ ∗ c, c = (ΦTΦ−1)Φtv (862)

c here is some vector, and through properties of matrix multiplication we see
that the output vector will be in the subspace S, with linear combinations given
by c. To show the least squares solution is an orthogonal projection, we have

wML = (ΦTΦ)−1ΦT t (863)

ΦwML = Φ(ΦTΦ)−1ΦT t (864)

To show that ΦWML is an orthogonal projection, we have to show that the
residue between the original vector t and our projection vector ΦwML is orthog-
onal to the subspace:

ΦT (y − t) = ΦT (ΦwML − t) = ΦTΦwML − Φtt (865)

= Φtt− Φtt = 0 (866)

So this is the orthogonal projection, since the residue is orthogonal to the sub-
space. In general, to prove something is an orthogonal projection, the easy way
to verify is just by checking if the residue is orthogonal.

3.3

Taking the gradient, we have:

1

2

N∑
n=1

rn{tn − wTϕ(xn)}ϕ(xn)T = 0 (867)∑
n

rntnϕ(xn)
T =

∑
n

rnw
Tϕ(xn)ϕ(xn)

T (868)
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If we now set ϕ′(xn) =
√
rnϕ(xn), t

′
n =

√
rntn, then our new equation becomes:∑

n

t′nϕ
′(xn)

T =
∑
n

wTϕ′(xn)ϕ
′(xn)

T (869)

(Φ′TΦ′)−1Φ′T t = wML (870)

So we recover the original normal equations, albeit with a scaling factor that
is dependent on each data point. In terms of data dependent noise variance, if
we modify our Gaussian distribution to be: N (tn|wTϕ(xn), (rnβ)

−1), then the
rn term slips into the SSE equation after performing the log, so we get (3.104)
again.

In terms of replicated data points, by multiplying this on the sums, we can
use it as a scaling factor for effective prior observations? So if we have higher
values of rn, this means we weight the errors higher, which is equivalent to just
copying it more, maybe rn = #xn

N .

3.4

So now our new function is:

y(x,w) = w0 +

D∑
i=1

wixi + wiϵi (871)

ED(w) =
1

2

∑
n

{w0 +
∑
i

(wixi + wiϵi)− tn}2 (872)

Minimizing this over the noise distribution means that we minimize over ϵ1, ...ϵN :∫
1

2

∑
n

{w0 +
∑
i

(wixi + wiϵi)− tn}2dϵi, ..ϵN (873)

=
1

2

N∑
n

∫
{w0 +

∑
i

wixi − tn}2 + 2(
∑
i

wiϵitn) + (
∑
i

wiϵi)
2dϵi, ... (874)

= ED(w) +
1

2

∫ ∑
i

∑
j

wiwjϵiϵjdϵi, ... (875)

= ED(w) +
1

2

∑
j

w2
j = ED(w) +

1

2
wTw (876)

3.5

Let’s add the constraint and look at the Lagrangian optimization:

1

2

∑
n

{tn − wTϕ(xn)}2 +
λ

2
(

M∑
j

|wj |q − η) (877)

By enforcing the constraint, we see that the Lagrangian optimization has the
same dependencies on w as the regularized version. To see how λ, η interact

95



with each other, we can use the Complementary Slackness property of the KKT
conditions: For inequality constraints, when either the multiplier is positive or
the constraint is positive, then the other value is 0, because when the multiplier
is active the constraint is active, i.e 0, but when the constraint is positive it has
a slackness / some wiggle room which makes the multiplier useless.

Thus when λ > 0, the constraint is active, and if we set our optimized value
as w∗(λ), then our constraint equals 0:∑

j

|w∗(λ)|q = η (878)

3.6

So we want to show that the ML solution for the general covariance case is still
the same as the isotropic noise distribution. I mean they already did it in the
textbook - if we write out the maximum likelihood:

ln p(T |W,Σ) =
∑
n

N (tn|W,Σ) (879)

= −N
2
lnΣ− ND

2
ln 2π − 1

2

∑
n

(WTϕ(xn)− tn)
TΣ−1(WTϕ(xn)− tn) (880)

∇W :
∑
n

(WTϕ(xn)− tn)ϕ(xn)
TΣ−1 = 0 (881)∑

n

WTϕ(xn)ϕ(xn)
T =

∑
n

tnϕ(xn)
T (882)∑

n

ϕ(xn)ϕ(xn)
TW =

∑
n

ϕ(xn)t
T
n (883)

ΦTΦW = ΦTT (884)

WML = (ΦTΦ)−1ΦtT (885)

If we now look at each column, we see that:

wML,k = (ΦTΦ)−1Φttk (886)

This comes from the matrix multiplication property by splitting the T matrix
column-wise into each of the separate outputs, it corresponds to (3.15).

We can also find the maximum solution for the covariance matrix by doing
it in the form of the precision, Λ = Σ−1:

N

2
lnΛ− 1

2

∑
n

Tr(Λ(WTϕ(xn)− tn)(W
Tϕ(xn)− tn)

T = 0 (887)

∇Λ : NΛ−T =
∑
n

(WTϕ(xn)− tn)(W
Tϕ(xn)− tn)

T (888)

Σ =
1

N

∑
n

(WT
MLϕ(xn)− tn)(W

T
MLϕ(xn)− tn)

T (889)
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3.7

We need to complete the square resulting from p(t|w)p(w):

−β
2

∑
n

(wTϕ(xn)− tn)
2 − 1

2
(w −m0)

TS−1
0 (w −m0) (890)

= −β
2

∑
n

(wTϕ(xn)ϕ(xn)
Tw − 2wTϕ(xn)tn + t2n) (891)

−1

2
(wTS−1

0 w − 2wTS−1
0 m0 +mT

0 S
−1
0 m0) (892)

= −1

2
[wT (β

∑
n

ϕ(xn)ϕ(xn)
T + S−1

0 )w − 2wT (β
∑
n

ϕ(xn)tn + S−1
0 m0] + const.

(893)

So the resulting stats are given by:

S−1
N = S−1

0 + βΦTΦ, (894)

m0 = SN (S−1
0 m0 + βΦT t) (895)

3.8

Showing the sequential update version of our linear basis function model. As-
sume that a new point (xN+1, tN+1) is coming in - then let’s first write out the
exponential in full form:

−1

2
(w −mN )TS−1

N (w −mN )− β

2
(wTϕ(xN+1)− tN+1)

2 (896)

= −1

2
[wT (S−1

N + βϕ(xN+1)ϕ(xN+1)
T )w + 2wT (S−1

N mN + βϕ(xN+1)tN+1)] + const.

(897)

S−1
N+1 = S−1

N + ϕ(xN+1)ϕ(xN+1)
T (898)

mN+1 = SN+1(S
−1
N mN + βϕ(xN+1)tN+1) (899)

3.9

General result of Gaussian linear models, from Chapter 2. So we have a prior
and a conditional likelihood whose mean is a linear model of the prior:

p(w) = N (w|mN , SN ) (900)

p(t|w, β) = N (t|wTϕ(xn), β
−1) (901)

p(w|t, β) = N (w|βSN+1ϕ(xN+1)
T tN+1, (S

−1
N + βϕ(xN+1)ϕ(xN+1)

T )−1)
(902)
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3.10

Using the results from section 2.1.4, we can solve the integral:

p(t|t, α, β) =
∫

N (t|wTϕ(x), β−1)N (w|mN , SN )dw (903)

This is again an example of a linear-Gaussian model, but this time we want the
marginal distribution, so we have:

p(t) = N (t|ϕ(x)TmN , β
−1 + ϕ(x)SNϕ(x)

T ) (904)

3.11

This problem shows how the size of the data set increasing will decrease the
uncertainty associated with the model parameters in the posterior distribution.
More specifically, we know the uncertainty is given by the sum of the intrinsic
noise in the data + the uncertainty associated with the model parameters. So

σ2
N (x) =

1

β
+ ϕ(xN )SNϕ(xN )T (905)

Using the matrix identity given by (3.110), we can find a formula for SN , which
is given by

S−1
N = αI + βΦTΦ (906)

SN = α−1I − (α−1I ∗ β1/2ΦT )(β1/2Φα−1I)

1 + α−1βΦΦT
(907)

= α−1I − α−1βΦTΦ

1 + α−1βΦΦT
(908)

ϕ(x)TSNϕ(x) = const−
α−1β

∑
n ϕ(x)

Tϕ(xn)ϕ(xn)
Tϕ(x)

1 + α−1βΦΦT
(909)

Thus as a function of N , the subtracting term will only increase - since we are
just adding more and more dot products, causing σN (x)2 to be a decreasing
function with respect to n. In the limit of N → ∞, second term will go to zero,
since the dot products are nonnegative.

3.12

Let’s write out the product of the conditional likelihood and the priors:

p(t|x,w, β)p(w, β) (910)

= N (t|wTϕ(xn), β
−1)N (w|m0, β

−1S0)Gam(β|a0, b0) (911)

= exp{−β
2

∑
n

(wTϕ(xn)− t)2 − β

2
(w −m0)

TS−1
0 (w −m0)− βb0} (912)

∗βN/2|β−1S0|−1/2βa0−1 (913)
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We can first find the Gaussian statistics, since those are the easy ones, we just
need the exponential terms:

−1

2
[wT (β

∑
n

ϕ(xn)ϕ(xn)
T + βS−1

0 )w + 2wT (β
∑
n

ϕ(xn)tn) + βS−1
0 m0)] + const.

(914)

S−1
N = ΦTΦ+ S−1

0 (915)

mN = SN (ΦT t+ S−1
0 m0) (916)

The gamma part is now given by the dependence on both the powers of β,
as well as the exponential linear terms. The a term is given by the sum of the
powers, which are aN = N/2+a0 - we don’t include the part in the determinant
since that is taken by the Gaussian. To find bN , we need to look at the constant
terms that are leftover from completing the square as well as original terms that
are constant with respect to w:

+
1

2

∑
n

t2n +
1

2
mT

0 S
−1
0 m0 + b0 −

1

2
mT

NS
−1
N mN = bN (917)

The minus term on the last term comes from the fact that it is originally positive,
since we need to add a factor of + 1

2m
T
NS

−1
N mN to counteract the constant term

from completing the square.

3.13

The predictive distribution is given by:

p(t|x, t) =
∫∫

p(t|w, β)p(w, β)dwdβ (918)

=

∫∫
N (t|wTϕ(x), β−1)N (w|mN , β

−1SN )Gam(β|aN , bN )dwdβ (919)

We can first evaluate the inner integral using the linear-gaussian model, so our
resulting integral is given by:∫

N (t|mT
Nϕ(x), β

−1(1 + ϕ(x)TSNϕ(x))) ∗Gam(β|aN , bN )dβ (920)

Let’s actually be lazy here - instead of going through the trouble of solving this
entire integral, we can use the results of (2.158) and (2.159) to immediately find
the parameters for the student-t’s distribution:

µ = mT
Nϕ(x) (921)

ν = 2aN , λ =
aN

bN (1 + ϕ(x)TSNϕ(x)
(922)

The reason for the extra term in the lambda is the equations from Chapter 2
only have β−1 as the precision for the Gaussian, so we take it out of the integral
and then put it back in for the Student-t’s form.
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3.14

For α = 0, then:

S−1
N = βΦTΦ (923)

SN = β−1(ΦTΦ)−1 (924)

k(x, x′) = ϕ(x)T (ΦTΦ)−1ϕ(x′) (925)

=⇒ ψ(x) = ϕ(x)(ΦTΦ)−1/2ϕ(x) (926)

If we now translate our original basis function space into one where the basis
set ψ spans the same space, we can perform a change of basis to that space, to
get that the ΨTΨ = I, and then k(x, x′) = ψ(x)Tψ(x′). Thus the kernel sum is
equal to 1.

3.15

With the values set by the evidence framework, if we substitute those into
equation (3.82), we get

E(mN ) =
1

2
[

N − γ

∥t− ΦmN∥2
∥t− ΦmN∥2 + γ

mT
NmN

mT
NmN ] =

N

2
(927)

3.16

We can use the linear-Gaussian model to evaluate the evidence / marginal like-
lihood:

p(t|α, β) =
∫
p(t|w, β)p(w|α)dw (928)

=

∫
N (t|Φw, β−1)N (w|0, α−1I)dw (929)

= N (t|0, β−1 + α−1ΦΦT ) (930)

3.17

Seeing this can just be shown again from writing out the integral in terms of
Gaussians: ∫

N (t|Φw, β−1)N (w|0, α−1I)dw (931)

= (
β

2π
)N/2 α

2π

M/2
∫

exp{−β
2
∥t− Φw∥2 − α

2
wTw}dw (932)
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3.18

We can now complete the square of the exponential in order to finish the integral,
given by:

1

2
(β(Φw − t)T (Φw − t) + αwTw) (933)

=
1

2
[wT (βΦTΦ+ α)w − 2wT (βΦT t) + βtT t] (934)

=
1

2
[(w −A−1βΦT t)TA(w −A−1βΦT t)−mT

NAmN + βtT t] (935)

Like the book says, if we now introduce

A = (α+ βΦTΦ) = S−1
N , (936)

mN = βA−1ΦT t = βSNΦT t (937)

Then we can rewrite the square term as well as the residue:

1

2
[(w −mN )TA(w −mN )] +

1

2
βtT t− 1

2
mT

N (aI + βΦTΦ)mN (938)

=
1

2
[(w −mN )TA(w −mN )] +

1

2
βtT t− 1

2
mT

N (aI + βΦTΦ)mN (939)

E(mN ) =
1

2
(βtT t−mT

NAmN ) (940)

=
1

2
(βtT t− 2mT

NAmN +mT
NAmN ) (941)

=
1

2
(βtT t− 2βmT

NAA
−1ΦT t+mT

N (αI + βΦTΦ)mN ) (942)

=
1

2
(βtT t− 2βmT

NΦT t+ αmT
NmN + βmT

NΦTΦmN ) (943)

=
β

2
∥t− ΦmN∥+ α

2
mT

NmN (944)

3.19

I mean this is just a direct result of the normalization constant of the Gaus-
sian, except that A is now the precision, so in the normalization constant the
precision which is usually in the numerator will go in the denominator. The
E(mN ) portion just goes outside, and then multiplying this with the previous
components outside the integral completes everything.

3.20

Done through notes

3.21

Let’s follow what the book says - I know this identity through the cofactor
expansion of the determinant, as well as the adjoint expression, both of which
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tell us how to get the gradient for this stuff, maybe I’ll write it out here. If we
have a matrix A and its cofactor matrix C, then

ACT = det(A)I =⇒ A−1 =
1

det(A)
CT (945)

The intuition behind this equation is that the determinant as a cofactor expan-
sion is the sum across a single row or column, ACT represents the dot products
of these sums or rows, so when they line up they create the determinant, giving
the first part of the diagonal structure. The second part comes from when the
cofactor expansion and the current row are misaligned - if we multiply by the
second row of A along the first row of cofactors, we are essentially finding the
determinant of a matrix where we replace the first row of A with the second
row of A. However, this means there are two identical rows in A now, making
the determinant 0. Anyways, if we now write out the log determinant in terms
of the cofactors for a certain row:

∂

∂A
ln |A| = 1

|A|
∂

∂A
|A| = 1

|A|
CT = A−T (946)

If we now follow the book’s method, we know that a real symmetric matrix
can only have real eigenvalues.

d

dα

∑
i

lnλi(α) =
∑
i

1

λi(α)

d

dα
λi(α) (947)

Let’s use this identity to derive (3.92), starting from the log evidence function
derivative with respect to alpha:

d

dα
ln p(t|α, β) = M

2α
− 1

2
mT

NmN − 1

2
Tr(A−1 d

dα
A) = 0 (948)

M − αmT
NmN − αTr(A−1 d

dα
A) = 0 (949)

M − αTr(A−1I) = αmT
NmN (950)

M − α
∑
i

1

λi + α
= αmT

NmN (951)

3.22

Done through notes

3.23

To find the marginal probability or the model evidence, we need to perform this
integral:

p(t) =

∫∫
p(t|w, β)p(w, β)dwdβ (952)

=

∫∫
N (t|Φw, β−1)N (w|m0, β

−1S0)Gam(β|a0, β0)dwdβ (953)
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Let’s first marginalize with respect to w, by completing the square:∫∫
β

(2π)

N/2

exp{−β
2
(Φw − t)T (Φw − t)}( β

2π
)M/2|S0|−1/2 (954)

exp{−β
2
(w −m0)

TS−1
0 (w −m0)}

ba0
0

Γ(a0)
βa0−1 exp{−βb0}dwdβ (955)

Let’s first focus on the exponential and complete the square there:

−1

2
[β(Φw − t)T (Φw − t) + β(w −m0)

TS−1
0 (w −m0)] (956)

= −β
2
[wT (ΦTΦ+ S−1

0 )w − 2wT (ΦT t+ S−1
0 m0) + tT t+mT

0 S
−1
0 m0] (957)

(958)

At this step, we notice from Exercise 3.12 that there are some similarities we
can use - the quadratic term is now SN and the mean will be mN :

−β
2
[(w −mN )TS−1

N (w −mN )−mT
NS

−1
N mN + tT t+mT

0 S
−1
0 m0] (959)

After completing the square, these the first exponential quadratic term is the
unnormalized Gaussian and will contribute a factor of (2π)M/2β−M/2|SN |1/2,
so our new integral, with w marginalized out, is now:

|SN |1/2

|S0|1/2
ba0
0

(2π)N/2Γ(a0)

∫
βa0−1+N/2 exp{−βb0 (960)

−β
2
[−mT

NS
−1
N mN + tT t+mT

0 S
−1
0 m0]}dβ (961)

If we use our results from Exercise 3.12, we see that this simplifies nicely into
the integral:

|SN |1/2

|S0|1/2
ba0
0

(2π)N/2Γ(a0)

∫
βa0−1+N/2 exp{−βbN}dβ, z = βbN , dz = dβbN (962)

|SN |1/2

|S0|1/2
ba0
0

(2π)N/2Γ(a0)

∫
(z/bN )aN−1(bN )−1 exp{−z}dz (963)

=
|SN |1/2

|S0|1/2
ba0
0

(2π)N/2Γ(a0)
∗ Γ(aN ) ∗ 1

baNN
(964)
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3.24

Using Bayes theorem instead of marginalization this time:

p(t) =
N (t|Φw, β−1)N (w|m0, β

−1S0)Gam(β|a0, b0)
N (w|mN , β−1SN )Gam(β|aN , bN )

(965)

=
βN/2+M/2

(2π)N/2+M/2|S0|1/2
∗ |SN |1/2(2π)M/2

βM/2
∗ ba0

0 β
a0−1Γ(aN )

baNN βaN−1Γ(a0)
∗ (966)

exp{−βb0 − βbN − β

2
[(Φw − t)T (Φw − t) (967)

+(w −m0)
TS−1

0 (w −m0)− (mN − w)TS−1
N (w −mN )]} (968)

=
βN/2|SN |1/2ba0

0 Γ(aN )

(2π)N/2|S0|1/2baNN Γ(a0)
(969)

I know this sounds hand-way, but the exponential term goes to zero, because
of how bN is defined, it will cancel out all the constant terms related to w, and
then S−1

N = S−1
0 + ΦTΦ, so that will cancel out all the linear and quadratic

terms in w.

Chapter Recap

This chapter goes over linear regression, which is the machine learning task of
predicting a single, or multiple scalar outputs from some multivariate input. We
first see the relationship between least squares and maximum likelihood in linear
regression, because maximizing linear regression is equivalent to orthogonally
projecting the target data vector / matrix onto the M -dimensional subspace
spanned by our basis functions. Basis functions are an important aspect of
linear models - they are nonlinear / linear functions that allows our models to
stay linear in terms of the paramters, so that we can take advantage of this
linearity, while allowing a lot more flexibility with how we transform the input
data.

We looked at the frequentist treatment of model complexity trade-offs, i.e
the Bias-Variance decomposition, and how optimizing for one will lead to worse
metrics in the other. This model comparison problem can be solved by taking
a Bayesian approach to Linear Regression, by introducing mean and variance
priors so that we can automatically compare between models using Bayesian
Model Comparison - we see there is an automatic complexity penalty resulting
from how much narrower the posterior width is compared to the prior as well
as the number of parameters. Lastly, we looked at the evidence approximation
method, which looks at hyperparameter optimization by trying to maximize the
marginal likelihood. Here we saw that we need to perform iterative optimization
of the hyperparameters, something that can be done through EM. We also saw
the phenomenon of the effective number of well-defined parameters and how
iteratively optimizing our hyperparameters optimizes for this effective number -
the effective number tells us how many of our paramters are biased / constrained
by the data.
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Chapter 4: Linear Models for Classification

The goal of classification is to take an input vector and assign it one of K
discrete, non-overlapping classes Ck, such that the input space is divided into
decision regions, whose boundaries are called decision surfaces. For linear mod-
els, this means the decision surfaces are linear functions of the input x, and
thus our D-dimensional input space is defined by D − 1-dimensional hyper-
planes that slice up the input space. Datasets that can be separated exactly by
linear decision surfaces are linearly separable.

To encode target variables, we follow a binary coding scheme for 2-class
variables, and a 1-of-K coding scheme for K > 2 classes. Model predictions can
be interpreted as each position showing the probability for that certain class.
In chapter 1, there were three distinct methods for classification problems. The
first one was discriminant functions, where we directly map an input to a certain
class, the second one was determining posterior distributions in the inference
stage, and then using decision theory / losses to make decisions, and the last one
was the generative approach, where we use p(Ck), p(x|Ck) and Bayes theorem
to find p(Ck|x), the fully Bayesian approach.

In Chapter 3, our predictions y(x,w) were linear parameters of w but not
linear functions of x because of the basis functions. In the simplest case of
y = wTx + w0, which is linear in both. However, in classification problems
our targets are capped in the range (0, 1) and usually require some nonlinear
activation function to ensure this: y = f(wTx+w0). These are called generalized
linear models - they are still linear functions of x, because the decision surfaces,
which the model predicts, are y(x) = constant =⇒ wTx + w0 = constant,
but now they are not linear in terms of wT , leading to more complex analytical
properties. So to clarify - the reason x is linear is because in our input space,
the decision surfaces are linear. However in the parameter input space, we don’t
have the reliable linearity anymore because of f . If our decision surfaces were
nonlinear, this would mean that it isn’t linear in either setting, so this leads
to Kernel Methods, which allow us to represent nonlinear relationships through
dot-products.

4.1 Discriminant Functions

This is the first case, where we directly learn a function that maps an input to
a class.

4.1.1 Two classes

Let’s start simple, with this linear function: y(x,w) = wTx+w0, with a weight
and bias vector. We assign to C1 of y(x) ≥ 0 and to C2 otherwise, so the decision
boundary is y(x) = 0, a (D−1) dimensional hyperplane. Because any two points
on the decision surface xa, xb =⇒ y(xa), y(xb) = 0 =⇒ wTxa − wTxb = 0,
so the weight vector is orthogonal to the decision surface and determines the
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orientation. Again, if some point x is on the decision surface, then

y(x) = 0, wTx+ w0 = 0 =⇒ wTx

∥w∥
= − w0

∥w∥
(970)

So the LHS denotes the normal distance using the plane’s orientation from the
origin, which is given by the bias. Some more geometrical intuition: y(x) also
contains the perpendicular distance from the decision surface. If we have some
point x, and we project it orthogonally onto the decision surface:

x = x′ + r
w

∥w∥
(971)

wTx+ w0 = wTx′ + w0 + r
wTw

∥w∥
(972)

y(x) = 0 + r ∥w∥ =⇒ y(x)

∥w∥
(973)

So the perpendicular distance of x from the decision surface is given by the
discriminant function divided by the decision surface vector norm. All in all,
this gives some intuition in two-classes about the discriminant function - it slices
the input space into regions, and we can use its two parameters w,w0 too figure
out its orientation and extract information from inferencing.

4.1.2 K-classes

Some problematic ideas of extending to K-classes: try using one-to-one, or one-
to-all classifiers, but this leads to ambiguity in the input space - doesn’t work.
What we should use instead is a single K-class discriminant consisting of K
linear functions: yk(x) = wT

k x+ wk0, and then making a decision, i.e assigning
to class Ck when yk(x) > yj(x) for all k ̸= j with tie breakers. The decision
surfaces are then given by:

yk(x) = yj(x) (974)

yk(x)− yj(x) = 0 =⇒ wT
k x+ wk0 − wT

j x− wj0 = 0 (975)

(wk − wj)
Tx+ (wk0 − wj0) = 0 (976)

These hold the same properties as the hyperplanes described in the previous
section, albeit there are K(K − 1)/2 of them now. The next three subsections
go into three approaches of learning the parameters of these linear discriminant
functions.

4.1.3 Least squares for classification

It is motivating to see whether we can apply the same connection between
minimizing SSE and least-squares from regression to classification. We will see
it performs poorly due to limited expressibility of linear models. If we assume a
1-of-K output scheme, with each class having linear model: yk(x) = wT

k x+w0,
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we can group these together for y(x) = W̃T x̃, where the tilde indicates we
included the bias. We make class assignments based on which output row is the
largest. If we now have a dataset X,T , where T is a N × Kmatrix each row
being a data vector, and each row in X is an input vector, X is a N ×D matrix
and W is a D×K matrix, where each column is a class weight linear function,
then the SSE function is given by:

ED(W̃ ) =
1

2
TR{(XW − T )T (XW − T ))} (977)

Intuition behind this matmul: each row of the data matrix should correspond
to a row in the targets, so we perform a left multiplication. The reason we do a
trace we need to sum up the squares of each of the rows. If we now differentiate
with respect to W, we get:

1

2
Tr{WTXTXW − 2TTXW + TTT} (978)

1

2
Tr{(W + dW )TXTX(W + dW )− 2TTX(W + dW )} (979)

−1

2
Tr{WTXTXW − 2TTXW} (980)

=
1

2
Tr{dWTXTXW +WTXTXdW − 2TTXdW} (981)

= Tr{(WTXTX − TTX)dW} (982)

XTXW −XTT = 0 =⇒ W = (XTX)−1XTT = X†T (983)

So this is again the normal equation as shown in Section 3. The discriminant
function using least-squares is then given by:

y(x) =WTx = TT (X†)Tx (984)

Another interesting of property of least-squares with multiple target variables
is that if every target vector satisfies a linear constraint, then the model predic-
tions also satisfy this linear constraint, so the 1-of-K coding scheme constraints
the predictions y(x) to sum to 1, but the values themselves aren’t constrained
to be probabilities. One main issue with leas-squares, however, is how it pe-
nalizes ’extreme correctness’ and outliers. The failures of least-squares make
sense though - the solution came from maximum likelihood under the Gaussian
likelihood, but classification target vectors are often multinomial, so they need
appropriate conditionals and priors. The probabilistic methods will show up in
section 4.3.

4.1.4 Fisher’s linear discriminant

Another way to view linear classification is through the lens of dimensionality
reduction. With a D-dimensional input vector, we can project it down to one
dimension using a weight vector, and carry out the similar threshold-based
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classifications from previous section. However this projection leads to significant
losses in information, but we can adjust our projection weight vector to instead
maximize a goal, like class separation.

If we take the mean vectors of each class, in the case of two-classes, then the
simplest separation measure is to measure the distance between the projection
means:

m2 −m1 = wT (m1 −m2),mk = wTmk (985)

Using a lagrangian constraint to make wT have unit length so that we don’t get
the trivial result of w = ∞, we get the result w ∝ (m1 −m2). The last problem
with this approach is that it doesn’t account for the nondiagonal covariances in
the original data - when projecting onto a linear subspace, these nondiagonal
covariances do not separate nicely, causing significant overlap, even when the
means are separated well. Fisher’s approach is to maximize the mean separation
while minimizing the intra-class variance.

Thus after transformation, the class variance for each class K is given by:

s2k =
∑
n∈Ck

(wTxn −mk)
2 =

∑
n

(yn −mk)
2 (986)

The total intra-class variance is defined by the sums over each class variance,
since they assumed to be independently drawn from the data distribution. The
Fisher criterion is defined as the ratio of the between-class variance to the
total within-class variance:

J(w) =
(m2 −m1)

2

s22 + s21
=
wTSBw

wTSWw
(987)

This value makes sense - if we maximize it we are jointly maximizing the nu-
merator, which describes class separation, while minimizing the denominator,
which describes intra-class variance.

We can also rewrite it in terms of ratios of quadratic forms, with their respec-
tive covariance matrices defined by between and within-class. If we differentiate
this form with respect to w, we get:

2(wTSBw)SWw − 2(wTSWw)SBw

term
= 0 (988)

(wTSBw)SWw = (wTSWw)SBw =⇒ w ∝ S−1
W (m2 −m1) (989)

The last step is just manipulation - we drop the scalar terms, and we know that
SBw = (m2 −m1)(m2 −m1)

T (m2 −m1) ∝ (m2 −m1). When the within-class
covariances are isotropic, then the inverse becomes a scalar, and we get the
previous proportionality. The final result

w ∝ S−1
W (m2 −m1) (990)

Is Fisher’s linear discriminant, which tells us the specific direction of projection
down to one dimension. It itself is not a linear discriminant - it just tells us
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how to project the data down into one dimension for optimal separation. We
can then design our own linear discriminant using the projected data, perhaps
by modeling p(y|Ck) as a Gaussian in 1D, and then using maximum likelihood.

4.1.5 Relation to least-squares

Although least-squares solved the problem of matching outputs to the targets
in a linear regression fashion, and the Fisher criterion aims to maximize class
separation in the projection space, through some manipulations we can show
that the Fisher criterion is a special case of LS. If we change our target coding
scheme in LS for the two-class case to: [N/N1,−N/N2], this will work. Note
this is pretty arbitary and used for demonstration.

E(w) =
1

2

∑
n

(wTxn + w0 − tn)
2 (991)

∇w0
:
∑
n

(wTxn + w0 − tn) = 0,∇w :
∑
n

(wTxn + w0 − tn)xn = 0 (992)

Nw0 = −
∑
n

wTxn −
∑
n

tn (993)

w0 = −wTm−
∑
n

(N1 ∗N/N1 −N2 ∗N/N2) = −wTm (994)

Here m is the mean of the dataset. Notice the choice of tn comes to play here
to give the ubiquitous result that the bias acts as a sort of ’final’ correction, by
shifting our predictions by the value of the projected mean of the dataset, as a
sort of normalizer. Exercise 4.6 shows the derivation for 4.37:

(SW +
N1N2

N
SB)w = N(m1 −m2) (995)

Using the same logic, and ignoring some constants, SBw is in the same direction
as m1 − m2, so we again get that w ∝ S−1

w (m1 − m2), so we project in the
direction of the differences of mean, multiplied by inverse of the covariances
within each class. We have an additional result that w0 = −wTm, which when
substituting into our predictions, we get: y(x) = wTx−wTm = wT (x−m), so
in our projected data space we can use this is as our discriminant function.

4.1.6 Fisher’s discriminant for multiple classes

Generalization of fisher’s discriminant to K > 2 classes, with D′ > 1 linear
features, and we also assume that the data dimensionality D is greater than the
number of classes K. Our predictions are defined by:

yk = wT
k x, y =WTx (996)

Where yk is the value for each class, and we get the entire prediction as well.
We also further generalize the within class and between class covariances:

SW =
∑
k

Sk, Sk =
∑
n∈Ck

(xn −mk)(xn −mk)
T (997)
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The between-class generalization is given by the difference between the total
covariance and the between:

ST = SW + SB (998)

ST =
∑
n

(xn −m)(xn −m)T , SB =
∑
k

Nk(mk −m)(mk −m)T (999)

So the generalization is just the deviation from the global mean weighted by
how many points are actually inside it. These covariance matrices are defined
in the original x-space, but remember that our weight vectors have a lower
dimensionality D′, where we are projecting to, just like in Fisher’s case for two-
classes in two dimensions. The corresponding matrices in the D′-dimensional
space are given by:

S′
W =

∑
k

∑
n∈Ck

(yn − µk)(yn − µk)
T (1000)

S′
B =

∑
k

Nk(µk − µ)(µk − µ)T (1001)

We again wish to construct a metric/criterion/scalar to maximize, such that
doing this will generate a large between-class covariance and a small within-
class covariance. There are many metric, the most straightforward one is

J(W ) = Tr{S′−1
W S′

B} = Tr{(WTSWW )−1(WTSBW )} (1002)

Optimizing this criterion is not included in the book, but the author says that
weight vectors for are determined by the eigenvectors of S′−1

W SB that correspond
to the D′ largest eigenvalues, similar to PCA, where we maximize the covariance
of the projected data. One last tidbit - SB is the sum of K matrices, each of
rank-1, so it can have at most rank K. However, only K− 1 of the matrices are
independent because of the mean sum constraint, so it actually only has rank
K − 1, and the projection onto the K − 1 dimensional space of the eigenvectors
of SB doesn’t change J(w), which means we cannot find more than K − 1linear
features using this method - we are capped by the effective dimensionality of
the problem.

In summary, Fisher’s linear discriminant is not really a linear discriminant
function - instead it prescribes a method of projecting our data of multiple
classes into lower D′-dimensional subspaces that will provide better separability,
and also helps in finding some parts of the linear discriminant function like the
bias.

4.1.7 Perceptron algorithm**

4.2 Probabilistic Generative Models

This next section shows how creating the appropriate probabilistic model on the
data for classification, instead of the Gaussian, shows how we can end up with
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models with linear decision boundaries. By taking the generative approach, we
are going to model the class-conditional densities and their priors to find the
posteriors. In the first case of two-classes, we show how the sigmoid arises as
the posterior function:

p(C1|x) =
p(x|C1)p(C1)

p(x|C1)p(C1) + p(x|C2)p(C2)
(1003)

=
1

1 + exp(−a)
, a = − ln

p(x|C2)p(C2)

p(x|C1)p(C1)
(1004)

= σ(a) (1005)

The inverse of the sigmoid function is given by a = ln σ
1−σ , and is known as

the logit function. It also represents the logs of the ratios of the posterior
probabilities, also known as the log odds. So a, the input activation has quite
some rich meaning, and in modern DNNs by learning through some sort of
general CE loss, oftentimes the FC right before the activation is trying to learn
how to compress all the information it has learned up that point through the
layers to spit out a log odds that represents the ground truth data distribution’s
log posterior odds.

In the case of more than two classes, we get the softmax function as the
posterior function:

p(Ck|x) =
p(x|Ck)p(Ck)∑
j p(x|Cj)p(Cj)

=
exp(ak)∑
j exp(aj)

, (1006)

ak = ln p(x|Ck)p(Ck) (1007)

Notice here the activations are slightly changed - we are not dividing out by
the evidence anymore, so in multiclass cases our LMs or NNs would be working
to predict a scaled version of the posterior probability for each class, given our
input and an appropriate loss. The origin behind the softmax function is that
it acts a smoothed version of the max step function - when ak >> aj , then
p(Ck|x) ≈ 1, all others approx 0.

4.2.1 Continuous inputs

We first take the assumption that the class conditional densities are Gaussian,
since the inputs are continuous and look at the resulting form of the posteri-
ors. If we assume all classes share the same covariance matrix, then our class
conditional densities are given by:

p(x|Ck) =
1

(2π)D/2

1

|Σ|−1/2
exp{−1

2
(x− µk)Σ

−1(x− µk)} (1008)

111



Here we make the assumption that all the classes have the same covariance. If
we use the previous result of ratios of posterior probabilities, then

p(C1|x) = σ(a) (1009)

a = wTx+ w0, w = Σ−1(µ1 − µ2), w0 = −1

2
µ1Σ

−1µ1 +
1

2
µ2Σ

−1µ2 + ln
p(C1)

p(C2)
(1010)

The quadratic terms cancel so we see again the appearance of the linear model
- graphing the class conditional densities shows the intersection is a line, since
areas where p(C1|x) = p(C2|x) are areas where the activations are equal, so
this would be an equality between two linear equations giving another linear
equation. The prior probabilities only enter through the bias, so changes in
the prior just have the effect of parallely shifting the linear decision boundaries
around, as well as contours of constant posterior probability.

In the case of multiple classes, we would use the softmax equation, we have

ak = ln p(x|Ck)p(Ck) = wT
k x+ w0, (1011)

wk = Σ−1µk, w0 = −1

2
µT
kΣ

−1µk + ln p(Ck) (1012)

The shared covariance result is crucial - this allows the quadratic term to cancel
out in the fractions, and allow for linear boundaries. If we allow for individual
covariances, then the activations are now quadratic functions of x, so the con-
tours of constant posterior probability will also be quadratic, giving quadratic
discriminants.

4.2.2 Maximum likelihood solution

In the case of the binary classes, where our targets are either 1 or 0 corresponding
to the two classes, and we assign p(C1) = π, p(C2) = 1−π, then our log likelihood
is given by:

ln p(t|X,µ,Σ, π) =
∑
n

[tn{lnπ + lnN (xn|µ1,Σ)}+ (1− tn){ln(1− π) + lnN (xn|µ2,Σ}]

(1013)

If we first optimize with respect to the prior probabilities, we get:∑
n

tn lnπ + (1− tn) ln(1− π) (1014)

∇ :
∑
n

tn
π

− 1− tn
1− π

= 0 (1015)

∑
n

tn − tnπ − π + πtn
π(1− π)

= 0 (1016)

∑
n

tn = Nπ =⇒ π =
N1

N
(1017)

112



If we now optimize for the means, we have dependence for each respective mean
through: ∑

n

− tn
2
(xn − µ1)

TΣ−1(xn − µ1) (1018)

∇ :
∑
n

−tnΣ−1(xn − µ1) = 0 (1019)

∑
n

tnxn = µ1 ∗N1 =⇒ µ1 =
1

N1

∑
n

tnxn (1020)

So the maximizer for the mean, unsurprisingly, is the average of the points in
C1 the corresponding result for µ2 is the average of points in C2. To derive the
covariance, we write out the dependence, which is just the log determinant the
quadratics,

−N
2
ln |Σ| − 1

2

∑
n

{tn(xn − µ1)
TΣ−1(xn − µ1) + (1− tn)(xn − µ2)

TΣ−1(xn − µ2)}

(1021)

= −N
2
ln |Σ| − N

2

1

N

∑
n

Tr{Σ−1[tn(xn − µ1)(xn − µ1)
T + (1− tn)(xn − µ2)(xn − µ2)

T ]

(1022)

= −N
2
ln |Σ| − N

2
Tr{Σ−1[

1

N

∑
n∈C1

(xn − µ1)(xn − µ1)
T +

1

N

∑
n∈C2

(xn − µ2)(xn − µ2)
T ]}

(1023)

= −N
2
ln |Σ| − N

2
Tr{Σ−1[

N1

N
S1 +

N2

N
S2]}, (1024)

If we set S to the weighted sum of the covariance matrices per class inside the
trace, we get the ΣML = S. Notice how we are always weighting against the
respective weight of Nk/N , and that these results will extend to the K > 2 case.

4.2.3 Discrete

We now consider each xi ∈ {0, 1} to be a discrete component, and then extend
to more general discrete cases later. The issue with this approach is that for
D inputs, for each class in our input table, there will be 2D numbers in the
table that it could take, leading to an exponential dependence, because each
dimension can have either value (note this is for a single data point). To reduce
the dependence on dimensionality to linear, we make the Naive Bayes assump-
tion, where each feature in the vector is treated as independent, so we fit an
independent parameter µki to each one:

p(x|Ck) =

D∏
i

µxi
ki(1− µki)

1−xi (1025)
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If we substitute this into the equation for our activation, for multi-class:

ak = ln p(x|Ck) + ln p(Ck) (1026)

=

D∑
i

{xi lnµki + (1− xi) ln(1− µki)}+ ln p(Ck) (1027)

In the case of 2 classes, we can alternatively use the logistic sigmoid, either one
will work.

4.2.2 Exponential family

We see that for both binary and multiclass settings, and for both continuous
and discrete inputs, the class posterior probabilities are given by generalized
linear models (linear equations with a nonlinear activation function) through
the sigmoid or softmax function. This is actually a consequence of p(x|Ck)
being part of the exponential family. What does this mean? We can investigate
further findings by using other p(x|Ck) from the exponential family. If we
write the likelihood in terms of the exponential distribution and the natural
parameter, we get:

p(x|λk) = h(x)g(λk) exp{λTk u(x)} (1028)

If we also introduce a scaling parameter, s, in order to induce scale invariance,
we have:

p(x|λk) =
1

s
h(
x

s
)g(λk) exp{

1

s
λTk u(x)} (1029)

Note that the scale invariance, like the covariance, is shared across all classes
to ensure linear activation functions, while λk is class-local. By substituting
the appropriate priors and likelihood into the functions for the activations of
the sigmoid and softmax, we again see that a is a linear function of x, and
thus again a generalized linear model. This powerful approach shows that any
likelihood function which is in the exponential family results in a generalized
linear model when using the probabilistic generative model approach (modeling
posterior probabilities).

In the previous section, we derived forms for the class-conditional densities,
derived the maximum likelihood parameters, and then used Bayes Theorem
to find the corresponding posterior probabilities. The book kind of did it in
reverse order, by first showing the activations are linear functions of x, where
the weights were given in terms of the parameters and the prior probabilities. In
reality, we are supposed to first find the µML, wML through maximum likelihood
and then substitute those into the weight values for the activation functions to
get p(Ck|x) = f(ak), and then make decisions based on those. Those previous
approaches were also called generative because we could model p(x). They are
also a form of indirect optimization - instead of directly optimizing for w, we
found expressions for w in terms of our p(x|ϕk) parameters ϕk, found those and
optimized through Bayes.
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4.3 Probabilistic Discriminative Models

These next approaches are called discriminative models - we instead opt to
directly maximize the p(x|Ck) by optimizing on w, using techniques like Iterative
Reweighted LS.

4.3.1 Fixed basis functions

Like the chapter on linear regression, we introduce nonlinear transformations
ϕ(x) to project our input space. This allows data that could not be linearly sep-
arable in the input space to be linearly separable in this projected space, so it
allows more expressivity. We also keep the linearity with respect to ϕ. Further-
more, since we are now doing classification, there is significant overlap between
p(x|Ck) on classes - because we have nonlinearly separable data spaces now, so
that several posterior probabilities can all have nonzero, non-unity values. This
will require decision theory.

4.3.2 Logistic regression

The key difference here is now that we are optimizing this equation directly:

p(C1|ϕ) = σ(wTϕ) (1030)

Where ϕ is some fixed basis function. Notice that the parameters scale linearly
with the sigmoid, whereas if we had model the input with a Gaussian, and
then set the parameters according to the Gaussian fit, our parameters would
scale quadratically. Also the formulation of σ(wTx) is the same in both cases
- but now we’re using basis functions instead of modeling the class conditional
density, so it is a more direct approach. The maximum likelihood of this is:

p(t|w) =
∏
n

ytnn {1− yn}1−tn , yn = p(C1|ϕn) (1031)

ln p(t|w) =
∑
n

tn ln(σ(w
Tx)) + (1− tn) ln{1− σ(wTx)} (1032)

∇w :
∑
n

tn
yn
yn(1− yn)ϕ− 1− tn

1− yn
yn(1− yn)ϕ = 0 (1033)∑

n

tn(1− yn)ϕ− (1− tn)ynϕ = 0 (1034)

∇E(w) =
∑
n

(tn − yn)ϕ = 0 (1035)

Notice that the final gradient of the error function is the same as the one given
by linear regression with a Gaussian modeling of the posterior probabilities.
This error equation also splits across the sum, so we could derive a sequential
algorithm like SGD to update our weights with a learning rate multiplied by
∇En.
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Maximum likelihood fitting can exhibit severe over-fitting on classes that are
linearly separable - this happens because the maximum likelihood solution will
now be σ = 0.5 =⇒ wTϕ = 0, since we can always find a hyperplane that
will split the target classes down the middle. When w is not bounded, it goes
to infinity, and then this makes the inputs to σ either −∞,∞, so our function
becomes a Heaveside step-function, making p(Ck|ϕ) = 1. There is typically a
continuum of these solutions because any separating hyperplane (linear) will
result in the same set of posterior probabilities, just adjusted by some constant,
and the actual solution will just depend on parameter initialization, like the
bias + optimization algorithm / convergence rates. The first obvious way to
mitigate this is weight decay, or adding a prior and perform Bayesian Logistic
Regression, like p(w|α) = N (w|0, α−1I), which turn out to be equivalent.

4.3.3 Iterative Reweighted Least squares

Because of the nonlinearity of the sigmoid function, there is no closed-form
solution for the maximum-likelihood, unlike the quadratic dependence in logistic
regression. Still the error function is convex and has a unique minimum – we
will use an iterative method called Newton-Raphson which takes local quadratic
approximations of the log likelihood:

w(new) = w(old) −H−1∇E(w) (1036)

H−1∇E(w) = ∇∇f(x)−1∇f(x) (1037)

This is also known as the Newton Method. If we apply this to normal least
squares regression, we get the standard solution, and because of the quadratic
dependence this works in one-step, which is standard for optimization algo-
rithms - the real issue with convergence is when we are trying to quadratically
approximate the error function at local regions, and if the curvature/condition-
number of the function is low then convergence rate slows. If we now apply
Newton-Raphson to the cross-entropy, where it still binary-case:

∇E(w) =
∑
n

(yn − tn)ϕn = ΦT (y − t) (1038)

H = ∇
∑
n

ynϕn − tnϕn =
∑
n

yn(1− yn)ϕnϕ
T
n = ΦTRΦ (1039)

Rnn = yn(1− yn) (1040)

Where again Φ is the design matrix, with shape (N,M) and each row is ϕTn , so
ΦT has columns ϕn. Here we also have introduced the diagonal matrix R to
simplify notation - note that now the Hessian is no longer constant because of
R so it is no longer quadratic, but we see that 0 < yn < 1 implies that the
Hessian is positive-definite so it is convex and has a unique minimum. The NR
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algo becomes:

wnew = wold − (ΦTRΦ)−1ΦT (y − t) (1041)

= (ΦTRΦ)−1{ΦTRΦwold − ΦT (y − t)} (1042)

= (ΦTRΦ)−1ΦTRz =⇒ z = Φwold −R−1(y − t) (1043)

We put the update equation in this form to show it is a weighted set of normal
equations - and because the weighting matrix depends on w it needs to be
applied iteratively.

Some interpretations: in the normal weighted least-squares, we see that the
diagonal weighting matrix R is the variances, which is the same in this case as
well, since the variance of the sigmoid when t ∈ {0, 1} is y(1 − y). Just like
least-squares, we can interpret the update equation in terms of a solution to the
linearized problem in the space of the activation a = wTϕ - because the basis
functions are fixed this is equivalent to just optimizing w, which has a linear
dependence on a. This dependence is formalized by looking at a local linear
approximation to the logistic sigmoid function around wold:

an(w) ≈ an(w
old) +

dan
dσ(an)

|wold(tn − σ(an)) (1044)

= ϕTnw
old − yn − tn

yn(1− yn)
= zn (1045)

So how I interpret this - a = wTϕ is a linear function with respect to w, and
σ is acting on it which is a nonlinear function, which is why we need the local
linear approximation. Recall that in normal weighted least-squares, z is the
target vector that we are projecting onto the subspace spanned by the columns
of the design matrix, and w is the resulting projection. So here zn is now
an effective target value, but since we can’t find it exactly, we make a linear
approximation of the logistic sigmoid in the space a around wold towards the
target value, which is what we are trying to optimize anyways: tn = σ(an). So
from our current point, we make a linearized approximation (linear because of
least squares) towards our target, set that as the effective target value and apply
one iteration of weighted least squares, weighted because of the heterodasticity
of the sigmoid function - we have input-dependent variance now. We apply a
step to get wnew, and then we apply the iterative procedure again.

4.3.4 Multiclass logistic regression

Here we have basically the same formulation but now p(Ck|x) = softmax, and
ak = wT

k ϕ since we have more than two classes. Now

yk =
exp(ak)∑
j exp(aj)

, (1046)

∂yk
∂aj

= yk(Ikj − yj) (1047)
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For the likelihood function, we use a 1-of-K coding scheme for the target vectors,
and our target data is given by T , which is a (N,K) matrix:

p(T |w1, ..wK) =
∏
n

∏
k

p(Ck|ϕn)tnk =
∏
n

∏
k

ytnknk (1048)

E(w1, ..wK) = − ln p(T |w1, ..wK) = −
∑
n

∑
k

tnk ln ynk (1049)

∇wjE(w1, ..wk) = −
∑
n

∑
k

tnk
ynk

ynk(Ikj − ynj)ϕn (1050)

= −
∑
n

∑
k

(tnkIkj − tnkynj)ϕn (1051)

=
∑
n

(ynj − tnj)ϕn (1052)

Again, the gradient is given by the accumulation of the errors between our
predictions and targets weighted by a ϕn basis function. The Newton-Raphson
algorithm is a little more complex - the Hessian matrix is now a block matrix
of size (NM, NM), with block matrices inside of size (M, M) for each wj , wk

combination, given by:

∇wk∇wjE(w1, ...wK) = ∇wk

∑
n

(ynj − tnj)ϕn (1053)

=
∑
n

ynk(Ikj − ynj)ϕnϕ
T
n (1054)

I’m not still exactly sure why we do a outer product of the basis functions -
my intuition is that since ∇E(w) outputs another M -dimensional vector that
matches the shape of w, then the Hessian is just the Jacobian of ∇E(w) : RM →
RM , so it needs to match this shape.

4.3.5 Probit regression

From the chapter on generative models, we see that class-conditional distribu-
tions inside the exponential family will give resulting posterior probabilties that
are logistic or softmax, where the activations are linear functions. But the ac-
tivation functions should not just be confined to the logistic sigmoid/softmax
functions, so we can look at other models, like a noisy threshold model, which
will motivate the probit function. If we define our activation function:

f(an) =

{
tn = 1 if an ≥ θ

tn = 0
(1055)

Furthermore if θ is drawn from p(θ), then our distribution is given by:

f(a) =

∫ a

−∞
p(θ)dθ (1056)

118



If the density p(θ) = N (θ|0, 1), then we have the inverse-probit function:

Φ(a) =

∫ a

−∞
N (θ|0, 1)dθ, (1057)

erf(a) =
2√
π

∫ a

0

exp(−θ2)dθ (1058)

Φ(a) =
1

2
{1 + 1√

2
erf(a)} (1059)

Thus the probit function is given by the inverse of the inverse-probit function -
or the inverse CDF of N (θ|0, 1), probit(p) = Φ−1(p). However, when we say the
probit activation function, what we really mean is f(a) = Φ(a).

One strong assumption both logistic and probit regression make is the ab-
sence of outliers - this implies that the data is correctly labelled and there were
significantly little errors when measuring the inputs. Both are extremely sensi-
tive to outliers, so this is an important distinction, since outliers will have near
unity probabilities and can shift the classifier lines by a lot.

4.3.6 Canonical link functions

We observed before that the gradient of the error function with respect to the
parameter vector so far is given by :∑

n

(yn − tn)ϕn (1060)

This is both a consequence of using exponential family conditional distributions
for the target variable, as well as using a specific activation function that is
related to the canonical link function. We consider exponential family distribu-
tions for the target t:

p(t|η, s) = 1

s
h(
t

s
)g(η) exp{ηt

s
} (1061)

y = E[t|η] = −s d
dη
g(η) =⇒ η = ψ(y) (1062)

The last line comes from the derivations in Chapter 2, where we showed the
moments of the exponential distribution can be represented by increasing gra-
dients of the normalization constants. If now look at the log likelihood using
our defined conditional:

ln p(t|η, s) =
∑
n

{ln g(η) + ηntn
s

}+ const., y = f(wTϕ) = f(a) (1063)

∇ :
∑
n

{ d

dηn
ln g(ηn) +

tn
s
}dηn
dyn

dyn
dan

∇an (1064)

=
∑
n

1

s
{−yn + tn}ψ′(yn)f

′(an)ϕn (1065)
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The crucial part of this derivation is using ψ(y) = η - although we don’t know
the exact form of this equation, knowing that this relation exists allows us to
have the final line. However, if we now choose:

f−1(y) = ψ(y) =⇒ y = f(ψ(y)) =⇒ 1 = f ′(ψ(y))ψ′(y) (1066)

=⇒
∑
n

1

s
{yn − tn}ψ′(yn)f

′(f−1(y))ϕn (1067)

=⇒
∑
n

1

s
{yn − tn}ϕn (1068)

(1069)

Thus, the last step is choosing the particular link function f−1(y) = ψ(y) = η
- this link function allows us to simplify the final gradient of the error function
(uses an exponential family conditional distribution) considerably, and gives
us a universal form. So in general, when we have y = f(wTϕ), and we as-
sume that p(t|..) is given by some exponential distribution, whether that be
p(t|ϕn), p(Ck|ϕn) then we can find the appropriate activation function given
by f−1(y) = ψ(y) = η. Then we can find the activation function f . So this
section describes findings from assuming exponential distributions on target-
conditional, while probit-regression showed that f = σ, softmax when assuming
exponential distributions on the input.

4.4 Laplace’s Approximation

Because the posterior distribution over w is now not analytically intractable,
Bayesian logistic regression is more complex, and we can use Laplace’s approxi-
mation to find Gaussian approximations of probability densities over continuous
variables.

It works by first taking any probability distribution p(z) = 1/Z ∗ f(z), and
centering a Gaussian distribution over it’s mode, where p′(z0) = 0, or

df(z)

dz
|z=z0 = 0 (1070)

ln f(z) ≈ ln f(z0)−
1

2
A(z − z0)

2, A = − d2

dz2
f(z)|z=z0 (1071)

f(z) ≈ f(z0) exp{−
1

2
A(z − z0)

2} =⇒ q(z) = (
A

2π
)1/2f(z) (1072)

Once we found a mode, we know that Gaussian distributions have the property
that they are log-quadratic, so we create a second-order Taylor expansion of
ln f(z) centered at z0, which is known now, to fit the Gaussian form. The LA
hinges on the fact that the stationary point is also a local maximum, won’t
fit to minimums because of shape of Gaussian. This naturally extends to the
multivariate setting as well.

In real-world settings, numerical optimization algorithms are run to find the
mode - we need to also be aware that distributions are most likely multimodal,
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so different modes will have different LAs. However the CLT shows us that
as the dataset gets extremely larger, it will approximate a Gaussian, so LA
becomes more useful. However the LA should be used with the awareness that
it is focuses on local properties and cannot capture global structure.

4.4.1 Model comparison + BIC

We can now also apply LA to model comparison, where again we have some
dataset D and a set of modelsMi, θi that we wish to compare through computing
the model evidences:

p(D|Mi) =

∫
p(D|Mi, θi)p(θi|Mi)dθi (1073)

(1074)

If we now approximate the integrand f(θ) through LA, and notice that f(θ) ∝
f(θ|D), we can center our LA around θMAP , the mode of the posterior distri-
bution to get:

p(D) =

∫
f(θ)dθ = f(θMAP )

∫
exp{−1

2
(θ − θMAP }A(θ − θMAP )dθ (1075)

p(D) ≈ f(θMAP ) ∗
(2π)M/2

|A|1/2
(1076)

ln p(D) ≈ ln p(D|θMAP ) + ln p(θMAP ) +
M

2
ln 2π − 1

2
ln |A| (1077)

The first term represents the log likelihood given as the mode of the poste-
rior distribution, while the last three terms are referred to as Occam’s factor,
penalizing model complexity.

4.5 Bayesian Logistic Regression

Exact Bayesian is intractable – inducing a prior over w is fine, but the likelihood
is a product of nonlinear activation functions, and to find the posterior distri-
bution we need to normalize these over an integral of w, which is intractable.
Similarly, evaluating the predictive distribution is intractable. However, we can
use LA’s to approximate both these distributions.

4.5.1 Laplace’s approximation

Because we are seeking a Gaussian approximation to the posterior, we should
have a Gaussian prior:

p(w) = N (w|m0, S0), p(w|t) ∝ p(t|w)p(w) (1078)

ln p(w|t) = −1

2
(w −m0)

TS−1
0 (w −m0) +

∑
n

{tn ln yn + (1− tn) ln(1− yn)}+ const.

(1079)
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We now need to perform the Laplace approximation - recall the two things we
need are the posterior mode + the Hessian of the log probability evaluated the
mode in order to get the exponential quadratic:

SN = −∇∇ ln p(w|t) = S−1
0 +

∑
n

yn(1− yn)ϕnϕ
T
n =⇒ q(w) = N (w|wMAP |SN )

(1080)

We have now obtained a Gaussian approximation of the posterior.

4.5.2 Predictive distribution

Time to use this to make predictions:

p(C1|ϕ, t) =
∫
p(C1|ϕ,w)p(w|t)dw (1081)

=

∫
σ(wTϕ)N (w|wMAP , SN )dw (1082)

σ(wTϕ) =

∫
δ(a− wTϕ)σ(a)da (1083)

The last step basically rewrites the equality σ(wTϕ) = a so that we can do this:∫
σ(wTϕ)q(w)dw =

∫∫
σ(a)δ(a− wTϕ)q(w)dwda =

∫
σ(a)p(a)da (1084)

p(a) =

∫
δ(a− wTϕ)q(w)dw (1085)

We did this so that we could switch the outer integral dependencies, making
p(a) an inner function with a tractable integral, since we noticed that σ(wTϕ)
depends on w through the projection onto ϕ, the full projection would be (wTϕ)∗
ϕ. We can evaluate p(a) by noticing that it enforces a linear constraint on w
- a = wTϕ and by virtue of it being a dot product, implicitly integrates out
directions that are orthogonal to w while keeping the projections, since any w
can be decomposed into a projection and orthogonal component to ϕ. Since q(w)
is Gaussian, and we’re only integrating out orthogonal components to ϕ, and
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keeping the rest, so p(a) is also a Gaussian, and we can evaluate its moments:

Ep[a] =

∫
p(a)ada =

∫∫
δ(a− wTϕ)q(w)dw ∗ ada =

∫
wTϕq(w)dw = wT

MAPϕ

(1086)

varp[a] =

∫
{a2 − (wT

MAPϕ)
2}p(a) =

∫∫
δ(a− wTϕ)q(w){a2 − (wT

MAPϕ)
2}p(a)dwda

(1087)

=

∫∫
q(w){(wTϕ)2 − (wT

MAPϕ)
2}dw = Eq[ϕ

TwwTϕ]− ϕTwMAPw
T
MAPϕ

(1088)

= ϕT (SN + wMAPw
T
MAP − wMAPw

T
MAP )ϕ = ϕTSNϕ (1089)

=⇒ p(C1|t) =
∫
σ(a)p(a)da =

∫
σ(a)N (a|µa, σ

2
a)da (1090)

We can also directly derive these results by using the result of finding a marginal
distribution from a joint distribution in Chapter 2, see Exercise 4.24. This
integral is still not analytically tractable - we need to take advantage of the
similarities between the logistic sigmoid and the inverse probit function, i.e the
CDF ofN (θ|0, 1). To obtain the best similarities, we approximate σ(a) ≈ Φ(λa),
where the optimal rescaling factor is shown in 4.25. (λ2 = π/8. From exercise
4.26, we see the advantage of using the probit is now that the convolution of a
Gaussian with a probit function is another probit function:∫

Φ(λa)N (a|µ, σ2)da = Φ(
µ

(λ−2 + σ2)1/2
) (1091)∫

σ(a)N (a|µ, σ2)da ≈
∫

Φ(λa)N (a|µ, σ2)da = Φ(
µ

(λ−2 + σ2)1/2)
) ≈ σ(

µ

λ(λ−2 + σ2)1/2
)

(1092)

= σ(µ(1 + λ2σ2)−1/2) = σ(κ(σ2)µ), κ(σ2) = (1 +
πσ2

8
)−1/2 (1093)

So our final predictive distribution is modeled by the last line: p(C1|ϕ, t) =
σ(κa(σ

2
a)µa). The decision boundary for binary classification is given by p(C1|ϕ, t) =

0.5 =⇒ µa = 0, which is the same value when using the wMAP , i.e the orthog-
onal to ϕ. Thus we see that marginalizing over w for the predictive distribution
has no effect, but it will be more apparent when using variational inference.

In summary, when using Bayesian logistic regression we have to make several
applications of LA on the posterior and the predictive distributions, modeling
them as Gaussians to avoid the intractability of integrating over w due to the
appearance of sigmoid functions. Specifically for the predictive distribution, we
need to make a change into the delta integral using the dependence wTϕ =
a, and then also use the approximation ϕ(π2/8 ∗ a) ≈ σ(a) to perform the
convolution of a Gaussian and a sigmoid into the convolution of a probit and
Gaussian.
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Exercises

4.1

So we want to show that intersection of convex hulls is equivalent to linear
inseparability. Let’s prove the first direction. Assume the convex hulls intersect,
such that there exists a vector α, β where αTX = βTY , or equivalently:

z =
∑
n

αnxn =
∑
n

βnyn (1094)

wT z + w0 = wT
∑
n

(αnxn) + w0 (1095)

=
∑
n

αnw
Txn +

∑
n

αnw0 =
∑
n

αn(w
Txn + w0) > 0 (1096)

The last term comes from the convexity property, and if we assume that wTxn+
w0 > 0 from linear separability. However if we do the equivalent with yn, we will
get that wT z+w0 < 0, which leads to a contradiction, so they can’t be linearly
separable. The converse follows from the contrapositive, i.e if the points are
linearly separable then the convex hulls do not have an intersection anywhere.

4.2**

I realize we can’t do Lagrangian optimization, because this constraint is placed
on the target vectors of the training set and not the actual parameters. We
could instead look at equation (4.18):

aT tn + b = 0 =⇒ aTT = −b ∗ 1 =⇒ TTa = −b (1097)

aT y(x) = aTTT (XTX)−Tx = −bT (XTX)−Tx (1098)

= −xT (XTX)−1b (1099)

4.4

We are maximizing this function:

wT (m2 −m1) +
λ

2
(1− wTw) (1100)

∇ : (m2 −m1)
T − λwT = 0 =⇒ w =

1

λ
(m2 −m1) (1101)
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4.5

Rewriting the Fisher criterion:

J(w) =
(m2 −m1)

2

s21 + s22
(1102)

=
(wT (m2 −m1))

2∑
n(w

Txn −m1)2 +
∑

n(w
Txn −m2)2

(1103)

=
wT (m2 −m1)(m2 −m1)

Tw∑
n w

T (xn −m1)2 +
∑

n w
T (xn −m2)2

(1104)

=
wTSBw

wTSWw
(1105)

4.6

After we complete the squares, we will get the terms for SW and then SB with
the multiplicative value on it, I just think this is not that worth it in terms of
learning, just straight grinding algebra.

4.7

1− σ(a) = 1− 1

1 + exp(−a)
=

exp(−a)
1 + exp(−a)

=
1

exp(a) + 1
= σ(a) (1106)

To find the inverse:

y = σ(a) =
1

1 + exp(−a)
(1107)

1− 1

y
= − exp(−a) (1108)

ln
1− y

y
= −a =⇒ ln

y

1− y
(1109)

4.8

Pretty straightforward, wrote it out in the notes but it’s just the quadratic
terms canceling out then the difference between the means, all the constant
parameters go to w0.
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4.9

If we first write out the normal likelihood, and then the log likelihood:

p(t|X,ϕ) =
∏
n

∏
k

[p(xn|Ck)p(Ck)]
tnk (1110)

ln p(t|X,ϕ) =
∑
n

∑
k

[tnk{ln p(ϕn|Ck) + lnπk}] (1111)

(1112)

We add the summation constraint here, which was implicit in the two-class case,
but now we need to add:

ln p(t|X,ϕ) + λ(1−
∑
k

πk) (1113)

∇ :
∑
n

tnk
πk

= λ (1114)∑
n

tnk = λπk (1115)

∑
n

∑
k

tnk = λ
∑
k

πk =⇒ λ = Nk =⇒ πk =
Nk

N
(1116)

4.10

The log likelihood is given by:

ln p(t|X,µ,Σ) =
∑
n

∑
k

tnk[lnN (ϕ|µk,Σ) + ln p(Ck)] (1117)

The only dependence on the mean comes through the Gaussian:

−1

2

∑
n

∑
k

tnk[(ϕn − µk)
TΣ−1(ϕn − µk)] + const. (1118)

∇µk :
∑
n

tnkΣ
−1(ϕn − µk) = 0 =⇒

∑
n

tnkϕn =
∑
n

tnkµk (1119)

1

Nk

∑
n

tnkϕn = µk (1120)
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For the covariance, we just need to collect the terms it is dependent on:

−1

2

∑
n

∑
k

tnk ln |Σ| −
1

2

∑
n

∑
k

tnk(ϕn − µk)
TΣ−1(ϕn − µk) (1121)

= −N
2
ln |Σ| − 1

2

∑
n

∑
k

tnkTr{Σ−1(xn − µk)(xn − µk)
T } (1122)

= −N
2
lnΣ| − N

2
Tr{Σ−1 1

N

∑
k

∑
n

tnk(xn − µk)(xn − µk)
T } (1123)

= −N
2
lnΣ| − N

2
Tr{Σ−1

∑
k

Nk

N

1

Nk

∑
n

tnk(xn − µk)(xn − µk)
T } (1124)

= −N
2
lnΣ| − N

2
Tr{Σ−1

∑
k

Nk

N
Sk} (1125)

(1126)

And then solving for the maximum through precisions is easy.

4.11

So if we have a classification problem with K possible states, where the input
vectors are each M -dimensional and each dimension has a L-multinomial dis-
tribution of , and we use the Naive Bayes Model, so that on each dimension in
the input ϕ, but since this factors over the M -dimensions, we can use the same
class-conditional densities. The likelihood is given by:

p(ϕ|Ck) =

M∏
i=m

p(ϕm|Ck) =

M∏
m

L∏
l

µϕml
kml (1127)

ak = ln p(ϕ|Ck) + ln p(Ck) (1128)

=

M∑
m

L∑
l

ϕml lnµkml + ln p(Ck) (1129)

4.12

σ(a) =
1

1 + exp(−a)
(1130)

d :
exp(a)

(1 + exp(−a))2
= (1− σ) ∗ σ (1131)

4.13

Solved through the notes
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4.14

The maximum likelihood solution is given by:

∇E(w) =
∑
n

(σ(wTx)− tn)ϕn = 0 (1132)

If the data points are linearly separable, then we can set ϕ(x) = x, and then
fit the line such that wTx = 0, since we can first set it to 0.5 and then shift
it down. Because ϕ(x) = 0 will be the decision boundary, and p(C1|x) =
σ(wTϕ), p(C2|x) = 1− σ(wTϕ), since the points are already linearly separated,
you can just maximize |w| → ∞ without consequence.

4.15

H = ΦTRΦ, uTHu = vTRv, v = Φ, (1133)

Rnn = yn(1− yn) > 0∀n, =⇒ uTHu = vTRv > 0 (1134)

From this we see that the error function is a convex function.

4.16

If we set y = σ(wTϕ), then our likelihood is given by:

p(t|ϕ) =
∏
n

yπnn (1− yn)
1−πn (1135)

The log likelihood follows.

4.17

yk =
exp(ak)∑
j exp(aj)

(1136)

∇aj :
Ikj exp(ak)

∑
j exp(aj) + exp(ak) exp(aj)

(
∑

j exp(aj))
2

(1137)

= Ikjyk − ykyj (1138)

4.18

Done through the notes

4.19**

We need to first write out the log likelihood of using the probit regression, which
is in the binary case. The only change here is that:

yn = f(wTϕn) = Φ(wTϕn) (1139)

∂yn
∂w

=
∂

∂w

∫ wTϕn

−∞
N (θ|0, 1)dθ = N (wTϕn|0, 1)ϕn (1140)
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E(w) = − ln p(t|ϕ) = −
∑
n

tn lnΦ(w
Tϕn) + (1− tn) ln(1− Φ(wTϕn)) (1141)

∇E(w) = −
∑
n

tn
yn

(N (wTϕn|0, 1) ∗ −ϕnϕTnw) +
1− tn
1− yn

N (wTϕn|0, 1) ∗ −ϕnϕTnw

(1142)∑
n

tncn
yn

− (1− tn)cn
1− yn

=
∑
n

(tn − yn)cn
yn(1− yn)

(1143)

4.20

For the Hessian matrix, let’s consider the cases where k = j and k ̸= j:

uTHu = uT (
∑
n

ynk(1− ynk)ϕnϕ
T
n )u (1144)

This form is the exact same as the matrix R, where H = ΦTHΦ so we already
know this is PD from a previous exercise. When they are not equal:

uTHu = uT (
∑
n

−ynkynjϕnϕTn )u (1145)

= uTΦTAΦu,Ann = −ynkynj (1146)

Since this follows a 1-of-K coding scheme, the diagonals of A are always going
to be 0, so uTHu = 0 and H is PSD for the block matrices. When we expand
to the larger (MK, MK) matrix, we see that the off diagonal entries will give 0,
and the diagonal block entries will be positive, thus the Hessian is PD.

4.21**

Show the relation between the inverse probit and the error function:

1

2
{1 + 1√

2
erf(a)} (1147)

=
1

2
+

1

2
√
2

2√
π

∫ a

0

exp(−θ2)dθ (1148)

θ =
u√
2

=⇒ dθ =
1√
2
du (1149)

=
1

2
+

1

2
√
π

∫ √
2a

0

exp(−u2/2)du =
1

2
+

1

2
√
π
(

∫ √
2a

−∞
exp(−u2/2)du−

∫ 0

−∞
exp(−u2/2)du)

(1150)

=
1

2
+

1

2
√
π
(

∫ √
2a

−∞
exp(−u2/2)du−

√
2π) (1151)
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4.22

Finished through the model notes

4.23

Take the assumption that the Hessian has full rank.

ln p(D) ≈ ln p(D|θMAP ) + lnN (θMAP |m0, V0) +
M

2
ln 2π − 1

2
ln |H| (1152)

= ln p(D|θMAP )−
M

2
ln 2π − 1

2
ln |V0| −

1

2
(θMAP −m0)V

−1
0 (θMAP −m0) +

M

2
ln 2π − 1

2
ln |H|

(1153)

= ln p(D|θMAP )−
1

2
(θMAP −m0)V

−1
0 (θMAP −m0)−

1

2
ln |H|+ const.

(1154)

≈ ln p(D|θMAP )−
1

2
ln |H| (1155)

By assuming the data is IID and hessian is full rank, then

H =
∑
n

−∇∇ ln p(xn|θMAP ) (1156)

H =
∑
n

Hn = NH̄ =⇒ ln |H| = ln |NH̄| =M lnN +M ln |H̄| (1157)

So we substitute this in. I kind of think this is a very wishwashy argument to
derive the BIC, but oh well, it helps us see that with more data points N and a
fixed M , our evidence goes down by lnN , i.e underfitting, and with a fixed N
and increasing M it is over-fitting. What is interesting though is that evidence
goes down when both M,N increase.

4.24

p(a) =

∫
δ(a− wTϕ)N (w|wMAP , SN )dw (1158)

If we use the joint distribution N (w|wMAP , SN ), and only use points in w s.t
wTϕ = a, then we have:

p(a) = p(wTϕ) = N (wTϕ|wT
MAPϕ, ϕ

TSNϕ) (1159)

Basically we are only finding the points that are on the line wTϕ = a, so the
mean will just be getting the mean we have right now and applying wT

MAP - the
orthogonal portions get integrated out anyways. FOr the covariance, we have
the covariance in w is SN - when we project onto ϕ:

SN = E[wwT ]− E[w]E[w]T (1160)

ϕTSNϕ = ϕTE[wwT ]ϕ− ϕTE[w]E[w]Tϕ (1161)

We can interchange E, ϕ given they are both linear operators and then the
equivalence is shown.
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4.25

We want to make the derivatives equal at 0, because this is crucially where the
most change happens - at the tails as we go past [-1, 1], the functions both peter
out:

σ′(0) = Φ′(0), σ(0) =
1

2
(1162)

σ′(a) = σ(1− σ),Φ′(λa) = λN (λa|0, 1) (1163)

σ′(0) =
1

4
=

λ√
2π

exp{−λ
2a2

2
} =

λ√
2π

=⇒ λ =

√
2π

4
=⇒ λ2 =

π2

8
(1164)

4.26

By substituting in the probit approximation for a logistic sigmoid function, we
have ∫

Φ(λa)N (a|µ, σ2)da = Φ(
µ

(λ−2 + σ2)1/2
) (1165)

To show this equality, the book instructs to show the derivatives with respect
to µ are equal, then integrate and show the constant of integration vanishes.
The RHS derivative is simple, it becomes

d

dµ

∫ cµ

0

N (θ|0, 1)dθ = cN (cµ|0, 1) (1166)

1

(λ−2 + σ2)1/2
N (

µ

(λ−2 + σ2)1/2
|0, 1) (1167)

LHS, we do a COV a = µ+ σz:

d

dµ

∫
Φ(λµ+ λσz)N (µ+ σz|µ, σ2)dz (1168)

=
d

dµ

∫
Φ(λµ+ λσz)N (z|0, 1)dz (1169)

=

∫
λN (λµ+ λσz|0, 1)N (z|0, 1)dz (1170)

Now we need to complete the square:

−1

2
(λµ+ λσz)2 − 1

2
z2 (1171)

= −1

2
[(z2(1 + λ2σ2)− 2z(λ2µσ) + λ2µ2] (1172)

= − (1 + λ2σ2)

2
(z − λ2µσ

1 + λ2σ2
)2 − 1

2
λ2µ2 +

1

2

λ4µ2σ2

(1 + λ2σ2)
(1173)
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The z-portion normalizes out, and then we can get the new integral value:

λ(
1√

2π(1 + λ2σ2)1/2
) exp{−1

2
[λ2µ2 − λ4µ2σ2

(1 + λ2σ2)
]} (1174)

=
1√
2π

1

[λ−2(1 + λ2σ2)1/2]
exp{−1

2
[µ2(λ2 − σ2λ4

(1 + λ2σ2)
)]} (1175)

=
1√
2π

1

[λ−2(1 + λ2σ2)1/2]
exp{−1

2
[µ2(

λ2

(1 + λ2σ2)
)]} (1176)

= N (
µ

(λ−2 + σ2)1/2
|0, 1) 1√

2π
(1177)

Chapter Recap

This chapter extends our tools of regression to the case of classification, calling it
logistic regression. However, in the case of classification, we have three different
approaches - linear discriminant functions, probabilistic generative functions,
and probabilistic discriminant functions.

The linear discriminant approach is finding different ways of fitting linear
parameters w onto the dataset, on the condition that the dataset is linearly
separable. We showed that in a D-dimensional dataset, the D−1 dimensional
hyperplanes are the parameters we are trying to fit, and we can show a ver-
sion of least squares for classification when we don’t apply any transformations
to the dataset. We then looked at Fisher’s discriminant, which describes the
Fisher criterion, a metric we maximize that will implicitly minimize intra-class
variance and maximize inter-class variance and give a projection matrix - by pro-
jecting onto this linear w that we get from optimizing, we can perform linear
discriminant fitting again. The multiple class extension is straightforward.

Next, we looked at optimizing through Bayesian probabilities - the generative
model. Here, we model a prior and a likelihood to get an equation for the
posterior - by fitting certain distributions, we can get p(Ck|x) = σ(wTx + w0)
or equivalently for the softmax function, so our activations become linear by
taking the logs of combinations of p(x|Ck)p(Ck) - so this way we first find the
maximum likelihood of the parameters of our likelihoods, and then plug in those
parameters for the equation that relates them to w. This linear dependence
between the parameters and activations actually comes from the fact when
modeling p(x|η, s) by the exponential family.

Next, we looked at probabilistic discriminative methods - now we directly
model the p(Ck|x) = σ(wTϕ), same for softmax. The key difference here is
that we transform using ϕ basis functions now, instead of finding an explicit
dependence through prior and likelihood multiplications - this is a direct form
of optimizing a probabilistic discriminant function, and is known as logistic re-
gression. We looked at IRLS, which uses the Newton Method, an approximate
quadratic method to optimize the likelihood, because we have a nonlinear de-
pendence through the sigmoid function now. This is a generalization of vanilla
least-squares, and is used in cases of heterodasticity (input-dependent variance).
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Because of the non-linearity, it is iterative, and we also get a different target
value - it acts as an effective target value now in the activation space now,
a = wTϕ. Since we are trying to find optimal projections, we move along the
gradient of the error yn − tn, weighted by the local linear approximation to
the nonlinear sigmoid function, and we move our activation function that way,
which implicitly moves the w parameter since the basis functions are fixed.

Multiclass logistic regression follows the same general formula for IRLS -
we find the gradient and the Hessian substitute them into the equation, it’s
just symbolically different. We also looked at Probit regression, which gives a
different type of activation function that takes the form of the Gaussian CDF,
and is equivalent to a noisy threshold RELU with varying parameter θ. Lastly,
we looked a t canonical link functions which arise when we set p(Ck|η, s) to the
exponential family - this allows us to find the relation f−1(y) = η =⇒ y = f(η),
so it shows that the activations are always the moments of the conditional
distribution.

Laplace’s approximation gave us a method of approximating unknown distri-
butions around their modes, which can be found through numerical optimization
algorithms, they must be maximums to fit the Gaussian approximation. We per-
form a second-order Taylor expansion around the log probability at the mode,
and taking the exponential gives us an exponential quadratic, i.e a Gaussian.
We then showed an application of LA to model comparison, where we estimated
the model evidence and drew a very rough approximation:

ln p(D) = ln p(D|θMAP )−M lnN (1178)

.

Chapter 5: NN (incomplete)

Problem 5.2

Show that maximizing the likelihood function under the conditional distribution
for a multioutput neural network is equivalent to minimizing the sum-of-squares
error function.

The conditional distribution is
p(tn|x, w) = N (tn|y(x,w), β−1)
and the conditional likelihood is
p(T|x, w) =

∏N
i=1 N (tn|y(xn,w), β−1)

ln p(T|x,w) =
∑N

i=1 lnN (tn|y(xn,w), β−1) =
∑N

i=1 −
D
2 ln 2π − 1

2 lnβ −
β
2 ||y(xn,w)− tn||2

We can show the equivalence when we maximize the log likelihood by taking
the gradient of the parameters w and setting it equal to zero, so after a gradient
is taken it will only depend on terms that are functions of w, so the first two
terms are constants, and the β

2 term is a multiplicative constant on the third

term. ln p(T|x,w) =
∑N

i=1 const −
β
2 ||y(xn,w)− tn||2. Because β > 0 and

multiplying by a positive constant does not affect maximizing the function,
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so we can divide it out. Then the log likelihood is equivalent to the sum of
squares error function, just with a sign change. This sign change tells us that
maximizing the log likelihood is equivalent to minizming the sum of squares
error, since min f(x) = max−f(x).

Problem 5.5

Show that maximizing likelihood for a multiclass neural network model in which
the network outputs have the interpretation yk(x,w) = p(tk = 1|x) is equivalent
to the minimization of the cross-entropy error function.

p(tk = 1|x) = yk(x,w) and p(tk = 0|x) = 1− yk(x,w).
Then for a multiclass neural network model, the formulation of the likelihood

is
p(t|x,w) =

∏N
i=1

∏K
k=1 yk(xn,w)

tnk∗(1−yk(xn,w))1−tnk , where tk ∈ {0, 1}.
ln p(t|x,w) =

∑N
i=1

∑K
k=1{tnk ln yk(xn,w) + (1 − tnk) ln(1 − yk(xn,w))},

where tk ∈ {0, 1}.
The loss function is equivalent to the negative log likelihood, so when we

maximize the log likelihood we minimize the loss function.
E(w) = −

∑N
i=1

∑K
k=1{tnk ln yk(xn,w)+ (1− tnk) ln(1− yk(xn,w))}, which

is the cross entropy error function. Log likelihood maximization is equivalent
to cross entropy minimization because making the log likelihood larger, by the
sign change, will cause the error function to decrease.

Chapter 6: Kernel Methods

Kernel method describe the class of pattern recognition techniques where a sub-
set or the entire training data set is kept and used during the prediction phase,
like the Parzen density estimator. This allows for easier ’training’ but longer in-
ference. Many linear parametric models can be re-cast into their equivalent dual
representation, where predictions are linear combinations of a kernel function
k(x, x′). The idea of the kernel is an inner product in basis feature space, which
allows us to use the kernel trick/substitution. Here, if we have an algorithm
where the basis function only acts on scalar products of the input vector, then
we can reformulate that scalar product with some choice of kernel.

6.1 Dual Representations

Reformulating previous parametric models as kernels:

J(w) =
1

2

∑
n

{wTϕ(xn)− tn}2 +
λ

2
wTw (1179)

We’re going to motivate the dual representation by showing that we can sub-
stitute in the minimizing solution for w in terms of the basis functions to get a
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new error function:

∇ :
∑
n

{wTϕ(xn)− tn}ϕ(xn) + λw = 0 (1180)

w = − 1

λ

∑
n

{wTϕ(xn)− tn}ϕ(xn) =
∑
n

anϕ(xn), an = − 1

λ
{wTϕ(xn)− tn}

(1181)

w = ΦTa =⇒ J(a) =
1

2

∑
n

{aTΦϕ(xn)− tn}2 +
λ

2
(aTΦΦTa) (1182)

=
1

2

∑
n

aTΦϕ(xn)ϕ(xn)
TΦTa− 2aTΦϕ(xn)tn + t2n +

λ

2
(aTΦΦTa) (1183)

=
1

2
aTΦΦTΦΦTa− 2aTΦT t+

1

2
tT t+

λ

2
(aTΦΦTa) (1184)

If now introduce our ’kernel matrix’, i.e the Gram matrix: K = ΦΦT , which is
a (N,N) symmetric matrix with elements

Knm = ϕ(xn)
Tϕ(xm) = k(xn, xm) (1185)

J(a) =
1

2
aTKKa− aTKt+

1

2
tT t+

λ

2
aTKa (1186)

∇a : KKa−Kt+ λKa = 0 =⇒ Ka− t+ λa = 0 =⇒ (K + λI)a = t =⇒ a = (K + λI)−1t
(1187)

=⇒ y(x) = wTϕ(x) = aTΦϕ(x) = tT (K + λI)−TΦϕ(x) = ϕ(x)TΦT (K + λI)−1t
(1188)

= k(x)T (K + λI)−1t, kn(x) = k(xn, x) (1189)

The dual formulation naturally introduces the kernel function, and we also see
the solution to the least squares problem can be fully expressed in terms of
the kernel function as well. This is a dual problem because we can show that
finding the minimizing solution for a will result in the original formulation in
terms of w. The dual formulation requires us to invert a (N,N) matrix, while
the least-squares original requires us to invert a (M,M) matrix - in most cases
where N >> M this doesn’t seem useful - however the ability to project into a
feature space will show that we can go to infinite dimensionalities.

6.2 Constructing Kernels

The book here defines a lot of structures and ’kernel engineering’, but I was more
interested in the analysis, so let’s just look at the requirements for a kernel to
be valid:

1. Must be able to be represented as some sort of scalar product in feature
space

2. The Gram matrix must be positive semidefinite
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3. k(x, x′) = k(x′, x)

Here the book gives a few examples of some common kernels, i.e the Gaussian
kernel, which behaves the same as the Gaussian but does not require normal-
ization:

k(x, x′) = exp(−∥x− x′∥2 /2σ2) (1190)

We can also expand this to the nonlinear kernel case, as well as symbolic inputs
- kernel inputs can be extended to diverse objects like graphs, sets, strings,
text documents, as long as they fit the relatively weak constraints of being a
symmetric inner product. An example on sets is:

k(A1, A2) = 2|A1∩A2| (1191)

Another powerful application of Kernels is through constructing kernels from
probabilistic generative models, and then applying them in a discriminative
fashion, as a best of both worlds. Given some generative distribution p(x),
k(x, x′) = p(x)p(x′) - so the kernel will be high, i.e similar when both values have
high probabilities. We can extend this idea to both the discrete and continuous
latent variable cases as well, since linear combinations of kernels remain valid:

k(x, x′) =
∑
i

p(x|i)p(x′|i)p(i) (1192)

k(x, x′) =

∫
p(x|z)p(x′|z)p(z)dz (1193)

For an application, imagine we have some sort of discretized sequential data,
X = {x1, ..xL} that we fit a HMM on. We formalize the generative distribution
p(X) from the Markov model by marginalizing over all the latent variables:∑

Z p(X,Z) = p(X). If we now extend the mixture representation with discrete
latent variables, we get a kernel:

k(X,X ′) =
∑
Z

p(X|Z)p(X ′|Z)p(Z) (1194)

By using the kernel function, we can have generative models give interpretable
values that can be used to make directions, perhaps by taking a new data point
and iterating over a subset of the training data to find similarity scores.

Another way to utilize generative models in kernel functions is given by the
Fisher kernel. If we have a generative model p(x|θ), we can take the gradient
with respect to θ to get a new ’feature’ space with the same dimensionality,
called the Fisher score:

g(θ, x) = ∇θ ln p(x|θ) (1195)

k(x, x′) = g(θ, x)TF−1g(θ, x′), F = Ex[g(θ, x)g(θ, x)
T ] (1196)

noninvariant to nonlinear: k(x, x′) = g(θ, x)T g(θ, x′) (1197)
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The book doesn’t go too much more into this, but the motivation for the Fisher
information matrix is that it allows the kernel to be invariant under nonlinear
transformations θ → ψ(θ). It essentially acts as a normalizer / whitener, since
it is analogous to the covariance matrix over the distribution.

6.3 Radial Basis Function Networks

Exercises

6.1

So we’re reversing the formulation now. We need to first express the solution
for a in terms of ϕ(xn) linear combinations. I was slightly confused on how
to approach this one, so I looked at the solutions - instead of looking at the
minimizing solution, look at the J(a) function - notice the dependence only
comes through Ka. K is a (N,N) matrix, but in most cases N >> M , so
it is rank deficient and any vector a can be decomposed into the sum of a
vector in K’s null space and row-space. Each of K’s rows are given by: Kn,: =
ϕ(xn)

TΦT , so a linear combinations of these is just a linear combination of the
basis functions:

an =
∑
i

uiϕ(xn)
TΦT = (1198)

Chapter Recap

Chapter 8: Graphical Models

Probabilistic graph models are a powerful tool to perform inference and learning,
as well as glean the conditional independence properties of any probabilistic
model. An important note is that all the probabilistic models discussed in
this book can be described by the sum and product operations on probabilistic
variables, which graphs handily represent.

8.1 Bayesian Networks

Bayesian networks are directed probabilistic graphs and are useful for express-
ing causal relationships between random variables, and express general joint
distributions, like

p(a, b, c) = p(c|a, b)p(b|a)p(a) (1199)

This graphical model can be represented by three nodes a,b,c, with arrows out
of a point to b and c, and an arrow pointing from b to c. If we extend this to K
variables, then we can repeatedly apply the product rule to decompose it into

p(x1, ..xK) = p(xK |x1, ..xK−1) ∗ p(x2|x1)p(x1) (1200)

137



The graphical model is called a fully connected graph, because each node has a
link from all of the previous nodes and will also connect to all the future ones.
In general, the joint distribution for a graphical model is given as

p(x) =

K∏
k

p(xk|pak) (1201)

This expresses the factorization properties of the joint distribution for a Bayesian
network, and we can also show that the distribution is correctly normalized if
each of the factor distributions are normalized. Bayesian networks hold an
important restriction that they must be directed acyclic graphs, in other words,
there exists an ordering of the nodes to ensure that there are no links pointing
from a higher-numbered node to a lower-numbered node.

8.1.1 Polynomial Regression

We can view some examples of expressing common probabilistic models in this
book as graphical models, beginning with polynomial regression. If we have
target variables and input data t1, ..tN , x1, ..xN , with our parameters w which
has a Gaussian prior, the joint distribution is given by

p(t, w) = p(w)
∏
n

p(tn|w) (1202)

This graphical model is a node w with links pointing to all the target variables.
If we make the likelihood function more explicit by detailing its parameters, we
get

p(t, w) = p(w|α)
∏
n

p(tn|w, xn, σ2) (1203)

An important note is that in the graph, random variables are given larger circles
while determinstic parameters are given small black circles. Also, observed
random variables are shaded in. We can find an expression for the predictive
distribution as well, by setting up another node representing t̂ and pointing the
deterministic parameters into that node.

8.1.2 Generative Models

One way to draw samples from graphical models is through ancestral sampling.
If we consider the DAG joint distribution p(x1, ..xK) again, we just start from
the lowest numbered node x1 and sample up to xk. Then we get the joint
distribution and the marginal distribution for free as well, where we just discard
values we don’t want. In practical applications, the ’lower-numbered’ nodes will
be latent variables, and the end nodes will usually be observed variables. The
primary goal of these graphs where we ’decompose’ into latent variables is to
express the conditional distributions of the observed variables as factorizations
of simpler exponential distributions.
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Generative models are nicely represented by graphical models because we
can use techniques like ancestral sampling to mimic the creation of the data
distribution, which give us insight into both the probability distribution the
graphical model represents as well as the data distribution.

8.1.3 Discrete Variables

When the relationships/conditional distribution of the links in a graphical model
are conjugate, this allows us to construct arbitrarily complex, hierarchal graphs,
since the form of the distribution remains unchanged. Two cases are interesting
- the first being the discrete conditional.

In the simple case of one discrete variable, we have

p(x|µ) =
∏
k

µxk
k ,

∑
k

µk = 1 (1204)

and the constraint only allows us to have K − 1 parameters. If we had a
joint distribution p(x1, x2..xk|µ), then the number of parameters would scale
exponentially as KM − 1, since the sum to one constraint allows the -1.

There are some nuances as we modulate the number of possible links in
the graph. In the fully connected case, the number of parameters scales ex-
ponentially, like before, and in the fully independent case we have M(K − 1)
parameters for M nodes, so it scales linearly. In the in-between, there is a
trade-off between expressivity of the graph and the number of parameters. For
example in a chain of M discrete nodes, each node only depends on the node
behind it, so that’s K(K − 1) parameters per node. The starting node only has
K − 1 parameters, so this scales quadratically.

To expand our discrete model to the Bayesian setting, we can introduce
Dirichlet distributions of K size, which have parameters µ to describe the prob-
abilities for each of the 1-of-K states a variable can take. We can also perform
tying of parameters (parameter sharing) to make conditional distributions equal
across nodes and reduce parameter scaling even more.

A last form of controlling the exponential growth associated with discrete
variables is to use parameterized representations of the binary, 1-of-K multino-
mial distributions, by just attaching a w parameter vector, and then using some
nonlinear function,

p(y = 1|x1, ..xM ) = σ(wTx) (1205)

Normally this would have 2M parameters to represent all the possible x input
states, but now it is linear.

8.1.4 Linear Gaussian Models

Linear Gaussian models in probabilistic graphs basically mean that p(xi|pai) is
a Gaussian distribution whose mean is a linear combination of the states of its
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parent nodes.

p(xi|pai) = N (
∑
j∈paj

wijxj + bi, vi) (1206)

We can then express the log joint distribution as

ln p(x) =
∑
i

ln p(xi|pai) (1207)

= −
∑
i

1

2vi
(xi −

∑
j∈pai

wijxj − bi)
2 + const. (1208)

Taking this in vector form, or just looking at the equation, this is a quadratic
function over the components of the vector x, so this is a multivariate Gaussian
distribution.

We can determine the mean and covariance of the joint distribution by fol-
lowing a technique similar to ancestral sampling, since each E[xi] can be ex-
pressed as a linear combination of its parents, E[xj ]. So we just start from the
oldest nodes and then recursively work through the graph. Similarly for the
covariance, we can express it between two nodes as

cov[xi, xj ] = E[(xi − E[xi])(xj − E[xj ])] (1209)

= E[(xi − E[xi])(xj −
∑

k∈paj

wjk(xk − E[xk]) +
√
vjϵj ] (1210)

=
∑

k∈paj

cov[xi, xk] + Iijvj (1211)

Where ϵi is zero mean, unit variance Gaussian variable that we substitute in to
make the equation easier to read, with E[ϵi] = 0, E[ϵiϵj ] = Iij So the covariance
between two nodes again depends on the parents of the nodes, so we can recur-
sively solve. The linear-Gaussian model allows us to interpret different graphs
as special cases of Gaussian distributions.

In the case of D isolated nodes, there are no linear combinations of parents,
so there are just D vi variance parameters, and there are D bi bias parameters,
which corresponds to 2D parameters, and an isotropic multivariate Gaussian
distribution. In the case of a fully connected graph, the matrix W describing
the weights is a lower diagonal, since each row i has i−1 entries for all its previous
parents. With the additional variance parameters, this creates a full symmetric
covariance matrix. Any graph with intermediate complexity between these two
extremes correspond to Gaussian distributions with some partially constrained
covariance matrices. We can also extend this to where the node conditional
distributions themselves are also multivariate Gaussian distributions:

p(xi|pai) = N (xi|
∑
j∈pai

Wijxj + bi,Σi) (1212)
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8.2 Conditional Independence

If two variables are conditionally independent, i.e a ⊥⊥ b|c, it means that

p(a|b, c) = p(a|c) =⇒ p(a, b|c) = p(a|c)p(b|c) (1213)

When a is conditioned on the value of c, it does not depend on the value of
b. Since graphical models are built on top of conditional probabilities, con-
ditional independence is an important tool we can use to inspect the graph’s
properties. It can be calculated using sum and product rules but on extremely
large graphs this is extremely tedious and time-consuming. This motivates the
concept of d-separation. After we define a few basic rules to determine condi-
tional independence on some example graphs, we will see that d-separation is an
extremely useful framework to read off conditional independence from graphs
without performing any formulas.

8.2.1 Three Example Graphs

We are going to look at three-example graph to understand the different types
of links that can originate in directed graphs and what they imply about
conditional independence.

Tail-to-Tail: Let’s first have a probabilistic graph described by

p(a, b, c) = p(a|c)p(b|c)p(c) (1214)

When none of the variables are observed, to determine a ⊥⊥ b|c, we have to
marginalize over all variables of c,

p(a, b) =
∑
c

p(a|c)p(b|c)p(c) = p(a)
∑
c

p(b|c) ̸= p(a)p(b) (1215)

So conditional independence does not hold. However, if we now condition on
the variable c, we do not need to marginalize, because c is always known, so we
can use the product rule of probability to write

p(a, b|c) = p(a, b, c)

p(c)
=
p(a|c)p(b|c)p(c)

p(c)
(1216)

= p(a|c)p(b|c) (1217)

So by conditioning on the observed value of c, we get a ⊥⊥ b|c. In a graphical
interpretation, as seen in the figure above, if we observe the path from a to
b, it must go through c. The node c is tail-to-tail with respect to this path,
and when it is not observed, this path is valid and makes a and b dependent.
However, when c is observed, it essentially blocks the path, because it now has
a fixed value and a and b become conditionally independent.
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Head-to-Tail: This next graph above describes the head-to-tail situation
now, where we always first set as the conditioning variable. Observe that c,
with respect to the path from a to b is head-to-tail, since it is connected to the
head of the arrow from a, and the tail of the arrow to b. The joint dist can be
written as

p(a, b, c) = p(a)p(c|a)p(b|c) (1218)

When c is unobserved, we can marginalize over this to get

p(a)
∑
c

p(c|a)p(b|c) = p(a)
∑
c

p(b, c|a) = p(a)p(b|a) ̸= p(a)p(b) (1219)

So a ⊥⊥ b|∅, i.e they are not in general independent. If we again condition on
observed variable, then we get that

p(a, b|c) = p(a, b, c)

p(c)
=
p(a)p(c|a)p(b|c)

p(c)
(1220)

=
p(a, c)p(b|c)

p(c)
= p(a|c)p(b|c) (1221)

So a ⊥⊥ b|c, and thus for a node c that is head-to-tail with respect to a path, when
you observe this variable the path blocks, creating conditional independence.
Head-to-Head in our last case, the probability graph is variables a and b with
no link between them, and both having a link towards c, so the joint distribution
is

p(a, b, c) = p(a)p(b)p(c|a, b) (1222)
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In the case that c is unobserved, we need to marginalize over all c, and then we
will get p(a, b) = p(a)p(b), so a ⊥⊥ b|∅. When we now have an observed value of
c and condition on it:

p(a, b|c) = p(a, b, c)

p(c)
=
p(c|b, a)p(b)p(a)

p(c)
̸= p(a|c)p(b|c) (1223)

So now a ̸ ⊥⊥b|c. So in this case, it’s the opposite - when a node is head to head
for a path, when it is unobserved there is independence and when it is observed
there is independence. This kind of makes intuitive sense: in the head-to-head
case, c is a child of both a and b, so when it is unobserved there should be
no dependence between them, but when c is observed, changing the value of b
can’t change the value of c, so it should propagate the effect to a.

To expand this head-to-head case, it will also become unblocked if either
the current node or any of the descendants of c become observed, since we are
basically just connecting more head-paths to get to further descendants of c.

8.2.2 D-separation

We now introduce the general statement for D-separation which allows us to
determine conditional independence. If we have a general DAG with noninter-
secting sets of nodes A,B,C, we wish to determine if A ⊥⊥ B|C is implied by the
graph, and to do this we need to consider all paths from a → b,∀a ∈ A, b ∈ B.
Any of these paths are blocked if along this path:

1. There is a node c ∈ C such that it is either head-to-tail or tail-to-tail with
respect to the path

2. There ̸ ∃c ∈ C such that c, or any of c’s descendants are head-to-head
with respect to the path

Why these conditions? If c is an observed variable, this ensures that all possi-
ble paths are blocked. In the first case, any head-to-tail or tail-to-tail path is
considered blocked when c is observed. In the second case, if c is observed, any
head-to-head node unblocks the path, so we want to ensure that none of those
are in the path. So these simple requirements ensure A ⊥⊥ B|C when c ∈ C
value is observed.

To include parameters/hyperpriors like α, σ2 in the model, they also behave
like observed nodes, but because they will always be tail-to-tail with respect
to any path (since they have no parents), they are always blocking and do not
affect the outcome.

A nice example of d-separation can be given by finding the posterior distri-
bution for the mean of a Gaussian with respect to i.i.d data. The graph is given
by a plate of xn, with p(xn|µ), p(µ). In practical applications, the xn are all ob-
served and we are trying to infer µ. If we now make µ the conditioning variable,
and we observe it, we notice that µ is tail-to-tail with respect to any observed
path between xi, xj , so all of them are conditionally independent, giving the
i.i.d assumption.
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Naive Bayes: Another similar graphical structure is the naive Bayes classi-
fication model, where we use conditional independence. If we have an observed
variable x = (x1, ..xD)T that we are trying to assign to one of K classes, we can
introduce a latent variable z that follows a 1-of-K coding scheme to represent
each of the K classes. We can also introduce a multinomial distribution prior
p(z|µ) so that µk = p(Ck), each component of µ represents the prior probabil-
ity for the kth class. Finally, given our latent variables we can construct the
conditional p(x|z). This is given in the graph: Using this graph, we can see that

conditioning on the observed value z will make all the observed xn conditionally
independent from each other, since it blocks the tail-to-tail path. If we instead
marginalize out z, this is equivalent to leaving it unobserved, which unblocks
that paths and makes each xd component dependent, so p(x) does not factorize.

As a quick visual example, if we have an iid training set, the Naive bayes
model would first fit to the data using maximum likelihood estimation, and
would fit maybe a Gaussian probability density to each class individually. We
know this because we would have an observed latent (the current class), so each
class model is independent from a different one, and we can assume that the
covariances are diagonal. When we find the marginal density p(x), we perform a
superposition (lin comb) of the different Gaussian densities, and it is impossible
to now factorize this new mixed Gaussian with respect to the components.

This Naive Bayes assumption is helpful when we have data points with high
dimensionality D. Since we can assume that each of the components x1, . ⊥⊥
..xD|z, we can create separate class conditional densities for the components,
which is nice when they are a mix of continuous and discrete variables. Then, it
allows us to basically pick a class and then create a curated conditional density
for each individual class, so then we can use Bayes theorem on new data to get
p(Ck|x) + decision theory.
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However, the conditional ind assumption is pretty strong, because it indi-
cates that first p(x|z) factorizes, so it can’t capture correlations in the actual
inputs, and this could lead to some interesting decision boundaries. They still
perform well in classification scenarios with small amounts of training data.

Direct Factorization: Another interesting equivalence between D-separation
and the graph decomposition of joint dist to conditional dist. Beginning with
the latter, when we consider a joint dist p(x), and we consider the directed graph
as a filter, the only valid distributions that pass through this ’filter graph’ are
ones that satisfy the conditional factorizations the graph implies. This subset
of distributions is called the DF , or direct factorization.

Equivalently, instead of directly listing out the factorizations, we could take
the graph and then list out all the conditional ind properties d-separation im-
plies, by creating all types of combinations of A ⊥⊥ B|C, and observing C.
This subset of distribution that satisfy the d-separation criterion is actually
equivalent to DF . Because graphs are extremely general objects that describe
families of exponential distributions, the conditional independence will apply to
any probabilistic model represented by the graph.

To provide some extremes, if we look at the case of the fully connected
graph, it has no conditional independences because conditioning on the highest-
numbered node will always unblock every possible path. This filter does nothing
and allows all graphs. In the case of a fully disconnected graph, this filter only
allows the single possible distribution where p(x) factorizes into the marginal
distributions of all the nodes. Because the factorized case works for any filter,
the set of DF will also include distributions with more conditional independence
than the one defined, like the fully disconnected graph. Thus, the filter just
describes a minimum conditional independence level.

Markov blankets: This is the last important concept in capturing notions
of conditional independence around nodes. The Markov Blanket can be thought
of as the minimal subset of graph nodes that completely isolate a node
xi. In other words, all the nodes that xi could be dependent on, which are going
to be the parent, child and co-parent nodes of xi. This is seen better with a
graph
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This is the intuition, and it can be shown formally using Bayes rule:

p(xi|xj ̸=i) =
p(x1, ..xD)∫
p(x1, ..xD)dxi

=

∏
k p(xk|pak)∫ ∏
k p(xk|pak)dxi

(1224)

(1225)

For nodes that completely do not depend on xi, they can be taken out of the inte-
gral and cancel with the numerator. Then the numerator will contain p(xi|pai),
and all the nodes where xi ∈ pak, so this captures all the parents and children
of xi. Because all children conditionals p(xk|pak) can have more than xi as a
parent, it will also include all co-parents of xi. Intuitively, we need to include
them because if a child node is observed, then it is head-to-head with respect
to the paths between co-parents and thus co-parents are dependent.

8.3 Markov Random Fields

We now expand to Markov Random Fields, which are undirected probabilistic
graphs.

8.3.1 Conditional Ind. Properties

In directed graphs, we used the d-separation framework to describe how nodes
could be blocked or unblocked. Now that there are no directions, there are no
semantics of different paths, and we can resort to simple graph separation to
determine conditional independence. Again, if we consider three nonintersecting
sets of nodes A,B,C, and we are interested in A ⊥⊥ B|C, all we need to check
now is if all paths from a ∈ A → b ∈ B contain a node in C. If there exists
at least one path that does not have a node in C, this path is unblocked, no
conditional independence.

Alternatively, we could just remove all nodes in C and check if there are any
paths from A to B, which is much simpler. This also allows the Markov Blanket
of a node to just be its neighbors.

8.3.2 Factorization Properties

After we have defined a definition of conditional independence over MRFs, we
need a method of factorization so that the joint p(x) can be factorized into
distributions satisfying conditional independence laws. We can do this by de-
termining some locality between nodes.

If we consider two nodes xi, xj , and they are not connected by a link, we
can say that these two nodes are conditionally independent, given all the other
nodes, i.e xi ⊥⊥ xj |x{\i,j}. This is because we can just remove all the other
nodes, and now there is no link between them, using section 8.3.1. This can be
expressed as

p(xi, xj |x{\i,j}) = p(xi|x{\i,j})p(xj |x{\i,j}) (1226)
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This means these two nodes can’t be grouped together, because any distribution
that now satisfies the graph/filter must satisfy this property, which allows us to
always further factorize a joint distribution of xi, xj .

With the idea of links having some relation with factorization, we can then
introduce the graphical concept of a clique, which is a subset of graph nodes
that is fully connected. A maximal clique is a clique such that adding any other
node to this graph would cause it not to be a clique anymore. For a MRF,
if we denote a clique C and the variables in that clique by xC , then our joint
distribution can be factorized into:

p(x) =
1

Z

∏
C

ψC(xC) (1227)

Where ψC(xC) defines a potential function over the maximal cliques C of the
graph. Z here acts as the normalization constant and is also called the partition
function:

Z =
∑
x

∏
C

ψC(xC) (1228)

We need to ensure that ψC(xC) ≥ 0 to ensure the probabilities are nonnegative,
and this method is flexible because we can integrate and sum over corresponding
mixes of discrete/continuous variables. Potential functions are also extremely
flexible - they do not necessitate a probabilistic interpretation like the directed
graph interpretation, and can just be any function. The one issue that this
introduces is the partition function. In the worst case where we have M nodes
with K possible states, calculating Z runs in O(KM ) exponential time.

There are some workarounds. For evaluation of local conditional distribu-
tions in the graph, they can be expressed as ratios of marginal distributions so
it would cancel out. For evaluation of local marginal distributions, we can just
normalize at the end, provided it is only a small subset of local variables.

We now need to relate the ideas of conditional independence and factoriza-
tion in undirected graphs, something that came naturally in directed graphs,
and to do this we restrict the case of ψC(xC) > 0. Through the Hammersley-
Clifford Theorem, if we define UI as the set of all possible distributions that
satisfy the cond ind properties of the ’graph filter’, and UF as the set of all
possible distributions satisfying the factorization properties, both of these are
seen to be identical.

From the theorem and its positive potential function restriction, it is conve-
nient to express

ψC(xC) = exp(−E(xC)) (1229)

where E is an energy function and the exponential makes it a Boltzmann
distribution. The joint distribution is then defined as the expoential of the
sum of the energies over the possible maximal cliques of the graph.

For practical applications, the core problem is figuring out appropriate po-
tential functions. For example, if we are trying to fit an undirected graph to a
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probability distribution pdata, then we want our potential functions to describe
how well certain cliques/configurations of nodes/variables represent the data, as
a certain training target. Global configurations of cliques that have high prob-
ability, then balance and modulate the (possibly conflicting) clique potentials.
The energy function is also important - the potential is a decreasing function of
the energy, and by defining an energy function, to maximize the joint probability
we would seek increasingly lower values of the energy.

Boltzmann distribution: The origin of the Boltzmann distribution comes
from maximizing the entropy of a given random variable, when we already know
the expectation. We can write this out as a Lagrangian equation:

−
∑
i

pi ln pi + λ(1−
∑

pi) + β(Ē −
∑

piEi) (1230)

Where we are denoting our random variable as the energy function to emulate
(31). If we then take the derivative with respect to pi, we get

− ln pi − 1− λ− βEi = 0 (1231)

pi = exp(−λ− 1− βEi) (1232)

After derivations this basically derives out to the Boltzmann distribution for an
energy function. We use the entropy function to ensure that we can start with
a distribution with the least bias which also means most randomness.

8.3.3 Example: Image de-noising

We can illustrate the use of undirected graphs when removing noise from a
binary variable. If we have an observed noisy image, we can describe each noisy
pixel as yi ∈ −1, 1, and the original image as xi ∈ {−1, 1}. We make an image
noisy by going through each pixel and flipping the sign with 10% probability.
We know that xi, yi will be highly correlated because there’s a low chance of
change, and that xi, xj neighboring pixels will alos be highly correlated. We
can represent this problem as a Markov random field like this graph:

We can see from this graph that there are only two types of cliques {xi.yi}
and neighboring pixels {xi, xj}. For either type of clique, we want to choose
energy functions that will have low value when the signs are the same, as this
corresponds to higher probability. We can choose some energy functions −ηxiyi
and −βxjxi both with positive constants. The book also adds a singular bias
term hxi for the single node {xi} clique which will bias the overall energy
functions towards having one sign over the other. Our complete energy function
is then

E(x, y) = h
∑
i

xi − β
∑
i,j

xixj − η
∑
i

xiyi (1233)

p(x, y) =
1

Z
exp(−E(x, y)) (1234)
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We now have a defined joint distribution, and we can also condition on y since
that is our observed noisy image, giving p(x|y), which is also called a Ising
model. To find a resulting image x with high probability, we can use an iterative
techniques called iterative conditional modes, which is basically coordinate-wise
gradient descent.

ICM works by first initializing all the pixels {xi}, which are also nodes in
the MRF. It then takes each node at a time, keeping all the other variables
fixed, and evaluates the energies for the possible states it can take, choosing
the lowest energy. This is a simple local computation that is computationally
efficient, and can be done quickly for the images. If we set up our ICM algorithm
to visit every node/pixel at least once, we will by definition converge to a local
maximum, but not a global maximum. Better efficient, specialized algorithms
called graph cuts also exist to find global maximums of the posterior.

8.3.4 Relation to directed graphs

We now want to investigate the relations between directed and undirected
graphs and how we can convert them from one to the other. First for converting
from directed to undirected, we want to essentially convert the factorizations
from directed to undirected. To do this, we need to express the potential func-
tions, which are the base components for undirected, in terms of the conditional
distributions of the directed graph. Thus, in order for some ψC = p(xi|pai), the
node xi and all its parents must be in a clique together, which is not always
true for directed graphs. We can see this more clearly with an example:

Here, the joint distribution is given by

p(x1, x2, x3, x4) = p(x1)p(x2)p(x3)p(x4|x1, x2, x3) (1235)

Then p(x4|x1, x2, x3) tells us that these nodes all should be in the same clique
to be a valid potential function, so we need to make this subset of nodes fully
connected. In general, this means for some node xi, we need to draw links

149



between all of pairs of its parents. This process is called moralization, and
after we ensure a clique, we can drop the arrows and create a moral graph,
which is the right figure.

After this, we set all potentials ψC(xC) = 1, and then we take one of the
conditional distribution factors in the original graph and multiply it into a
corresponding potential function which has all of its nodes in its clique. This
also allows Z = 1, since all the potentials equal 1, and the conditional dist are
all normalized.

However, moralization, where we add additional links between parents, re-
moves some conditional independence properties from the graph. However mor-
alization is the ’least damaging’ type of conversion, compared to perhaps turning
making a directed graph fully connected. Still, because undirected and directed
graphs have different methods of determing cond ind by virtue of the different
types of links, it is worth examining the differences.

D and I maps: To do this we need to return to the view of seeing prob-
abilistic graphs as filters and introduce two types of graphs. A graph is a D
map of a distribution if it reflects every conditional independence property of
a distribution, such as the conditional independence of parameters. The fully
disconnected graph is the trivial D-map for any distribution. Alternatively, a
graph is said to be a I map of a distribution if all of its conditional indepen-
dence properties are satisfied by the distribution. The fully connected graph is
a trivial I map, since it has no conditional independence and any distribution
can satisfy that.

So the D-map investigates what graphs satisfy a distribution, and the I-map
satisfies what distributions satisfy a graph. In the case that every conditional
ind. property of a distribution is satisfied by the graph, and every conditional
ind. property given by the graph is satisfied by the distribution, then they are
said to be perfect maps. Perfect maps, by definition are both I and D maps.

Furthermore, if we have a set P describing all possible distributions. The
set D of all perfect maps using directed graphs is distinct from the set U of all
undirected graphs having a perfect map, and U,D ⊆ P , U ∩D is not necessarily
empty, but there also distributions in P that can’t be expressed as a perfect
map by either.
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8.4 Inference in Graphical Models

Inference on graphical models happens by clamping observed values onto some
nodes and then computing the posterior distributions over other nodes. Many
of these algorithms in this section will be expressed in terms of propagating
local messages around the graph.

For a simple example, let’s look at a graph expressing Bayes Theorem:

Here, x is a latent variable and y is the observed variable, the simplest
version of using a latent variable. We can then write out p(x, y) = p(x)p(y|x),
where p(x) is the latent prior, and p(y|x) is the likelihood. If we observe the
value of y now, we can marginalize over x to get

p(y) =
∑
x′

p(y|x′)p(x′) (1236)

p(x|y) = p(y|x)p(x)
p(y)

(1237)

Now, we have a prior distribution over y, aka the evidence, and a conditional
distribution so we can infer the posterior over x, by switching the direction of
the arrow.

8.4.1 Inference on a chain

We can now look at inference on a chain of nodes, which is an important sub-
problem of many of the other problems later in the section. We choose the
chain of nodes because the directed and undirected graphs are equivalent, since
each clique only contains two nodes, xn, xn−1, and every conditional distribu-
tion is also p(xn|xn−1), so ψN−1,N = p(xN |xN−1). We can then express our
joint distribution as

p(x) =
1

Z
ψ1,2(x1, x2) ∗ ..ψN−1,N (xN−1, xN ) (1238)

If we wished to find the marginal distribution over a single node xn, then we
would perform marginalization by enumeration, this would mean

p(xn) =
∑
x1

..
∑
xn−1

∑
xn+1

..
∑
xN

p(x) (1239)
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In the case where each xi is a discrete variable with K states, there are KN

possible values of the joint distribution that need to be stored and evaluated,
and this exponential scaling is infeasible. Instead, we can use the conditional
independence properties defined in (40), starting from the ends of the chain,
and then defining a recursive relation similar to ancestral sampling. If we take
either ψ(x1, x2) or ψ(xN−1, xN ), then the marginal of these will be given by

p(xN−1) =
∑
xN

ψ(xN , xN−1) (1240)

Since this end potential is the only one that depends on xN , we can marginal-
ize over this easily, since it only requires K states. Using this new function,
we can now marginalize over xN−1, since the only two equations it depends
on are the potential equations defined by the two maximal cliques it is in,
ψ(xN−1, xN ), ψ(xN−2, xN−1). We can similarly marginalize over variables from
the left, starting with ψ(x1, x2).

Calculating this from both sides gives a new expression for the marginal
distribution

p(xn) =
1

Z
(1241)

[
∑
xn−1

ψn−1(xn−1, xn)..[
∑
x2

ψ2,3(x2, x3) ∗ [
∑
x1

ψ1,2(x1, x2)]]∗ (1242)

[
∑
xn+1

ψn+1(xn+1, xn)..[
∑
xN−1

ψN−1(xN−2, xN−1)[
∑
xN

ψxN (xN−1, xN )]]] (1243)

This equation represents the process we described before, where we first sum the
left and right ends to marginalize out x1, xN , which is equivalent to removing
them from the graph. We then have an expression that only involves x2, ..xN−1,
and so we have a new chain that we can sum the ends off of. This is also an
example of the sum-product rule. In terms of the graphical model, we are just
removing nodes until we get to xn in the chain.

If we look at the computational efficiency of this algorithm now, we are
performing N − 1 summations over K states, each involving potential functions
over two variables. In the simplest discrete case, the potential function is a
K ×K table, and the summations are O(K2) cost since we’re summing over K
rows of length K, and the multiplications between sums are now vectors and
matrices, so another O(K2). Then our cost is O(NK2), which is a linear time
improvement compared to the exponential time.

Messages: We can now show the important concept of messages being
passed in the graph, by looking at the equation, we can partition the multipli-
cation into

p(xn) =
1

Z
µa(xn)µb(xn) (1244)

Where we split at the sums of xn−1, xn+1, and the forward messages µa(xn)
come from the left, and the backward messages µb(xn) come from the right. Both
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the forward and backward messages can be evaluated recursively by observing
that

µa(xn) =
∑
xn−1

ψn−1(xn−1, xn) ∗
∑
xn−2

.. (1245)

=
∑
xn−1

ψn−1(xn−1, xn) ∗ µa(xn−1) (1246)

µb(xn) =
∑
xn+1

ψxn+1
(xn, xn+1) ∗

∑
xn+2

.. (1247)

=
∑
xn+1

ψxn+1
(xn, xn+1) ∗ µb(xn+1) (1248)

So if we start from the ends of the chain, each calculation of a forward or
backward message is just a summation over K states. This allows allows p(xn)’s
partition function to be easily calculated, since now we only have K states.
Furthermore, if we wished to find the marginal distribution at any xn, we could
first run a sweep to find µa(xn), µb(xn)∀n ∈ N , and then we can cache these
results to have efficient calculations for these marginals. In the case of observed
variables, say xn is observed to be x̂n, it is convenient to clamp these values using
an analog of a delta function, the indicator function I(xn, x̂n), and multiply this
to the potentials to ensure it is only nonzero when xn = x̂n.

In the case of marginal/joint distributions over neighboring nodes, it is
straightforward to see that

p(xn−1, xn) =
1

Z
µa(xn−1)ψn−1,n(xn−1, xn)µb(xn) (1249)

This equation is useful when the potential functions are parameterized, and we
want to optimize when not all the variables are observed, i.e we have latent
variables. Then we can use EM, and equation (51) can be seen as the latent
distribution to take expectations over.

8.4.2 Trees

We can now extend the idea of message passing to a more general type of graph
called trees. Trees are defined as graphs where the is only one path between
no nodes, i.e no loops. In directed trees, each node will only have one parent,
with the only node not having a parent being the root. Thus, a moralization of
a directed tree leaves it unchanged besides removing directionality. A polytree
is a directed graph that has nodes with multi-parents, but there is still only a
single path, ignoring directionality. Because of the multiple parents property,
the moralization of a polytree will have loops.
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8.4.3 Factor graphs

Factor graphs are a further generalization of the graphs we have seen, and are
a way of expressing the possible factorizations of a distribution:

p(x) =
∏
s

fs(xs) (1250)

Where the factor functions are over subsets of x that are not necessarily disjoint.
Directed graphs are a special case where the factor function is a conditional
distribution, and undirected graphs are where the factor function is a potential
function. However, potential functions obscure the intricacies given by factor
graphs, as can be seen by the example, where there are many factor graphs that
can represent an undirected graph.

To convert either directed or undirected graphs to factor graphs, we first
draw the variables as circles, and then put out the factor graphs and draw links
for the conditional distributions/potential functions. Factor graphs are also
bipartite, a property that can be used for further graph algorithms.

Another nice property of factor graphs is their ability to convert many graphs
into trees, which we can perform efficient inference on with message passing,
because of the singular path property. Obviously undirected and directed graphs
become trees when converted to factor graphs, but so do directed polytrees, and
given the appropriate factor function, cyclic directed graphs can be converted
to trees as well through factor graphs.

8.4.4 Sum-Product Algo

This algorithm is part of a class of powerful, highly-efficient inference algorithms
that utilize the factor graph framework on tree-structured graphs. It focuses on
calculating the marginal functions of subsets of nodes, as we already saw in the
chain example.

We’re going to assume the graph is a tree/polytree, so that the factor graph
will be a tree. We have two goals by exploiting the structure of the factor graph
- (1), we want an exact, efficient algorithm for marginals. (2): when we have
several marginals, we can reuse computations to share efficiently. For the first
case, assume we’re finding the marginal for p(x), where all variables besides x
are unobserved. The expression is then

p(x) =
∑
x\x

p(x) (1251)
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Because the factor graph is bipartite, we can also express the joint distribution
in terms of the factor nodes that are neighbors of x.

p(x) =
∏

s∈ne(x)

Fs(x,Xs) (1252)

Some notation: ne(x) is the set of factor nodes that are neighbors to x, i.e fs,
the nodes Xs are neighbors to factor nodes fs not including X, and Fs is the
product of all the factors in a group associated with a particular factor node fs.
If we then combine these equations, we get

p(x) =
∑
x\x

∏
s∈ne(x)

Fs(x,Xs) (1253)

=
∏

s∈ne(x)

∑
Xs

Fs(x,Xs) (1254)

=
∏

s∈ne(x)

µfs→x(x) (1255)

We can interchange the sums because XS ⊆ x \ x, and in the final line we
introduce a new equation representing the messages, where

µfs→x(x) =
∑
Xs

Fs(x,Xs) (1256)

And so (57) tells us the marginal distribution is given by the product of all
incoming messages from factor nodes fs → x. To evaluate these factor functions,
we can see that a factor node, with Xs is itself another factor subgraph, which
we can express as

Fs(x,Xs) = fs(x, x1, ..xM )G(x1, Xs1)..GM (xM , XsM ) (1257)

Sidenote: This next part in the book I personally didn’t like, and thought it
could be explained a lot more precisely. Basically, as we will see, the expressions
for factor nodes and messages are recursive and rely on incoming computations
from ’outer nodes’ or nodes further from x. We then treat x as the root node,
and then find the leaf nodes and recursively compute their messages inwards,
where the messages keep accumulating and eventually reach our root node x.
Going back to the notes now.

fs is the actual factor expression used by our current factor node fs, and
all the other G1, ..GM are similar subgraphs to our previous ones, except they
are now centered around the neighbors of fs \x. If we substitute (59) back into
(58), we get

µfs→x(x) =
∑
Xs

fs(x, x1, ..xM )
∏

m∈ne(fs)\x

∑
Xsm

Gm(xm, Xsm) (1258)

µfs→x(x) =
∑
Xs

fs(x, x1, ..xM )
∏

m∈ne(fs)\x

µxm→fs(xm) (1259)
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Notice that we separated the factor expression, and now the products over all
the other m nodes. Each of these has an analogous expression to (58), here
Gm(xm, Xsm) denotes the factor subgraph around xm, which by default has
only factor nodes neighbors. So

Gm(xm, Xsm) =
∏

l∈ne(xm)\fs

Fl(xm, xlm) (1260)

µxm→fs(xm) =
∑
Xsm

Gm(xm, Xsm) (1261)

µxm→fs(xm) =
∏

l∈ne(xm)\fs

∑
Xsm

Fl(xm, xlm) (1262)

=
∏

l∈ne(xm)\fs

∑
Xlm

Fl(xm, xlm) (1263)

=
∏

l∈ne(xm)\fs

µfl→xm(xm) (1264)

(1265)

We have defined (62) as the equation for a message from a variable node to a
factor node: we sum over all the other nodes that are connected to fs through
xm, where the further subgraph Gm can be represented as (61). After subbing
in and removing the sum to represent another message, I think the pattern is
starting to emerge. There are two distinct cases:

1. Sending a message from a factor node to a variable node: In this case, we
take all the neighboring variable nodes of the factor node, excluding x,
multiply their messsages by the factor function, and then marginalize out
Xs, to get a function of the variable node.

2. Sending a message from a variable node to a factor node: We get all the
messages from the other neighboring factor nodes excluding fs, multiply
all of these and send to next factor node. In the case that a variable node
has only two neighbors, the product is just one element, and it just
passes the message along unchanged.

In both cases, variable and factor nodes can only pass their messages once all
incoming messages from other neighboring nodes have been received. So the
general algorithm is:

1. Mark the target node x as the root node, and find all the leaf nodes,
which will trivially only have one neighbor. If a leaf node is a variable,
µx→fs(x) = 1, and if it is a factor node, µfs→x(x) = f(x).

2. For each node, perform the propagation algorithm, where we can only
propagate a message after receiving all of the incoming messages from
other links.
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3. Repeat step 2 until all messages have reached root x and the marginal can
be found.

This is the sum-product algorithm to calculate a marginal for a single node,
since it interleaves sums and products when calculating messages.

The general algorithm comes when calculating marginals for all the nodes, so
we can reuse a lot of the message computations. It is actually relatively simple
- we just designate one node as the root, and then collect all the propagated
messages to that node. Since the root node has all the messages, we can now
propagate its messages back to all of its children, so that all the other nodes in
the graph have received all their messages. This results in a O(2N) time instead
of O(N2) time for the algorithm.

Joint marginals: If we wish to evaluate the marginal distribution p(xs)
associated with a factor node xs, then it is straightforward to see that using our
previous equations, we get

p(xs) = fs(xs)
∏

i∈ne(s)

µxi→fs(xi) (1266)

This equation is useful for Hidden Markov Models – if the factors are parame-
terized, we can use the marginal distribution in the EM algorithm, by treating
xs as the latents and (68) as the E-step.

Another thing to worry about is normalization - in the case of directed graphs
to factor graphs, the factors are already normalized conditional distributions.
In the case of undirected graphs to factor graphs, we need to find the partition
function. This can be done by running the sum-product algorithm to find p̃(xi),
and then normalizing over this single variable to find Z, which is much more
computationally efficient.

Finally in the case of observed and hidden variables, in probabilistic graph
problems we usually want to find p(hi|v), the posterior distribution of the hid-
den variables. We can easily do this again by multiplying the joint distribution
by indicator functions I(vi, v̂i), which collapses marginal sums/integrals into
one value, and makes the joint distribution equal p(h, v = v̂), which is an un-
normalized version of p(h|v = v̂), by Bayes rule.

8.4.5 Max-sum Algorithm

The next algorithm is introduced in finding the configurations / vectors of x
that will maximize the joint distribution. This is actually not the same solution
as using the sum-product algo to get each p(xi) and maximize individually,
because of the nuances with joint distributions. Dynammic programming will
be applied. We can split the problem into finding the maximal xmax, as well as
p(xmax).

To attack the second problem, we first rewrite the max equation as

max
x

p(x) = max
x1

..max
xM

p(x) (1267)
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If we apply this to the chain of nodes example, with the potential functions, we
get

max
x

p(x) =
1

Z
max
x1

[max
x2

ψ(x1, x2)..max
xN

ψ(xN−1, xN )] (1268)

By utilizing the distributive property of the max operator, we can see that this
equation describes the ’max’ message passing from node N → 1. We can also
generalize this to the factor graph scenario by substituting the factor graph
expression for p(x). This allows to apply the sum-product again, but instead
of sums representing marginalization, we take the max operator, which removes
the variables completely instead, leading to the max-product algorithm.

This is more clearly-seen with some equations, but before those are shown we
can explain the motivation behind the max-sum algorithm. Because repeated
multiplications of small probabilities are numerically unstable, we can use the
ln function, which is non-decreasing, so that a > b =⇒ ln a > ln b and
lnmax p(x) = max ln p(x) are interchangeable, and turn all the products in the
equations for messages to sums. Our new equations for the messages are now

µfs→x(x) = max
x1,..xM

ln fs(x, x1, ..xM ) +
∑
xsM

µxm→fs(xm) (1269)

µx→fs(x) =
∑

m∈ne(fs)\x

µfm→x(x) (1270)

µx→fs(x) = 0 (1271)

µfs→x(x) = ln f(x) (1272)

The last two equations are for the cases of leaf nodes. Notice that we don’t
include a ln term in the sums of the messages, because we already attached a
ln term on the leaf. The final equation is then analogous to the sum-product
algorithm, but now it’s the maximum probability:

pmax = max
x

∑
s∈ne(x)

µfs→x(x) (1273)

xmax = argmaxx
∑

s∈ne(x)

µfs→x(x) (1274)

A natural next step would be to get the xmax, which we can also get from this
equation, and now propagate messages from the leaf node to all its children,
since each of them will now have all the messages. However, there are many
cases where multiple configurations of x will maximize p(x), so if we blindly per-
form pointwise maximization based on incoming messages, we may get useless
maximizations that are a chimera of different maximizign configurations.

In order to create valid maximum configs, we use something called back-
tracking, where ϕ(xmax

n ) = xmax
n−1 . Put more simply, we just keep track of the

path we chose to get to the final xmax, i.e the maximum values we assigned for
each variable xi.
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8.4.8 Determining the graph structure

Although this problem isn’t fully discussed because of its difficult and highly
computational nature, we could also assume that we don’t know the graph
structure at problem time, and try to infer it from the data we are given. This
involves defining a possible graph space as well as a way to score each graph.
We want to define a posterior distribution of different graph structures we could
take an expectation of:

p(m|D) ∝ p(D|m)p(m) (1275)

which is a multiple of the evidence and a prior belief over graph space. The
model evidence provides a score of each model, but this requires marginalizing
over all the latents, which is challenging computationally. Exploring the graph
space is hard as well, because graph space grows exponentially with respect to
the number of variables.

Chapter Recap

Graphical Models are a powerful, expressive tool that help to represent lots
of different probabilistic models and distributions. If we can fit a model into
a probabilistic graph, we can use many different algorithms to glean more in-
sights from them. We first looked at directed graphs, and the d-separation
framework, which showed how to find conditional independence properties be-
tween nodes. We then looked at undirected graphs, i.e Markov Random Fields.
Their conditional independence and factorization properties were more separa-
ble, with factorization determined by potential functions and maximal graph
cliques, with potential functions using the Boltzmann distribution and energy
functions.

The relationships between graphical models and distributions were explained
as graphs acting as filters on all the possible joint distributions over a set of
variables. The graph imposes conditional independence restrictions, and only
lets certain distributions that have at least those restrictions through.

The remaining bulk of the chapter went deep into exact inference algorithms
on probabilistic graphs, using the notion of message passing, which boils down
to accumulating contributions of variables that are being conditioned on. We
looked at factor graphs, which can handily convert most directed/undirected
graphs into trees. We can then use the sum-product algorithm as an efficient
method to find marginal distributions as well as the max-sum algorithm, which
is the logarithmic version of the max-product algorithm to find maximal config-
urations for the joint distribution. I skipped loopy belief propagation because I
feel like that wouldn’t stick in my head and is a little more esoteric, will come
back to it later.

159



Exercises

8.1

If each of the conditional distributions in (8.5) are marginalized, then we can
marginalize over x.∫

p(x)dx =

∫
..

∫ K∏
k

p(xk|pak)dx1dx2, ..dxk = 1 (1276)

Then for each of these integrals will result in 1 since they are normalized, and
this is just a product of all 1s.

8.2

If a graph holds the property that there exists an ordered numbering of the
nodes such that for each node, it does not have any links to a lower-numbered
node, then for any given node, it can only point to nodes higher than it, and
these nodes will never point back to it, so there is no way a cycle can exist.

8.3

Enumerate out the possibilities of the marginal distribution. p(a = 0, b = 0) =
0.192

0.192+0.144 = 4
7 , and p(a = 0) = 0.6, p(b = 0) = 0.592. And p(a = 0, b = 0) ̸=

p(a = 0)p(b = 0) as one example. When we condition on c however, we can look
at cases c = 0, c = 1. I’m going to skip this problem because it is just a lot of
enumeration to write out and not much learning.

8.5

The directed probabilistic graph has a place over N , with each tn having arrows
in from xn, and the parameters w, β−1. w is also a plate of size M that has
directed arrows from a hyperparameter α node.

8.6

When one of the xi = 1, then p(y = 1|·) = 1− (1− µo)(1− µi). If this was the
logical-OR function, we would have p(y = 1|) = µi, but the (1− µ0) term acts
as a weighting that can push down the p(y = 1|xi = 1) even more.

8.8

If we know that

p(a, b, c|d) = p(a|d)p(b, c|d) (1277)∑
c

p(a, b, c|d) = p(a|d)
∑
c

p(b, c|d) (1278)

p(a, b|d) = p(a|d)p(b|d) (1279)
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8.9

So the Markov blanket of a node contains its parents, children and coparents. So
we have to work through the three different types of links it has. If we condition
on the parent nodes, the parent node is on a head-to-tail path with respect to
any other nodes, so it will be blocked. Conditioning on the child node means
that the child node is again head-to-tail with respect to any other variable in
the graph. Conditioning on a co-parent node means that a path between the
node is always head-to-head, so it remains blocked.

8.10

The joint distribution of the graph is

p(a, b, c, d) = p(a)p(b)p(c|a, b)p(d|c) (1280)

To investigate the marginal independence of a and b, we first sum out c, d

p(a, b) = p(a)p(b)
∑
c

∑
d

p(d|c)p(c|a, b) (1281)

= p(a)p(b)
∑
d

p(d|a, b) = p(a)p(b) =⇒ a ⊥⊥ b|∅ (1282)

If we now observe the variable d, we can first sum over the c variable to remove
that

p(a, b, d) = p(a)p(b)
∑
c

p(d, c|a, b) (1283)

= p(a)p(b)p(d|a, b) (1284)

p(a, b|d) = p(a, b, d)

p(d)
=
p(a)p(b)p(d|a, b)

p(d)
̸= p(a|d)p(b|d) (1285)

Exercise 8.12

For M distinct nodes/variables, we can choose some node and make a link with
any of the other (M − 1) nodes, which gives us M(M − 1) potential links.
However, we divide by 2 because we are double counting each link based on
which node we choose first. Given theseM(M−1)/2 possible links, to construct
a graph we can either choose / not choose each of these links, giving 2M(M−1)/2

possible graphs.
Case for M = 3:

Exercise 8.15

The marginalization function for p(xn−1, xn) is given by

p(xn−1, xn) =
∑
x1

..
∑
xn−2

∗
∑
xn+1

..
∑
xN

p(x) (1286)
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Here, the joint distribution can be expressed as the product of all the potential
functions ψ(xn, xn−1), which can be distributed into the sums. From the book,
we know that the forward message up to xn−1 is given by

µα(xn−1) =
∑
xn−2

ψ(xn−1, xn−2) ∗ µα(xn−2) (1287)

Then we can substitute in the forward message to get a new equation:

1

Z
µα(xn−1)ψn−1,n(xn−1, xn) ∗

∑
xn+1

..
∑
xN

ψN (xN , xN−1) (1288)

Where we have subbed in the joint distribution p(x) as a product of all the
potential functions divided by the partition function. The right hand side can
be then expressed as the backward messages, since

µβ(xn) =
∑
xn+1

ψ(xn+1, xn) ∗ µβ(xn+1) (1289)

So subbing this in to replace the other sums, we get that

p(xn−1, xn) =
1

Z
µα(xn−1)ψn−1,n(xn−1, xn)µβ(xn) (1290)

8.16

Using bayes rule, we know that

p(xn|xN ) =
p(xn, xN )

p(xN )
(1291)
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Let’s assume first that we have run the message passing algorithm both for-
ward and backwards across the chain, ensuring linear time efficiency and that
every node has received its respective messages. We can find p(xN ) easily by
evaluating all the forward messages up to xN :

p(xN ) =
1

Z
µα(xN )µb(xN ) (1292)

=
1

Z

∑
xN−1

ψ(xN−1, xN )µα(xN−1) (1293)

To find the joint marginal p(xn, xN ), we can just follow the procedure showed
in the chapter again

p(xn, xN ) =
∑
xn−1

ψ(xn−1, xn)[..
∑
x2

ψ(x2, x3)[
∑
x1

ψ(x1, x2)]] (1294)

∗
∑
xn+1

ψ(xn, xn+1)..[
∑
xN−1

ψ(xN−2, xN−1)ψ(xN−1, xN )] (1295)

Now, we are summing all the variables in x \ xn, xN . The sum-products up to
xn−1 can be written as the forward message µα(xn). From the right, we are now
not integrating over xN , so we need to modify the backward message to now
merge the messages µβ(xN−1), µβ(xN ) into one message instead, combining the
potential functions as well.

8.17

We have a chain of N = 5 nodes, and x3, x5 are observed. Using d-separation,
we can see that the node x3 is head-to-tail with respect to the path between
x2 → x5, so conditioning on it blocks the path, implying x2 ⊥⊥ x5|x3. We can
now clamp the x3, x5 values, to get

p(x2|x3, x5) =
∑
x1

ψ(x1, x2)ψ(x2, x̂3) ∗
∑
x4

ψ(x̂3, x4) ∗ ψ(x4, x̂5) (1296)

Note here that we are just setting x3, x5 to their observed values and not sum-
ming over them. By subbing in the observed values, we don’t get functions that
are dependent on x5.

8.18

Because every node in a directed tree has only one parent, each conditional
distribution will only be p(xi|xj). The moralization also leaves the graph un-
changed, besides making all the edges undirected, and the maximal cliques are
still just all the two nodes, so each potential function is the conditional distri-
bution.

For the undirected tree case, it is slightly more strict because we now have
to think about normalization of potential functions. Since there can only still
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be one path between nodes, the maximal clique is still just pairs of nodes. For
each pair of nodes xi, xj , to represent ψ(xi, xj) as a conditional distribution,
each of them needs to be multiplied by a 1

Zψ
. In order to get a directed tree

from an undirected tree, we need to determine a root, and then just make all
the edges directed from the root. By choosing the root, we can say there is only
one unique tree for that root, because there can only be one path to each of the
nodes from the root. Then it is straightforward to see that setting each node
as the root will create a distinct directed graph since the arrows flow out of the
root node. The number of distinct directed graphs is then the number of nodes
in the undirected graph.

8.19

To convert the undirected graph of chain of nodes to a factor graph, we set
up factor nodes that correspond to the cliques, so that the new factor graph is
another chain of nodes, but now there are fi = ψ(xi, xi+1), and is in between
the nodes xi, xi+1. The leaf nodes are x1, xN , and the messages are

µx1→f1(x1) = 1, µxN→fN (xN ) = 1 (1297)

Then the next messages inwards to the factor nodes are

µf1→x2(x2) =
∑
x1

ψ(x1, x2) ∗ µx1→f1(x1) =
∑
x1

ψ(x1, x2) (1298)

µx2→f2(x2) = µf1→x2
(x2) (1299)

Because each node in the chain of nodes factor graph has only two neighbors,
the variable nodes will just pass the messages along without changing them,
and the factor nodes will just multiply on their factor nodes while marginalizing
out the node on the left. This is for the forward case, and for the reverse it will
marginalize out the node on the right. This is exactly the framework given for
the forward and backward messages given in (8.52).

(8.54) is easily recovered, since

p(xn) =
∏

s∈ne(x)

µfs→xn(xn) =
∑
xn−1

µxn−1→fn(xn−1)ψ(xn−1, xn) ∗
∑
xn+1

µxn+1→fn(xn+1)ψ(xn, xn+1)

(1300)

=
1

Z
µα)(xn)µβ(xn) (1301)

Where the partition function is added in at the end, but we can easily find this
by evaluating the marginal of a single node. So we recover the inference on a
chain example as an application of the sum-product algo on the chain.

8.20

In this protocol, the leaf to root propagation is straightforward - because the
root is the marginal we want, we just direct messages towards it, and so we
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iteratively go through the layers, starting from the ones furthest from the root
node. When we propagate from the leaf node, the nodes closest to the leaf node
will receive the last message they needed to evaluate their marginal, but also
send out messages in the other direction. This propagates all the way to the
leaf nodes.

8.21

If we first run the sum-product algorithm, then every variable node has the
required messages to evaluate their marginals, and can also send out messages
to any other factor node. The equation for this will be

µxi→fs(xi) =
∏

l∈ne(xi)\fs

µfl→xi(xi) (1302)

Let’s first write out the expression for the marginal distribution:

p(xs) =
∑
x\xs

p(x) (1303)

The joint distribution can be factorized into the components, and we can pull
out the specific factor node we are interested in.

p(xs) = fs(xs)
∑
x\xs

f\s (1304)

Like it was shown in figure 8.50 the sum-product algorithm can be viewed purely
as messages sent by factor nodes to other factor nodes, as the variable nodes
simply multiply and this can be done at the factor nodes as well. We know that
xs represents the neighbors of fs, and the incoming messages to any node in xs

are from other factor nodes. These factor nodes multiply their factor function
f\s, and marginalize out only variables in x\xs. This is because we are treating
the factor node fs as the root node, so the closest variables to the leaf node are
the subset xs - everything else gets marginalized along the way. Then∑

x\xs

f\s =
∏

i∈ne(fs)

µxi→fs(xi) (1305)

We could be more precise and trace out all the message calls as well, and this
would show that it is just a product of all the factor functions.

8.22

To do this, we would treat this subgraph like a ’sink’, the flow of messages will
all go into this subgraph. We have already shown in Exercise 8.21 that if we
have a single factor node, we can calculate the marginal distribution associated
with the xs subset of variables it depends on. Now, even though our subset xs

is fixed, we could have multiple factor nodes that depend on subsets of xs. The
marginal p(xs) would now be the product of all the marginals over each factor
node, and then attach the appropriate partition function.
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8.23

Let’s assume that for any node xi, we have already run the full general sum-
product algorithm so that each node can send messages out. Equation (8.63),
again expresses the marginal distribution as

p(xi) =
∏

s∈ne(xi)

µfs→xi(xi) (1306)

If we now try to focus on one link, let’s take a certain factor node fl that is a
neighbor of xi. The message incoming from that factor node is µfl→xi(xi) and
is still a part of the product in the equation above. If we now look at what
µxi→fl(xi) is, we see using the equation that

µxi→fl(xi) =
∏

s∈ne(xi)\l

µfs→xi(xi) (1307)

Then it is clear that multiplying µfl→xi(xi) in the product restores the original
marginal distribution formula. The same case wouldn’t hold for factor nodes
because you now need to multiply by the factor equation, and marginalize out
variables.

8.24

Basically the same question as 8.21?

8.25

The book has already defined the equations for all the messages on page 409,
so we just need to write them out. The marginals are

p(x1) = µfa→x1
(x1) (1308)

=
∑
x2

fa(x1, x2)µx2→fa(x2) (1309)

=
∑
x2

fa(x1, x2)µfb→x2
(x2)µfc→x2

(x2) (1310)

=
∑
x2

fa(x1, x2)
∑
x3

fb(x2, x3)
∑
x4

fc(x2, x4) (1311)

=
∑
x2

∑
x3

∑
x4

p̃(x) (1312)

The same result can be found for p(x3), but it’s not that difficult so I decided
to skip it. We can also find the marginal over the subset x1, x2, by using the
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factor node fa:

p(x1, x2) = fa(x1, x2)µx1→fa(x1) ∗ µx2→fa(x2) (1313)

= fa(x1, x2)µfb→x2
(x2)µfc→x2

(x2) (1314)

=
∑
x3

∑
x4

fa(x1, x2)fb(x2, x3)fc(x2, x4) (1315)

Which again leads to the unnormalized joint distribution and the correct result
up to a normalization constant.

Chapter 9: Mixture Models and EM

Problem 9.1

We’re trying to optimize the function J =
∑N ∑K

rnk ∥(xn − µk)∥ .
For the assignment stage, where we assign rnk = 1 for the cluster that has

the closest mean, this naturally reduces J, because if xn is already in its closest
cluster k, J stays the same, but if it gets moved to a closer cluster, then J will
decrease.

When µk is recalculated, this minimizes J because when optimizing J for µk,
we can set ▽J = 0 = 2

∑N ∑K
rnk(xn − µk) for the euclidean space.

For a fixed µk, we ignore the K terms and then moving terms around gives∑N
rnkµk =

∑N
rnkxn, and so the unique optimum µk ensures that the

function J is minimized each time, assuring that J converges, since there is a
closed form solution. We know that cluster assignments and mean calculations
do not increase J, and iterations are stopped after no change in assignments,
which implies there is no change in µk either.

9.3

We write out that p(x) =
∑

z p(x|z) ∗ p(z)
=

∑
z

∏K
k N (x|µk,Σk)

zk ∗ πzk
k

=
∑

z

∏K
k (πkN (x|µk,Σk))

zk

The z variable follows a 1-of-K coding scheme, so zk = 1 for a unique k,
which means that the K product reduces to just one term, the terms where
zk = 1. Then enumerating over all Z is the same as enumerating over the K
one-hot vectors, which means that for each one-hot vector, there is only one k
term in the

∏
that makes the power 1, all the others 0.∑

z

∏K
k (πkN (x|µk,Σk))

zk

=
∑

j

∏K
k (πkN (x|µk,Σk))

Ikj

=
∑

j πjN (x|µj ,Σj) So essentially the zk latent variable acts as a mask since
it’s a one-hot vector.
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Exercise 9.4

Using the product rules of probability, we can set p(θ|X) = p(X,θ)
p(X) , so then

ln p(θ|X) = ln p(X, θ) − ln p(X) . To do EM, we have to decompose the joint
probability further, into ln p(X, θ) = ln p(X|θ) + ln p(θ) = L(q, θ) +KL(q||p) +
ln p(θ), where q = q(Z), p = p(Z|X, θ). So then the final equation becomes
ln p(θ|X) = L(q, θ) + ln p(θ) + KL(q||p) − ln p(X). In the E step, we are op-
timizing the lower bound in terms of q, which is equivalent to evaluating the
posterior, so this doesn’t change. The slight change to the M step is that when
we now maximize Q(θ, θold), we include ln p(θ) term because it is also depen-
dent, along with the lower bound, which is interpreted as the expectation of
ln p(X,Z|θ) over the posterior.

Exercise 9.7

Notation: znk denotes the kth position in the one-hot vector z for the xn term
in the dataset. The log-likelihood is given by: ln p(x, z|µ,Σ, π) =∑

n

∑
k znk(lnπk + lnN (xn|µk,Σk))

Maximize by mean: If we take the derivative by the means, we know can
see the only dependent term is in the exponential of the Gaussian, which after
applied with a log, becomes:

∑
n

∑
k znk{(xn − µk)

TVk(xn − µk)} = 0. The
-1/2 factor is divided out. Again through the 1-of-K representation of z, we
know that for each point, there is only one znk that contributes to it, i.e each
zk component is associated with a subset of the data points disjoint from all
others. We use the precision V instead.

For a specific µk now, we only take the points j ∈ N s.t zjk = 1, so now
1
2

∑
j{(xj−µk)

TVk(xj−µk)}. We can take out the sum over k because this is
for a specific k index, and this is equivalent to maximizing a single Guassian over
the data points that the latent variable is fitted to. After taking the derivative,
we get

∑
j Σk(xj − µk) = 0.

∑
j xj =

∑
j µk = Jµk. Mean is the average of all

the points it is associated with, similar to single-variate Gaussian.
The same can be done for the covariances, which also have that − 1

2 ln |Σ|
−1

term. If we again isolate the terms that are dependent on the covariance, they
are: 1

2

∑
j ln |Vk| − {(xj − µk)

TVk(xj − µk)}. The gradient with respect
to the first term is easier if we just change it to the precision, since it’s the
inverse, and (detA)′ = CA = adj(A)T , so (log detA)′ = 1

detAadj(A)
T = A−T .

The second term is a scalar, so we can write: ▽V(xj − µk)
TVk(xj − µk) =

▽V tr{(xj −µk)
TVk(xj −µk)} = ▽V tr{(xj −µk)(xj −µk)

TVk}.. Then take
out the precision matrix from the trace, and it leaves with the derivative.

Then the final equation is
∑

j V
−T
K + ((xj − µk)(xj − µk)

T )T = 0, and∑
j(xj − µk)(xj − µk)

T = |J |ΣK

Note: tr(B(A + dA)) − tr(BA) = tr(BdA + AB) − tr(AB) = tr(BdA). So
B = ▽f(x)T

For the mixing coefficients, we need to include the summation constraint∑
k πk = 1 as a Lagrange multiplier, to make the L function be:
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ln p(x, z|µ,Σ, π) =
∑
n

∑
k

znk(lnπk + lnN (xn|µk,Σk)) + λ(
∑
k

πk − 1).

(1316)

Taking the derivative of this for a specific πk will then give

0 =
∑
n

znk
πk

+ λ (1317)

−λπk =
∑
n

znk (1318)∑
k

−λπk =
∑
k

∑
n

znk (1319)

−λ = N (1320)

Substituting this back into the equation, we get∑
n

znk
πk

−N = 0 (1321)∑
n

znk = Nπk (1322)

Nk

N
= πk (1323)

Nk is the number of points in the dataset associated with zk.

Exercise 9.8

The book tells us the posterior, is prop. to p(x|z)p(z), because they are different
by a factor of p(x) in Bayes Theorem, where the marginal data distribution is a
constant. Taking the expectation of znk over the posterior is equivalent to the
responsibility, γ(znk). Now, to find the expected joint log likelihood over the
posterior:

ln p(X,Z|µ,Σ, π) =
∑
n

∑
k

znk{lnπk + lnN (xn|µk,Σk)} (1324)

Since we already found that EZ [znk] = γ(znk), the other terms in the joint
distribution are constant with respect to the posterior, as they don’t contain
terms related to znk.

EZ [ln p(X,Z|µ,Σ, π)] =
∑
n

∑
k

γ(znk){lnπk + lnN (xn|µk,Σk)} (1325)
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After finding responsibilities from the E step and our old parameters, µold,Σold, πold,
in the M step we maximize with respect to each of the parameters to obtain
µnew,Σnew, πnew. To maximize with respect to µk, get terms with µk:

f(µk) = const− 1

2

∑
n

∑
k

γ(znk)(xn − µk)
TΣk(xn − µk) (1326)

▽µkf(µk) = 0 =
∑
n

γ(znk)Σk(xn − µk) (1327)∑
n

γ(znk)µk =
∑
n

γ(znk) xn (1328)

µk =
1

Nk

∑
n

γ(znk)xn (1329)

Exercise 9.9

I won’t do covariance, because I already did mean and that follows the same path
except there’s a logdet and you need to do the trace trick for the exponential
term to get the same result. I’m going to do the πk closed form solution to get
more practice with Lagrangian multipliers.

From the joint distribution equation (9), I’m going to just get the terms re-
lated to πk, and add a Lagrange multiplier representing the constraint

∑
k πk =

1.

f(πk) =
∑
n

∑
k

γ(znk) lnπk + λ(
∑
k

πk − 1) (1330)

▽πkf(πk) =
∑
n

γ(znk)

πk
+ λ = 0 (1331)∑

n

γ(znk) = −λπk (1332)∑
k

∑
n

γ(znk) =
∑
k

−λπk (1333)

N = −λ (1334)∑
n

γ(znk)

πk
−N = 0 (1335)

1

N

∑
n

γ(znk) = πk (1336)

Exercise 9.10

p(x) =
∑
k

πkp(x|k) (1337)
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. Partition x = (xa, xb), and show that the conditional density p(xb|xa) is a mix-
ture distribution. We have to use the results from Chapter 2 about conditional
Gaussians here.

p(xa, xb) =
∑
k

πkp(xa, xb|k) (1338)

p(xb|xa) =
∑
k

πk
p(xa, xb|k)
p(xa)

=
∑
k

πk
p(x|k)
p(xa)

(1339)

(1340)

I believe this is enough, since this matches the mixture distribution format,
with mixing components preserved and new component densities. Or I guess
since the marginal in the sum is a constant with respect to xb now, we can
assume it is part of the mixing coefficients.

Exercise 9.12

Consider mixture distribution p(x) with component densities p(x|k), where the
mean and covariance of each density are given by µk,Σk

p(x) =
∑
k

πkp(x|k)

µ = Ep(x)[x] =
∑
k

πkxp(x|k) =
∑
k

πkµk

Σ = Ep(x)[(x− µ)(x− µ)T ] = Ep(x)[(x− µ)(µT − xT )] = Ep(x)[xx
T − xµT + µxT + µµT ] = Ep(x)[xx

T ]− µµT

Σk = Ep(x|k)[xx
T ]− µkµ

T
k

Ep(x)[xx
T ] =

∑
x

∑
k

xxTπkp(x|k) =∑
k

πk
∑
x

xxT p(x|k) =
∑
k

πkEp(x|k)[xx
T ] =∑

k

πk(Σk + µkµ
T
k ).

Σ =
∑
k

πk(Σk + µkµ
T
k ) + µµT

Exercise 9.14

Recap: for mixtures of K bernoulli distributions we introduce a 1-of-K zk latent
variable, with equations

p(z|π) =
K∏
k

πzk
k

p(x|z,µ) =
K∏
k

p(x|µk)
zk
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Where the probability distribution is the normal Bernoulli. To∑
z

p(x|z, µ)p(z|π) =
∑
z

p(x, z|π, µ) = p(x|π, µ)

=
∑
z

K∏
k

{πkp(x|µk)}zk

=

K∑
j

K∏
k

{πkp(x|µk)}Ijk

=

K∑
k

{πkp(x|µk)}

We can reduce the sum and product into just a sum across K by just ex-
changing variables j = k and seeing that all terms in each product go to zero
besides Ijk = 1 Another way to look at is in when we iterate over all possible z,
there are K possibilities of one-hot vectors, so each of them will mask out the
mixture component + component density they are linked to.

Exercise 9.13

Using the re-estimation equations for the EM algorithm, show that a mixture
of Bernoulli distributions, with its parameters set to values corresponding to a
maximum of the likelihood function, has the property that

E[x] =
1

N

∑
n

xn = x̄

When the question asks for re-estimation equations of the EM algorithm, this
should not be confused with the iterative optimization technique for marginal
or type-2 evidence - instead we just carry out E + M steps.

In the E step, we calculate the expected value of the posterior E[znk] =
γ(znk) We can see this since by Bayes Theorem:

p(znk|xn) =
p(xn|znk, µk)p(znk|πk)

p(xn)

=
{πkp(xn|µk)}znk∑

znj
p(xn|znj , µj)p(znj |πj)

=
{πkp(xn|µk)}znk∑
znj

{πjp(xn|µj)}znj

E[znk] =
∑

znk
znk{πkp(xn|µk)}znk∑

znj
{πjp(xn|µj)}znj

= γ(znk)
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To reduce this, I am assuming that we are keeping znk as a fixed variable,
i.e that we are only looking at one k, so the sum is over one znk, while the
denominator is over all possible K one-hot vectors for zn:. E step complete.

M step: We are looking to maximize EZ|[ln p(X,Z|µ, π, z)] =
∑

n

∑
k γ(znk){

Borrowing equation (9.59) and (9.60), we know the maximum likelihood
parameters are:

Nk =
∑
n

γ(znk)

µk =
1

Nk

∑
n

γ(znk)xn

πk =
Nk

N

Then our original mixture distribution is:

p(x|µ,π) =
∑
k

πkp(x|µk)

E[x] =
∑
k

πkxp(x|µk) =
∑
k

πkEp(x|µk)[x]

=
∑
k

π∗
kµ

∗
k

=
∑
k

Nk

N
∗ 1

Nk

∑
n

γ(znk)xn

=
1

N

∑
k

∑
n

γ(znk)xn

=
1

N

∑
n

∑
k

p(znk = 1|xn)xn

=
1

N

∑
n

xn = x̄

In the case that all µk = µ̂, we can run the EM - algorithm again. The E
step:

γ(znk) =
πkp(xn|µ̂)∑
j πjp(xn|µ̂)

=
πkp(xn|µ̂)
p(xn|µ̂)

= πk
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. For the M step, we can use equations 9.59 to get that:

µk =
1

Nk

∑
n

γ(znk)xn

=

∑
n γ(znk)xn∑
n γ(znk)

=
πk

∑
n xn

πk
∑

n 1
=

1

N

∑
n

xn

Which is the mean over all n. If we run another iteration, the means are all the
same so we will just repeat the same result.

Exercise 9.16

Skipped Exercise 9.15 because it was repetitive and I want to do the Lagrange
multiplier question.

L =
∑
n

∑
k

γ(znk){lnπk +

D∑
i

{ xni lnµki + (1− xni) ln(1− µki)}}+ λ(
∑
k

πk − 1)

▽πkL =
∑
n

γ(znk)

πk
+ λ = 0∑

n

∑
k

γ(znk) =
∑
k

−λπk

N∑
n

1 = N = −λ

▽πkL =
∑
n

γ(znk)

πk
= N

∑
n

γ(znk)

N
= πk

Exercise 9.18

We have a Bernoulli mixture model again, with now new priors:

p(µk|ak, bk) = Beta(ak, bk)

p(πk|α) =
Γ(α0)

Γ(α1)..Γ(αk)

∏
k

παk−1
k ,

∑
k

αk = α0

From Problem 9.4, when maximizing the posterior using EM, the E step
remains unchanged, but now in the M step we need to maximize:

Q(θ, θold) + ln p(µk, πk)
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We already know how to maximize the first term - that is equation (9.55) and
the only term that is dependent on the posterior is the γ(znk) term which is
just the posterior itself. Assuming the priors are independent,

ln p(µk, πk) = ln p(µk) + ln p(πk)

= lnΓ(ak + bk)− ln Γak − ln Γbk + (ak − 1) lnµk+

(bk − 1) ln(1− µk) +

K∑
k=0

ck ln Γαk +
∑
k

(ak − 1) lnπk

Once we have the new term figured out, we’re going to optimize with respect
to our new paramters π,µk to get the re-estimation equations. To maximize
with πk first, we have to include the Lagrange multiplier and only get terms
relevant to it:

f(π) = λ(
∑
k

πk − 1) +
∑
k

(αk − 1) lnπk +
∑
n

∑
k

γ(znk) lnπk

▽πkf(πk) = λ+
αk − 1

πk
+

∑
n

γ(znk)

πk
= 0

λ
∑
k

πk +
∑
k

{αk − 1}+
∑
n

∑
k

γ(znk) = 0

λ+ α0 −K +N = 0

λ = −α0 +K −N

▽πkf(πk) = −α0 +K −N +
αk − 1

πk
+

∑
n

γ(znk)

πk
= 0

α0 +N −K =
∑
n

1
N (αk − 1) + γ(znk)

πk

πk =
αk − 1 +Nk

α0 +N −K

To optimize with respect to µk, we have to get terms from the expected
complete log-likelihood + the prior:

ln p(µki) =
∑
n

∑
k

γ(znk)

D∑
i

xki lnµki + (1− xki) ln(1− µki) + (aki − 1) lnµki + (bki − 1) ln(1− µki)

▽µki :
∑
n

γ(znk){
xki
µki

− 1− xki
1− µki

}+ aki − 1

µki
− bki − 1

1− µki
= 0∑

n γ(znk)xni + ai − 1

µki
+

∑
n −γ(znk)(1− xni)− bi − 1

1− µki
= 0

Nkx̄ni + ai − 1

µki
− Nk −Nkx̄ni − bi − 1

1− µki
= 0
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(1− µki)(Nkx̄ni + ai − 1)− µki(Nk −Nkx̄ni − bi − 1) = 0

Nkx̄ni + ai − 1− µkiNkx̄ni − µkiai + µki − µkiNk + µkiNkx̄ni + µkibi + µki = 0

Nkx̄ni + ai − 1− µkiai + µki − µkiNk + µkibi + µki = 0

Nkx̄ni + ai − 1 + µk(−ai + 1−Nk + bi + 1) = 0

µki =
Nkx̄ni + ai − 1

Nk + ai − bi − 2

Exercise 9.19

Before, x was a D-dimensional vector, but now we add another dimension M ,
where x is a binary vector with components x1...xD, and each component xd is
a multinomial variable of degree M, such that

∑
j xij = 1

We’re going to have a mixture of these multinomial distributions, with

p(x) =
∑
k

πkp(x|µk)

p(x|µk) =

D∏
i

M∏
j

µ
xij
kij

So we’ve added another dimension, where the component density is the product
over each component of x, and in that component the standard multinomial
distribution likelihood. Given we have an observed data set {xn}, we need to
derive the EM steps, which means introducing a latent variable z first. Following
the direction of the book, we should do: p(x) =

∑
z p(x|z,µk)p(z|πk). z is a

one-hot vector with length K.

p(x|z,µk) =

D∏
i

M∏
j

K∏
k

µzk
kij =

K∏
k

p(x|µk)
zk

p(z|π) =
K∏
k

πzk
k

E step:

E[znk] =
∑

znk
znk{πkp(xn|µk)}znk∑

znj
{πkp(xn|µk)}znj

= γ(znk)

This is again the responsibility, i.e p(znk = 1|xn) because using Bayes Theorem,
the numerator is going to be just p(xn|znk = 1) for the single znk, and the
numerator is going to be across all possible one-hots of zn:.

M step: This is where it gets tricky. We need to maximize:

EZ [ln p(X,Z|µ,π)] =
∑
n

∑
k

γ(znk){lnπk +

D∑
i

M∑
j

xnij lnµkij}
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To optimize the mixing coefficients, we add the Lagrangian multiplier of the
constraint

∑
k πk = 1, and take out only the πk terms to get:

▽πk :
∑
n

γ(znk)

πk
+ λ = 0

λ = −N

πk =
Nk

N

To optimize with relation to µkij , we also need to remember the constraint∑
j µkij = 1:

∑
n

∑
k

γ(znk){
D∑
i

∑
j

xnij lnµkij}+ λ(
∑
j

µkij − 1) (1341)

▽µkij :
∑
n

γ(znk)xnij
µkij

+ λ = 0 (1342)∑
n

γ(znk)xnij = −λ ∗ µkij (1343)∑
n

γ(znk)
∑
j

xnij = −λ (1344)

∑
n

γ(znk) = −λ (1345)

λ = −Nk (1346)

Now substituting the multiplier back into (27),∑
n

γ(znk)xnij
µkij

+ λ = 0

∑
n

γ(znk)xnij
µkij

= Nk

1

Nk

∑
n

γ(znk)xnij = µkij
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Exercise 9.20

The E step is given by equation (9.62):

E[ln p(t,w|α, β)] = M

2
ln

α

2π
− α

2
E[wTw] +

N

2
ln

β

2π
− β

2

N∑
n

E[(tn − wTϕ)2]

(1347)

▽a :
M ∗ 2π

2 ∗ α ∗ 2π
− E[wTw]

2
= 0 (1348)

α =
M

E[wTw]
(1349)

The Σw = E[wTw]− E[w]E[w]T , so you can rearrange and find that.

Exercise 9.21

This time optimize equation (32) with respect to β.

▽β :
N ∗ 2π
2β ∗ 2π

− 1

2

∑
n

E[(tn −wTϕn)
2] = 0

N

β
=

∑
n

E[t2n]− 2E[tnwTϕn] + E[(wTϕn)
2]

N

β
=

∑
n

t2n − 2tnmNϕn + E[wTϕnϕ
T
nw]

N

β
=

∑
n

t2n − 2tnmNϕn + E[Tr(wTϕnϕ
T
nw)]

So how do we get the last expected value? This was my thinking: Since

E[Tr(wTϕnϕ
T
nw)] = E[Tr(wTΦw)]

= E[Tr(ΦwwT)]

E[ΦTr(wwT)]

Tr(E[A]) = E[Tr(A)]

sinceTr(E[A]) =
∑
n

E[ann] = E
∑
n

ann = E[Tr(A)]

So then : E[ΦTr(wwT)] = Tr(ΦE[wwT ])

SN − E[w]E[w]T = E[wwT ]

Tr(ΦE[wwT ]) = Tr(ΦSN − ΦE[w]E[w]T )

= Tr(ΦSN − ΦmNmT
N )

= Tr(ΦSN )− Tr(mT
NΦmN )
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When we substitute this back in,

N

β
=

∑
n

t2n − 2tnm
T
Nϕn +Tr(ΦSN )−mT

NΦmN

N

β
=

∑
n

(tn −mT
Nϕn)

2 +Tr(ΦSN)

So what I used in this question: the fact that the expectation and trace are both
linear operators and can be swapped. The scalar trace trick for 1x1 matrices.

Exercise 9.23

So I was pretty confused on what they meant by ’formally the same’, so I looked
at another person’s solution manual, and apparently the textbook just means
that it gives the same final answer at iterative convergence. So at convergence
αi+1 = αi, so we just have to show that for the RVM case:

αEM =
1

m2
i +Σii

αRVM =
1− αiΣii

m2
i

α∗
i =

1− α∗
iΣii

m2
i

m2
iα

∗
i = 1− α∗

iΣii

α∗
i =

1

m2
i +Σii

This solve α, now for β we do the same thing. At convergence, the optimal
parameters remain unchanged.

β−1
EM(new) =

∥t−ΦtmN∥2 + β−1
∑

i γi
N

(1350)

β−1
∗ (N −

∑
i

γi) = ∥t−ΦmN∥2 (1351)

β−1
∗ =

∥t−ΦmN∥2

N −
∑

i γi
(1352)
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Exercise 9.25

Let’s write out the equations in the question first:

p(X,Z|θ) = p(Z|X,θ)p(X|θ)
p(X,Z|θ)
p(Z|X,θ)

∗ q(Z)

q(Z)
= p(X|θ)

p(X,Z|θ)
q(Z)

∗ q(Z)

p(Z|X,θ)
= p(X|θ)

ln
p(X,Z|θ)
q(Z)

+ ln
q(Z)

p(Z|X,θ)
= p(X|θ)

Take expectation over both sides with respect to q(Z)∫
q(Z) ln

p(X,Z|θ)
q(Z)

dq(Z) +

∫
q(Z) ln

q(Z)

p(Z|X,θ)
dq(Z) = ln p(X|θ)

L(q,θ) =
∫
q(Z) ln

p(X,Z|θ)
q(Z)

dq(Z)

The actual answer is a lot simpler than all this derivation. When decompos-
ing the incomplete log likelihood, we notice that the second term is KL(q||p),
which goes to 0 when q(Z) = p(Z|X,θold), to make the lower bound equal to
ln p(X|θ). This is also the motivation behind the E step, since we’re deriving
the motivation behind EM, which is to maximize the lower bound. In the E step
we maximize it through setting q(Z) to some value, which is actually the poste-
rior. The following M step is represented as the maximization with respect to θ,
which leads to the lower bound increasing, if not already at a maximum, which
also causes KL(q||p) > 0, since now the posteriors are based on θold. Maxing
the lower bound with respect to θ is equivalent to maximizing the expectation
of the complete log likelihood over the posterior, which is the same as the M
step.

Exercise 9.26

The sufficient statistics for a Gaussian mixture are:

µk =
1

Nk

∑
n

γ(znk)xn

µnew
k =

1

Nnew
k

∑
n ̸=m

γ(znk)xn +
1

Nnew
k

γ(zmk)
newxm

µnew
k =

1

Nnew
k

∑
n ̸=m

γ(znk)xn +
1

Nnew
k

γ(zmk)
oldxm − 1

Nnew
k

γ(zmk)
oldxm +

1

Nnew
k

γ(zmk)
newxm

µnew
k =

1

Nnew
k

∑
n

γ(znk)
oldxn +

γ(zmk)
new − γ(zmk)

old

Nnew
k

xm

µnew
k =

Nold
k

Nnew
k

µold
k +

γ(zmk)
new − γ(zmk)

old

Nnew
k

xm
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µnew
k = µold

k (1− Nnew
k −Nold

k

Nnew
k

) +
γ(zmk)

new − γ(zmk)
old

Nnew
k

xm

µnew
k = µold

k (1− γ(zmk)
new − γ(zmk)

old

Nnew
k

) +
γ(zmk)

new − γ(zmk)
old

Nnew
k

xm

µnew
k = µold

k +
γ(zmk)

new − γ(zmk)
old

Nnew
k

(xm − µold
k )

Nk =
∑
n

γ(znk)

Nnew
k =

∑
n ̸=m

γ(znk) + γ(zmk)
new

Nnew
k =

∑
n ̸=m

γ(znk) + γ(zmk)
old − γ(zmk)

old + γ(zmk)
new

Nnew
k = Nold

k − γ(zmk)
old + γ(zmk)

new

Key idea I didn’t really grasp to solve this problem: the textbook showed how
to incremental EM when you can factorize over the complete log likelihood, so
we were dealing with only a single data point and it’s updated responsibilities.
However, when we are looking at sufficient statistics, we need consider all points.
Then for all points besides the current one, they have the old responsibilities,
while the current one has the new responsibilites, giving a one-out sum that
needs to be algebraically fixed.

Chapter 10: Variational Inference

10.1 Notes

Often times, one of the most important tasks in probabilistic models with la-
tent variables like EM is evaluating the posterior distribution, i.e the E step.
However, this is often intractable, whether due to the size and dimensionality
of the latent variable distribution, or if integration for expectation is analyti-
cally intractable and numeric integration is infeasible. They introduce different
techniques to approximating the posterior through assumptions about specific
parametric forms or factorizations.

More specifically functionals and the calculus of variations are widely used
in variational approximation because we can restrict the range of functions in
our optimization search space to certain assumptions, like linear combinations
of basis functions. So variational To see how this works, we can return to the
Chapter 9 assumption of a complete data of set of latents and observed, with
the equation:

ln p(X) = L(q, θ) + KL(q||p)
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. This time we don’t use parameters because they are stochastic variables
included in the latents. We can normally maximize the lower bound with respect
to q(Z) = p(Z|X), but the posterior is intractable. So we assign a rich tractable
family of highly flexible distributions to search over, p(Z|w), where w is some
parameters we maximize.

First group is factorized distributions: q(Z) =
∏M

i qi(Zi). For the sake of
time, I’m not going to write all the math - but they basically write out the
lower bound with its products and what not, and then show that since it’s a
factorization, we can find the lower bound in terms of its dependence on one
qj(Zj), which is

L(q) =

∫
qj ln p̃(X,Zj)dZj −

∫
qj ln qjdZj

ln p̃(X,Zj) = Ei ̸=j [ln p(X,Z)] + const

Ei ̸=j [ln p(X,Z)] =

∫
ln p(X,Z)

∏
i̸=j

qidZi

The second line when you take the expectation is over all other factoriza-
tions besides j. When maximizing the lower bound with respect to q(Z) now,
this is easy because L(q) is the negative KL divergence, which is equivalent
to minimizing the KL divergence, which is bounded by 0 and occurs when
qj = ln p̃(X,Zj). This important fact shows the optimal q(Z) = p(X,Zj), and
ln q(Z) = ln p̃(X,Zj) + Norm. const. So the book says that the procedure for
each component is to calculate the expectations with the estimates of all other
i, and repeat this until convergence because L is convex to each qi(Zi).

10.1.2

Some nuances of factorized distributions arise. The book gave a good example of
approximating a multivariate gaussian with a factorized distribution, where the
only solution is to have factorized Gaussians. They also showed that minimizing
with KL(q||p) = −

∫
q ln p

q , the forward KL divergence will seek areas where
p is large unless both p and q are small, due to the properties of log. This
causes these q(Z) approximations to be mode-seeking, and assign q(x) = 0
where p(x) = 0. On the other hand, minimizing the reverse KL divergence,
KL(p||q) = −

∫
p ln qiZi is minimized when both p and q are nonzero, so these

disributions are zero-avoiding ånd tend to spread out across the probability
mass uniformly, avoiding modes. Some stuff about alpha-family divergences
and Hellinger distances was mentioned.

10.1.3 + 10.1.4

The book covers approximating a univariate gaussian, with conjugate priors
for both µ, τ , which gives a Gamma-Gaussian distribution with a closed form
solution. The book chose for learning to derive it with q(µ, τ) = q(µ)q(τ), and
derived a bunch of expectations and stuff that will be in the exercises. My key
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takeaway was that in the expectation step over ln p(X,Zj), you only get the joint
distribution UP TO the latent variable you are interested in for ln p̃(X,Zj).

The book also went over model comparison, where if you have M different
models, what is q(m|X)? There is an added nuance here when calculating this
because latent variables are different for different types of models, so q(Z,m) =
q(Z|m)q(m), and this should be shown in ln p(X). The book kind of rushed
past this part.

10.2 Variational Mixture of Gaussians

Looking at this chapter, it is just one huge problem, so we might as well solve
along for learning. We are using the familiar Gaussian mixture, with latent
variables Z, and

p(X|Z,µ,Λ) =
∏
n

∏
k

{N (xn|µk,Λ
−1
k )}znk

p(Z|π) =
∏
n

∏
k

πznk
k

We use conjugate priors for all parameters:

p(π) = Dir(π|α0) = C(α0)
∏
k

πα0−1
k

I had to review a little, but since we are using Gaussian multivariate distribu-
tions now, with an unknown precision and mean, instead of using a Gaussian-
gamma, we’re going to use its multivariate verison, the Gaussian-Wishart prior.

p(µ,Λ) =
∏
k

N (µk|mk, (β0Λk)
−1)W(Λk|W0, ν0) (1353)

The book left mk = 0 for symmetry. We can explicitly write out the dependen-
cies of the joint distribution as: p(X,Z,π,µ,Λ) = p(X|Z,µ,Λ)p(Z|π)p(π)p(µ|Λ)p(Λ)
We assume a clean factorization, where q(Z,π,Λ, µ) = q(Z)q(π,Λ, µ). Then
we can define our first update equation:

ln q∗(Z) = Eµ,Λ,µ[ln p(X|Z,µ,Λ) + ln p(Z|π)] + const.

= Eµ,Λ[ln p(X|Z,µ,Λ)] + Eπ[ln p(Z|π)] + const.

Eµ,Λ[ln p(X|Z,µ,Λ)] = Eµ,Λ[
∑
n

∑
k

znk{−
D

2
ln 2π +

1

2
ln |Λ| − 1

2
(µk − xn)

TΛk((µk − xn)}]

=
∑
n

∑
k

znk{−
D

2
ln 2π +

1

2
E[ln |Λ|]− 1

2
Eµk,Λk

[(µk − xn)
TΛk((µk − xn)]}

Eπ[ln p(Z|π)] = Eπ[
∑
n

∑
k

znk lnπk]

=
∑
n

∑
k

znkEπ[lnπk]

ln q∗(Z) =
∑
n

∑
k

znk ln pnk + const.
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After exponentiating both sides, we get

q∗(Z) ∝
∏
n

∏
k

pznknk .

The book explains that the probabilities in the new distribution must be nor-
malized, and since znk is binary, that means only one of them is being selected,
but pnk is not necessarily binary. To normalize, since this is a multinomial
distribution, we just apply softmax, with

rnk =
pnk∑
j pnj

, since pnk are all already exponentiated. rnk can also be interpreted as the
responsibilities, so we now write some terms for later:

Nk =
∑
n

rnk

x̄k =
∑
n

rnkxn

Sk =
∑
n

rnk(xn − x̄k)(xn − x̄k)
T

Now we consider the other factors, which is q(µ,Λ, π). If we only get terms
from the joint distribution that have any dependence on µ,Λ, π, we have

ln q∗(µ,Λ, π) = EZ [ln p(X|Z,µ,Λ) + ln p(Z|π) + ln p(π) + ln p(µ|Λ) + ln p(Λ)]

= ln p(π) + ln p(µ,Λ) + EZ [ln p(Z|π)] +
∑
n

∑
k

EZ [znk]N (xn|µk,Λ
−1
k ).

The terms can be further factorized into q(π)q(µ,Λ) components, where

ln q∗(π) = lnC(α0) + (α0 − 1)
∑
k

lnπk +
∑
n

∑
k

EZ [znk] lnπk

ln q∗(π) = lnC(α0) + (α0 − 1)
∑
k

lnπk +
∑
k

∑
n

rnk lnπk

q∗(π) = C(α0)
∏
k

πα0−1
k ∗ πNk

k

This is another Dirichlet distribution. For the mean and precision components,
this will be done in Exercise 10.14. One thing to note is that when the update
equations are derived, they are analogous to the maximum likelihood solutions in
the EM chapter, which shows that Variational Inference is a Bayesian treatment
of maximizing that EM lower bound equation over a variation of functions for
the posterior. So overall, the technique closely mirrors MLE EM, where you
first take your current model parameters to estimate all the responsibilities,
which is the E step. Then you perform the M step by using your new rnk in the
re-estimation equations to obtain new model parameters.
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Section 10.2.2 was short and just showed the decomposition of the lower
bound into the factorized components, and also noted that since maximizing
the lower bound is analogous to maximizing the ln p(X), we could recover the
re-estimation equations by substituting in our factorized distributions and max-
imizing with respect to each of the q factorized distributions.

10.2.4

A small section on determing model parameters / model complexity. When op-
timizing over K mixtures, there are K! possible different reorganizations of the
parameters that give the same predictive densities, due to the Bayesian treat-
ment. In the maximum likelihood setting, it doesn’t matter because we start
with point estimates and optimize to closed-form point estimates, but Bayesian
treatments use distributions that can be symmetric. Additionally, the forward
KL divergence tends to move final answers towards modes in multimodal dis-
tribution that can be represented by multiple different parameters. One way to
mitigate this is to use a lnK! penalty in the lower bound. One thing to note is
that using maximum likelihood means that p(D|K) would increase monotoni-
cally withK, but Bayesian inference gives an optimal model complexity through
the trade-off of fitting the data. Another possible method is using automatic
relevance determination, where each πk is initialized as a point est. instead of
a Dirichlet distribution, and then the re-estimation equation is πk = 1

N

∑
rnk.

So as training progresses, mixing coeff with lower responsibility will slowly be
pruned out.

10.3 - Variational Linear Regression

Most of the results from Variational Linear regression recover the results from
Bayesian linear regression, with some slight subtleties. We have to now in-
troduce an additional Gamma distribution for the α prior, so that our entire
joint distribution is: p(t,w,α) = p(t|w)p(w|α)p(α). We are assuming that
the likelihood precision parameter β is a known constant, although it can be
included, with additional work. Also, p(α) = Gam(α|a0, b0)Here, we are treat-
ing the two right variables as latents, and trying to maximize ln p(t), which
we do by approximating q(Z) as the posterior, as reference to EM. We can
now perform variational inference again, by utilizing a factorized distribution:
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q(w,α) = q(w)q(α). From the variational framework:

ln q∗(w) = Eα[ln p(t,w,α)]

= Eα[ln p(w|α)] + Eα[ln p(t|w)]

= −1

2
Eα[α]w

Tw − β

2

∑
n

(tn −wTϕn)
2

= −1

2
wT {E[α]I}w − β

2

∑
n

(t2n − 2wTϕntn +wTϕnϕ
T
nw)

= −1

2
wT {E[α]I}w − β

2
wTΦT t− β

2
wTΦTΦw + const.

= −1

2
wT {E[α]I − βΦTΦ}w − β

2
wTΦT t.

This is a quadratic form of w, so it will be a Gaussian. We don’t need to
exponentiate just yet, we can complete the square and then look at the second
and first-order terms to get the sufficient statistics.

SN = {E[α]I − βΦTΦ}−1

mN = βSNΦT t

ln q(w) = N (w|mN , SN )

ln q∗(α) = ln p(α) + Ew[ln p(w|α)]

= ln p(α) +αEw[w
Tw] +

1

2
ln |αI|

= (a0 − 1) lnα− boα+α(Tr(SN ) +mT
NmN ) +

M

2
lnα

Taking the exponential of this equation gives another Gamma distribution, with
ak = a0+

M
2 and bk = (Tr(SN )+mT

NmN −b0). With this information, we can
see that each equation has a reliance on the other through expectations, so the
general algorithm would be to instantiate some initial distributions q(w), q(α),
and then iteratively estimate expectations for one to improve the other, until
a convergence criterion is satisfied. In the case of a infinitely broad prior for
q(α), this actually recovers the same result as normal point estimate maximum
likelihood.

For the predictive densities, we can use the equation:

p(t|x, t) =
∫
p(t|x,w)p(w|t)dw

≈
∫
p(t|x,w)q(w)dw

=

∫
N (t|wTϕn, β

−1)N (w|mN , SN )dw

Then you can substitute in the equations and use convolution of two Gaussians
to get another Gaussian.
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10.4 Exponential Distributions

A short note on exponential distributions the book gave - there are intensive and
extensive parameters in exponential distributions. Intensive parameters remain
fixed relative to the number of data points, like the parameters of probability
distributions, while extensive parameters grow with the number of data points,
like the latent variables. So if we have

p(X,Z|η) =
∏
n

h(xn, zn)g(η) exp(η
Tu(xn, zn))

When applying variational EM, it is pretty straightforward and it shows
that the Z, η variables again have a dependence on each other in the optimal
posteriors, so the E step is estimating the E[Z], such as responsibilities, then
updating the η parameters and using their expectation to update the latents
again. There was also some notes about variational message passing and prob-
abilistic graph models, where from Chapter 8 we know that we can factorize a
joint distribution over a graph model as :

p(x) =
∏
i

p(xi|pai)

Then if you factorize according to the ln p(X,Zj) = Ei̸=j [
∑

i ln p(xi|pai)] +
const., we can see that to calculate the optimal posterior, i.e minimize the KL
divergence by matching, we have to calculate the Markov blanket for node j,
which is all the nodes it is conditioned on, as well as node j’s child nodes. Need
to go read Chapter 8 again to understand this part.

10.5 Local Variational Methods

Instead of using variational inference methods that focus on approximating the
entire posterior, we can also try to approximate the lower bounds of conditional
distributions p(y|x) that are ’local’ to one part of the entire joint distribution.
We can then keep applying our local approximation until we have a tractable
solution, which will be used for logistic regression. To illustrate local variational
approx, we can use an example strictly convex function f(x) = exp(−x), which
means the tangent lines y(x) = exp(−x0)− exp(−x0)(x− x0) have y(x) ≤ f(x)
with equality at x = x0. If we now substitute λ = − exp(−x0), we can rewrite
the equation as y(x, λ) = −λ + λx − λ ln(−λ), and f(x) = maxλ y(x, λ), so
we have now reduced f(x) into a linear optimization problem, but at the cost
of introducing another parameter we must optimize to, using variational lower
bound techniques.

Now, λx is an imperfect lower bound of f(x), because λx may not be the
tangent line, which is the strictest lower bound. So there should be a y-intercept
so that λx − g(λ) = the tangent line. The intercept can be determined by
noticing that the gap between the function and λx should be closed, i.e g(λ) =
−minx{f(x) − λx} = maxx{λx − f(x)}. Notice that the intercept is also a
function of the slope of the tangent, λ. Instead of varying x, we can try varying
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the slope of the tangent, by fixing a particular x at the function and adjusting
the λ until it is tangent at that x. The equation for the tangent line is maximized
when it coincides with f(x), so f(x) = maxλ λx− g(λ). So these two equations
have a dual relation - one relates how to x around to get an intercept that
touches the function, while the other one tells how to move the tangent slope
around to get a line that touches the function.

For our current example of f(x) = exp(−x), if we solve first for the dual
lambda function:

g(λ) = max
x

λx− f(x)

λ = f ′(x)

λ = − exp(−x∗)
− ln(−λ) = x∗ = x0

g(λ) = λ(− ln(−λ))− exp(ln(−λ))
= −λ ln(−λ) + λ

In order to obtain the new f(x) using our conjugate function, we can substitute
into the f(x) max equation:

f(x) = max
λ

λx− g(λ)

= max
λ

λx+ λ ln(−λ)− λ

x+ ln(−λ)− λ ∗ −1

λ
− 1 = 0

x+ ln(−λ) + 1− 1 = 0

− exp(−x) = λ

Then substituting back in:

f(x) = − exp(−x)x− exp(−x) ln(exp(−x)) + exp(−x)
f(x) = exp(−x)

So using these convex dual equations, one that defines the function and the
other that defines the intercept, we can create upper bounds:

g(λ) = max
x

λx− f(x) (1354)

f(x) = max
λ

λx− g(λ) (1355)

. Similarly, we can create lower bounds for concave dual equations:

g(λ) = min
x
λx− f(x) (1356)

f(x) = min
λ
λx− g(λ) (1357)

For functions that are neither concave nor convex, if we can find an invertible
transformation to a convex/concave function, we can perform the optimizations
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to obtain bounds, and then perform the inverse transformation to return to the
original function space. A useful and popular example is the sigmoid function:
f(x) = 1

1+e−x . If we take the logarithm of this function, we can show it is
concave by taking its second derivative:

ln f(x) = − ln(1 + e−x)

▽ :
e−x

1 + e−x

▽2 :
−e−x(1 + e−x) + e−x ∗ −e−x

(1 + e−x)2

Only numerator matters : −e−x − e−2x < 0

Since it is concave, we can derive an upper bound for the conjugate, where
f(x) = lnσ(x):

g(λ) = min
x
λx− f(x)

min
x
λx+ ln(1 + e−x)

▽ : λ = f ′(x) =
e−x

1 + e−x
= 1− 1

1 + e−x

(1 + e−x)−1 = 1− λ

ln(1 + e−x) = − ln(1− λ)

1

1− λ
= 1 + e−x

λ

1− λ
= e−x

− ln(λ) + ln(1− λ) = x

Substituting these back in, we get:

g(λ) = λ(− ln(λ) + ln(1− λ))− ln(1− λ)

= −λ lnλ− (1− λ) ln(1− λ)

f(x) = min
λ
λx− g(λ)

lnσ(x) ≤ λx− g(λ)

σ(x) ≤ exp(λx− g(λ))

Which is the binary entropy function, and we get the upper bound of the sigmoid
function. To get the corresponding lower bound, we have to transform the
sigmoid equation into a convex function, which we can do by making it into the
functional form of a Gaussian:

lnσ(x) = − ln(1 + e−x) = − ln(e−x/2(ex/2 + e−x/2))

=
x

2
− ln(ex/2 + e−x/2)
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I don’t know how someone can see this without a hint, but that function is a
convex function of the variable x2 = y, and we can show this by taking the
second derivative:

f(y) =

√
y

2
− ln(e

√
y/2 + e−

√
y/2)

▽f(y) = −1

4
y−1/2 − 1

(e
√
y/2 + e−

√
y/2)

∗ (−1

4
y−1/2e

√
y/2 +

1

4
y−1/2e−

√
y/2)

= −1

4
y−1/2(1− −e

√
y/2 + e−

√
y/2

e
√
y/2 + e−

√
y/2

)

= −1

4
y−1/2(1 +

1− e−
√
y

1 + e−
√
y
)

▽2f(y) =
1

8
y−3/2 ∗ (positive)− 1

4
y−1/2(

(1 + 1
2
√
y e

−√
y)(1 + e−

√
y)− (1− e−

√
y)(1− 1

2
√
y e

−√
y)

positivesquare

=
1

8
y−3/2 ∗ (positive)− 1

4
y−1/2(

e−
√
y( 12

√
y + 1 + 1 + 1

2

√
y)

positivesquare

I think we can leave this until Exercise 10.32, it’s taking a little too much
time and not enough importance. Well since we have a convex transforma-
tion of lnσ(x), we can now impose the max constraints, knowing that f(x) =
− ln(e−x/2 + ex/2) is a convex function with respect to x2/2. The x/2 part of
lnσ(x) is not upper bounded so we can remove it from the optimization,

g(λ) = max
x2

(λx2 − f(
√
x2)

= max
x2

λx2 −
√
x2

2
− ln(e

√
x2/2 + e−

√
x2/2)

▽x2 : λ− dx

dx2
d

dx
f(
√
x2) = 0

λ− 1

2x
(−1/2 ∗ ex/2 − 1/2e−x/2

ex/2 + e−x/2
) = 0

λ = − 1

4x
(
ex/2 − e−x/2

ex/2 + e−x/2
) = − 1

4x
tanh(x/2)
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Then if we set x = ξ and use ξ as our variational parameter instead of λ,

λ(ξ) = − 1

4ξ
tanh(ξ/2) = − 1

2ξ
(σ(ξ)− 1

2
)

λ(ξ) =
1

2ξ
(σ(ξ)− 1

2
)

g(ξ) = −λ(ξ)ξ2 + ln(eξ/2 + e−ξ/2)

f(x) = max
ξ

−λ(ξ)x2 − g(ξ)

f(x) ≥ −λ(ξ)x2 + λ(ξ)ξ2 − ln(eξ/2 + e−ξ/2)

lnσ(x) ≥ −λ(ξ)x2 + λ(ξ)ξ2 − ln(eξ/2 + e−ξ/2) +
x

2

σ(x) ≥ 1

eξ/2 + e−ξ/2
exp{x

2
− λ(ξ)x2 + λ(ξ)ξ2}

σ(x) ≥ 1

1 + e−ξ
exp{x

2
− ξ

2
− λ(ξ)x2 + λ(ξ)ξ2}

σ(x) ≥ σ(ξ) exp {x− ξ

2
− λ(ξ)(x2 − ξ2)}

The reason for taking out x/2 is more clear now - since x/2 is a monotonically
increasing function, we can remove it from the bound and it back later without
affecting the direction of the inequality, so we just perform the optimization on
− lnportion. This can be seen as another invertible transformation. Another
thing Bishop did that I don’t quite understand is that they make λ(ξ) equal
the tanh expression without the negative sign, so they introduce a negative sign
into the equation, this looks like a personal choice though. The sigmoid lower
bound is an exponential quadratic, i.e a Gaussian. The reason the sigmoid is
useful again, is because it is a function that transforms the logodds ratio to a
posterior probability and vice versa:

p(C1|x) =
p(x|C1)p(C1)

p(x|C1)p(C1) + p(x|C2)p(C2)

=
1

1 + p(x|C2)p(C2

p(x|C1)p(C1)

= σ(a)

a = − ln
p(x|C2)p(C2)

p(x|C1)p(C1)
= ln

p(x|C1)p(C1)

p(x|C2)p(C2)

So using this log odds ratio as the argument to the sigmoid gives the posterior
probabilities, for logistic regression with two classes. Usually, we don’t express
a explicitly as the log odds and instead use basis functions or a neural network
instead, implying that we are trying to learn this log odds ratio here. We can
see how to use the variational bounds by looking at the predictive distribution
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of a Bayesian model:

I =

∫
p(a)σ(a)da

≥
∫
p(a)f(a, ξ)da

. Here the p(a) would be the posterior distribution over the parameters, and σ(a)
is the likelihood/sigmoid function. Using our variational lower bound, where ξ is
the stationary x point for our dual problem, we can turn an intractable integral
into a tractable lower bound, by maximizing with respect to ξ∗, but in general
this optimized bound is not exact. This is because ξ is a single parameter
that fits to a corresponding f(a, ξ) that depends on a, and optimizing over all
parameters a causes a compromise weighted by the p(a).

10.6 Variational Logistic Regressions

So going back to the variational formulation, we are always seeking to maximize
a lower bound of the marginal likelihood, which is

p(t) =

∫
p(t|w)p(w)dw =

∫
[

N∏
n

p(tn|w)]p(w)dw

. The reason for deriving the variational lower bound of the sigmoid function
becomes clearer now - we are going to use it as a lower bound for the likelihood
and optimize that to create a Gaussian likelihood function. Consequently, we
should choose a conjugate Gaussian prior, so p(w) = N (w|m0, S0).

We can simplify out this equation using our results from section 10.5.

p(tn|w) = σ(a)tn(1− σ(a))1−tn , a = wTϕn

= (
1

1− e−a
)tn(

e−a

1− e−a
)1−tn

=
e−a+atn

1− e−a
= eatn

e−a

1− e−a

= eatn(1− σ(a)) = eatnσ(−a)

Using our previously derived lower bound, we know:

p(tn|w) = eatnσ(−a) ≥ eatnσ(ξ) exp { (−a− ξ)

2
− λ(ξ)(a2 − ξ2)}

. Now that we have this expression for the factorized likelihoods, we can use
this bound:

p(t,w) = p(t|w)p(w) ≥ h(w, ξ)p(w)
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. Since the likelihood function is factorized and the bounds are applied to each
of these terms, there are {ξn} terms that map to each of the (ϕn, tn) points in
the training set. So

h(w, ξ) =

N∏
n

σ(ξn) exp{wTϕntn − wTϕn + ξn
2

− λ(ξn)(w
Tϕnϕ

T
nw − ξ2n)}

The textbook notes that utilizing the leftside of the inequality as a probability
distribution is intractable because of its non-linear properties, so we use the
right-side. However, after normalizing the right-side, the distribution doesn’t
become a bound. So now

ln p(t|w)p(w) ≥ lnh(w, ξ)p(w)

=
∑
n

{lnσ(ξn) +wTϕntn − wTϕn + ξn
2

− λ(ξn)([w
Tϕn]

2 − ξ2n)}−

1

2
(w−m0)

TS−1
0 (w −m0)

. Under this equation, we have found a lower bound expression for the joint
distribution, which is an exponential-quadratic function and thus a Gaussian
function. This also represents the posterior, by Bayes rule, it is proportional
with a factor by the evidence, so we can calculate the posterior by identifying
the linear and quadratic terms:

wTw : −1

2
wTS−1

0 w +
∑
n

λ(ξn)w
Tϕnϕ

T
nw

= −1

2
wT (S−1

0 −
∑
n

2λ(ξn)ϕnϕ
T
n)w

SN = {S−1
0 −

∑
n

2λ(ξn)ϕnϕ
T
n}−1

wT :
∑
n

{ϕntn − ϕn/2} − S−1
0 m0

mN = SN{
∑
n

{ϕntn − ϕn/2} − S−1
0 m0}

. Notice that we have again obtained a Gaussian approximation to the poste-
riors, similar to the Laplace approximation, but this time with the variational
lower bound. However we have additional flexibility because the variational
parameter is per point.This approach does not work for multiclass problems.

Now we need to actually optimize for our problem, where

ln p(t) ≥
∫
h(w, ξ)p(w)dw = L(ξ)
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. We want to find ξ∗ that maximizes the lower bound of the marginal likelihood.
There are two ways: one, recognize that the integral is marginalizing out the
w parameter and recognize it at as a latent variable and perform EM, or solve
the integral analytically, take out the w terms by completing the square and
then taking the gradient. First, let’s look at the EM approach, where we are
maximizing L(ξ), which can be thought as the log marginal, with a latent
variable. In the E step, we need to evaluate the posterior of the latent variable
w, which we conveniently have already found through the variational lower
bound:

ln q(w) = lnN (w|mN , SN )

. Now in the M step, we have initialized the variational parameters to ξold =
{ξn}, and we need to maximize the complete log-likelihood distribution, which
is:

Q(ξ, ξold) = Ew[lnh(ξ,w)p(w)]

= Ew[

N∑
n

lnσ(ξn)−
ξn
2

− λ(ξn)(w
Tϕnϕ

T
nw − ξ2n)]

=

N∑
n

lnσ(ξn)−
ξn
2

− λ(ξn)(Ew[Tr(w
Tϕnϕ

T
nw)]− ξ2n)

=

N∑
n

lnσ(ξn)−
ξn
2

− λ(ξn) Tr(ϕ
T
nEw[wwT ]ϕn)− ξ2n)

=

N∑
n

lnσ(ξn)−
ξn
2

− λ(ξn)(Tr(ϕ
T
nEw[wwT ]ϕn)− ξ2n)

. Notice that we remove the p(w) because it has no dependence on ξ, so maxi-
mizing with respect to it doesn’t change it. We’re taking the expectation over
ln q(w) that depends on ξold. Now we can take the gradient with respect to
ξn = ξ:

▽ξn :
1

σ(ξn)
∗ σ(ξn)(1− σ(ξn))−

1

2
− λ′(ξn)(Tr(ϕ

T
nEw[wwT ]ϕn)− ξ2n)

−λ(ξn)(−2ξn)

=
1

2
− σ(ξn)− λ′(ξn)(Tr(ϕ

T
nEw[wwT ]ϕn)− ξ2n)−

1

2ξn
(σ(ξn)−

1

2
)(−2ξn)

= λ′(ξn)(Tr(ϕ
T
nEw[wwT ]ϕn)− ξ2n) = 0

Here, because λ′(ξn) is monotonic for ξ when ξ ≥ 0, so then the book says
that by symmetry around ξ = 0 we only consider nonnegative terms, and they
basically show that λ′(ξn) ̸= 0. Then we can use the covariance definition to
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get:

Tr(ϕT
nEw[wwT ]ϕn) (1358)

= ϕn{SN +mNmT
N}ϕn = ξnewn (1359)

. So for this variational EM algorithm, in the E step we estimate the poste-
rior function q(w) = N (w|mN , SN ), where the sufficient statistics depend on
ξn. Then we calculate ξnew using equation (44), and repeat until convergence
criterion. The book mentions the second approach again of analytically taking
the integral of h(w, ξ)p(w), which is a Gaussian, and we’re going to solve that
later in the exercises. The variational framework is proven for sequential data
as well, since we can initialize our prior p(w) and keep setting our new posterior
to the next point’s prior.

10.6.3 Inferring Hyperparameters

Now the book returns again to the full Bayesian treatment where we have a
distribution for the hyperparameters as well, so that

p(t,w,α) = p(t|w)p(w|α)p(α)

p(w|α) = N (w|0, α−1I)

p(α) = Gam(α|a0, b0)

To obtain the marginal likelihood, we have to do an intractable marginalization
over both w,α, and we can use both the previous local and global variational
approaches. The local will be used for estimating the lower bound to the sigmoid
function in the likelihood, and the global for finding a value for α. Utilizing the
familiar lower-bound decomposition, we get:

ln p(t) = L(q) +KL(q||p)

L(q) =

∫
q(w,α) ln

p(t,w,α)

q(w,α)
dwdα

KL(q||p) = −
∫
q(w,α) ln

p(w,α|t)
q(w,α)

dwdα

. However, the lower bound is still intractable because of the nonlinear sigmoid
term, so we can use the lower inequality

ln p(t|w)p(w) ≥ lnh(w, ξ)p(w) (1360)

L(q) ≥
∫
q(w,α) ln

h(w, ξ)p(w|α)p(α)

q(w,α)
dwdα (1361)

. Which is another corresponding lower bound on the marginal likelihood. If
we’re assuming the factorized approximation again, we can use the variational
approach to get:

ln p(w) = Eα[lnh(w, ξ) + ln p(w|α)]

= lnh(w, ξ)− Eα[α]

2
wTw
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. The first term was previously obtained, and it’s a quadratic of the w terms, so
after merging those two and completing the square you get another Gaussian.

ln p(α) = Ew[ln p(w|α)] + ln p(α)

=
M

2
lnα− α

2
Ew[w

Tw] + α ln b0 + (a0 − 1) lnα− b0α

. If we exponentiate both sides again, we can get another Gamma distribution
with new parameters:

an = a0 +
M

2

bn = b0 +
α

2
Ew[w

Tw]

. Because we introduced another variational parameter ξn through the addi-
tional lower bound, we have to opimize with respect to that, but integrating
out α in (46) gives the equation we already obtained in the previous sub section
about the expected complete log likelihood lower bound over the posterior, and
we have the result already, so we can again perform cycling.

10.7 Expectation Propagation

Now, the book wants to go to another form of variational maximization, similar
to Variational Bayes, but that instead minimizes the reverse KL divergence,
KL(p||q), where we are trying to minimize with respect to q(z), which can be
an exponential distribution:

q(z) = h(z)g(η) exp(ηT u(z))

KL(p||q) = −Ep[lnh(z) + ln g(η) + ηT u(z)]

= − ln g(η)− ηTEp[u(z)] + const.

. Once we have expressed the divergence in terms of the exp. dist. natural
parameters, we can take the gradient to get:

−▽ ln g(η) = Ep[u(z)] (1362)

. We now that g(η) can be seen as normalization coefficient, so

g(η)

∫
h(z) exp(ηT u(z))dz = 1

▽ : ▽g(η)
∫
h(z) exp(ηT u(z))dz + g(η)

∫
u(z)h(z) exp(ηT u(z))dz = 0

− 1

g(η)
▽g(η)

∫
h(z) exp(ηT u(z))dz =

∫
u(z)h(z) exp(ηT u(z))dz

− 1

g(η)
▽g(η) =

∫
u(z)h(z) exp(ηT u(z))dz

−▽ ln g(η) = Eq(z)[u(z)]
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. So by the properties of the exponential distribution, we can substitute this
back into (47) to get:

Eq(z)[u(z)] = Ep(z)[u(z)]

. The function E[u(z)] is the sufficient statistics of the exponential distri-
bution, from Chapter 2.4, which show that the maximum likelihood solution
−▽ ln g(ηML) = E[u(z)], and we only need this function. So basically we just
need to match the sufficient statistics between the two q(z), p(z) distributions to
minimize the KL divergence, also known as moment matching. For an example,
for exploiting this relation, we can look at some joint distribution to optimize
that is represented by factorizations, a common characteristic of graphical mod-
els:

p(D, θ) =

D∏
i

fi(θ)

p(θ|D) =
1

p(D)

D∏
i

fi(θ)

p(D) =

∫ ∏
i

fi(θ)dθ

. If we take the assumption that marginalizing over the posterior distribution to
find a predictive density is intractable, then we have to find an approximation
to the posterior:

q(θ) =
1

Z

D∏
i

f̃i(θ)

. We then are trying to minimize KL(p||q), which is itself a KL divergence,
between the true posterior and our approximation.

KL(p||q) = KL{ 1

p(D)

∏
i

fi(θ)||
1

Z

∏
i

f̃i(θ)}

. Minimizing this divergence is still intractable, because we are taking the ex-
pectation with respect to the intractable posterior p. Another approach could
be to minimize the KL divergences between individual factors, but since these
are locally approximated, it could lead to extremely poor results across multipli-
cation. Instead, what expectation propagation does, is similar to variational
inference, take each of these factors individually and optimize with respect to
a single factor while leaving all the other ones fixed. If we first take a factor
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f̃j(θ), then our new posterior will be:

qnew(θ) =
1

Z
f̃j(θ)

∏
i ̸=j

f̃i(θ) (1363)

qnj(θ) =
q(θ)

f̃j(θ)
(1364)

p′(θ) =
1

Zj
fj(θ)q

nj(θ) (1365)

. So now we want to make (48), which is basically a rewritten version of our
previous posterior estimate, as close as possible to (50), where we have now
removed the influence of f̃j(θ) and included the ground truth. What this essen-
tially does is keep the i ̸= j components fixed so that our approximations will be
weighted higher where those components have high posterior probability. This
is better visualized when taking this new KL divergence:

KL(p′||qnew) = KL(
1

Zj
fj(θ)q

nj(θ)|| 1
Zj
f̃j(θ)

∏
i ̸=j

f̃i(θ)) (1366)

. So we are trying to make these ’close’ by minimizing the divergence. In other
words, we’re maximizing the negative KL divergence, which means that we’re
maximizing this term, because p is fixed:

− ln
f̃j(θ)

∏
i̸=j fi(θ)

fj(θ)qnj(θ)
(1367)

. So to recap: the new reverse KL divergence has a new ’ground truth’: it is the
product of the true fj(θ) factor and the product of all the other q terms divided
out. The second component, is not actually different, it is rewritten to make it
clearer that our goal is to only change f̃j(θ) and keep all other terms constant.
Now if we take fi(θ) to be an exponential distribution, then qnew will also be
an exponential distribution, and we can again use moment matching to find the
optimal qnew. In summary, we can write out the entire expectation propagation
method:

1. Initialize a q(θ) = 1
Z

∏
i f̃i(θ) posterior.

2. Take out one of the factors:

qnj(θ) =
q(θ)

f̃j(θ)

p′(θ) =
1

Zj
fj(θ)q

nj(θ)

3. Calculate this new KL divergence,KL(p′||qnew), where qnew ∝ f̃j(θ)
∏

i̸=j f̃i(θ).
Minmize it by setting the moments/ sufficient statistics of qnew to p′. Then

you can extract Zj =
∫
fj(θ)q

nj(θ)dθ, and f̃j(θ) = Zj
qnew

qnj . Cycle through

each f̃i(θ) until some convergence criterion is met.
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4. We can now find an approximated posterior and evidence, using

p(θ|D) ≈ q(θ) =

D∏
i

f̃i(θ)

p(D) ≈
∫ D∏

i

f̃i(θ)dθ

Note - one disadvantage of expectation propagation is that the iterations
converge, unlike variational Bayes where we are guaranteed to increase
the marginal log likelihood. Another nuance is that we are now minimiz-
ing KL(p||q) instead, so for multimodal distributions, this tends to be
disadvantageous as it spreads out across and tries to cover all the modes.

10.7.1, 10.7.2 - The Clutter Problem and EP on graphs

Return to this section after doing exercises and Chapter 8. 10.7.1 is just
basically an example problem where you perform all the exercises, I can
set up the basic problem setting.

In the clutter problem, we are trying to infer the mean θ of a Gaussian
given draws from the distribution, but it is embedded / mixed in with
another Gaussian, so that

p(x|θ) = (1− ω)N (x|θ, I) + ωN (x|0, aI)
p(θ) = N (θ|0, bI)

p(x|θ) =
N∏
i

p(xn|θ)

. So solving this for N data points requires finding 2N gaussians, which
is generally intractable. If we now apply EP to this, we can first take
a Gaussian approximation for our exponential distribution, and present
resulting factors:

q(θ) = N (θ|m,vI) =

N∏
i=0

f̃i(θ)

f̃0(θ) = p(θ), f̃n(θ) = snN (θ|mn, vnI)

. The book notes here that for this ’Gaussian’ the variances can actually
be negative, so we’re just using the Gaussian notation out of convenience.
They also initialize all f̃n(θ) = 1, by setting sn to the normalization
constant and the mean to 0, that way q(θ) = p(θ) initially, and then they
perform EP, which will be solved in the exercises.
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Exercises

10.1

This is pretty straightforward and we’re going to assume that both inten-
sive and extensive parameters are all encapsulated in the latent variable
Z:

p(X) ∗ p(Z|X) = p(X,Z)

ln p(X) = ln
p(X,Z)

p(Z|X)

ln p(X) = ln{p(X,Z)

q(Z)

q(Z)

p(Z|X)
}

ln p(X) = ln
p(X,Z)

q(Z)
+ ln

q(Z)

p(Z|X)

Eq(Z)[ln p(X)] = Eq(Z)[ln
p(X,Z)

q(Z)
+ ln

q(Z)

p(Z|X)
]

. The left hand side remains unchanged because it doesn’t have any q(Z)
components, and the right hand side becomes the integral.

10.3

Considering the distribution:

q(Z) =
∏
i

qi(Zi)

KL(p||q) = −
∫
p(Z|X)

M∑
i

ln qi(Zi)dZ + const.

. If we are to minimize the reverse KL divergence with respect to only one
of the factors qi(Zi), we include the Lagrange multiplier:

∫
qi(Zi)dZi = 1.

So the whole optimization becomes:

−
∫
p(Z) ln qj(Zj)dZj + λ(

∫
qj(Zj)dZj − 1) + const. (1368)

▽qj(Zj) : p(Zj)
1

qj(Zj)
= λ (1369)

p(Zj) = λqj(Zj) (1370)

1 = λ (1371)

−
∫
p(Z) ln qj(Zj)dZj + (

∫
qj(Zj)dZj − 1) (1372)

(1373)
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. So after we substitute out the Lagrange multiplier, we can take the
derivative and solve again:

▽qj : −
p(Zj)

qj(Zj)
+ 1 = 0 (1374)

q∗j (Zj) = p(Zj) (1375)

. This answer also implicitly satisfies that qj(Zj) > 0, since p is a PDF.
Another note I should leave myself for practice with lagrangian optimiza-
tion: remember that the multipliers/dual should always try to reach a
form that has no dependence on the variable we are trying to optimize
- otherwise the optimization is incomplete. If we were really sticking to
Convex optimization we would also find the dual equation, by optimizing
for Zj instead, finding an expression and substituting it in.

10.4

p(x) is a fixed distribution, and we are trying to approximate it with a
Gaussian.

KL(p||q) = −
∫
p(x) ln q(x)dx+ const. (1376)

=

∫
p(x)(

1

2
ln |Σ|+ 1

2
(x− µ)TΣ−1(x− µ))dx (1377)

=
1

2
ln |Σ|+ 1

2

∫
p(x)xTΣ−1x− 2p(x)µTΣ−1x+ p(x)µTΣ−1µdx

(1378)

=
1

2
ln |Σ|+ 1

2
E[Tr(Σ−1xxT )]− µTΣ−1E[x] +

1

2
µTΣ−1µ (1379)

. TO optimize with respect to µ, we get:

▽µ : Σ−1E[x] = Σ−1µ (1380)

E[x] = µ (1381)

We can also optimize with respect to the covariance:

▽Σ :
1

2
Σ−1 + ▽(

1

2
Tr(Σ−1E[xxT ])− 1

2
µTΣ−1µ) = 0 (1382)

▽Σ : Σ−1 + ▽(Tr(Σ−1E[xxT ])− µTΣ−1µ)) = 0 (1383)

= Σ−1 −Σ−1E[xxT ]Σ−1 +Σ−1µµTΣ−1 = 0 (1384)

I = (E[xxT ]− µµT )Σ−1 (1385)

(1386)
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. Which shows it is the covariance of p. The two identities used:

dTr(AX−1B)

dX
=
dTr(X−1BA)

dX
(1387)

= Tr(
d

dX
X−1BA) (1388)

= Tr(−X−1dXX−1BA) (1389)

= Tr(−X−1BAX−1dX) (1390)

▽X = −X−TATBTX−T (1391)

10.5

So we have two sets of disjoint parameters, the latents z and the model
paramters θ. Then after factorizing, we can perform variational optimiza-
tion on each of them individually: At first, I thought they were asking us
to use the variational framework by setting it equal to the expected value
of the complete log likelihood, but we can derive it from (10.1) fresh,
since that’s what they’re asking. To maximize with respect to q(z) first,
which is latents, it is equivalent to minimizing the KL divergence using
our posterior estimate.

KL(q(z)||p) = −
∫ ∫

q(z)q(θ) ln
p(z, |x, θ)
q(z)q(θ)

dzdθ (1392)

(1393)

. Using the fact that q(θ) = δ(θ − θ0), we can integrate it out and also
remove it’s denominator term since it is constant with relation to q(z).

KL(q(z)||p) = −
∫
qz(z) ln

p(z, |x, θ0)
qz(z)

dz (1394)

(1395)

. To minimize this KL divergence, conversely maximizing the lower bound,
we set optimize qz(z) = p(z|x, θ0), equivalent to the E step. Then now
our lower bound has a new expression:

L(q) =

∫∫
q(θ)q(z) ln

p(x, z, θ)

q(z)q(θ)
dzdθ (1396)

=

∫
q(θ)Eq(z)[ln p(x, z, θ)]dθ (1397)

= Eq(z)[ln p(x, z, θ0)] (1398)

. We go from (81) to (82) by noticing that the q(z) in the denominator
obviously has no relation to θ0, and that the other term in the denominator
is the entropy, which is also independent of q(θ), it is a constant since q(θ)
is a delta function. Maximizing (83) with respect to θ0 is equivalent to
the E step.
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10.7

Ok, looking at the textbook this was a toy example where we have a
univariate gaussian, p(D|µ, τ), with priors

p(µ|τ) = N (µ|µ0, (λ0τ)
−1) (1399)

p(τ) = Gam(τ |a0, b0) (1400)

. Then the conjugate prior distribution is a Gaussian gamma, so obviously
the posterior would also be a Gaussian gamma, but we are going to assume
it doesn’t work and that we have to factorize to show we recover the exact
same result:

q(τ, µ) = qτ (τ)qµ(µ) (1401)

. Then if we follow the variational approach first for the mean:

ln q∗µ(µ) = Eτ [ln p(D|τ, µ) + ln p(µ|τ) + ln p(τ)] (1402)

= −Eτ [τ ]

2

∑
n

(xn − µ)2 − λ0E[τ ]

2
(µ− µ0)

2 (1403)

= −1

2
∗ E[τ ]{

∑
n

(xn − µ)2 + λ0(µ− µ0)
2} (1404)

. Notice that this is a quadratic in the log, so it can be expressed as a
Gaussian – let’s first collect the µ2 terms to find the covariance :

E[τ ](Nµ2 + λ0µ
2) (1405)

λN = E[τ ](N + λ0) (1406)

. To find the mean, we need to collect the linear terms:

µ : E[τ ](µ
∑
n

xn + λ0µ0µ) (1407)

. These are the terms after the − 1
2 term has already been multiplied out.

Then the actual mean, from completing the square, is this divided by the
covariance, so :

µn =
E[τ ](

∑
n xn + µ0λ0)

E[τ ](N + λ0)
(1408)

. We can also find the corresponding optimal prior distribution for the
precision:

ln q∗τ (τ) = Eµ[ln p(µ|τ) + ln p(D|µ, τ)] + ln p(τ) (1409)

=
1

2
ln τ − λ0τ

2
Eµ[(µ− µ0)

2] +
N

2
ln τ (1410)

−τ
2

N∑
n

Eµ[(xn − µ)2]− b0τ + (a0 − 1) ln τ (1411)
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In the gamma distribution the a parameter corresponds to the powers
of τ , i.e the multiples of ln τ , and the b parameters corresponds to the
coefficients of any τ1.

aN =
N + 1

2
+ a0 (1412)

bN =
λ0
2
Eµ[µ

2 − 2µµ0] +
1

2

∑
n

Eµ[µ
2 − 2µxn] + b0 (1413)

= b0 +
1

2
Eµ[λ0(µ− µ0)

2 +
∑
n

(µ− xn)
2] (1414)

10.8

The mean of the variational posterior (gamma) distribution can be written
as

aN
bN

=
N+1
2 + a0

b0 +
1
2Eµ[λ0(µ− µ0)2 +

∑
n(µ− xn)2]

(1415)

As N goes to infinity, the only term that matters in the denominator is

Eµ[
∑
n

(µ− xn)
2] = (N − 1)sN (1416)

aN
bN

=
N

2(N − 1)sN
(1417)

. Where sN is the sample covariance. So then the sample covariance
converges to the expected covariance, and the mean of the posterior pre-
cision distribution becomes the maximum likelihood estimator for the co-
variance. The variance of the posterior distribution converges to 0 since
aN
b2N

= N
2(N−1)2 .

10.9

We want to derive the result of the reciprocal of the expected precision,
while using uninformative priors to make the calculation easier

1

E[τ ]
=
bN
aN

(1418)

=
Eµ[

∑
n(µ− xn)

2]

N + 1
(1419)

=
1

N + 1
Eµ[

∑
n

µ2 − 2µxn + x2n] (1420)

=
1

N + 1

∑
n

Eµ[µ
2]− 2xnEµ[µ] + x2n (1421)

=
N

N + 1
[Eµ[µ

2]− 2x̄Eµ[µ] + x̄2] (1422)
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. So we need to find the first moment and second moment of µ, the first
moment is given by (93), and the second moment is given by Eµ[µ

2] =
λ−1
N + E[µ]E[µ]. Using uninformative priors, these equations simplify to:

µN = x̄ (1423)

Eµ[µ
2] =

1

E[τ ]N
+ x̄2 (1424)

. Subbing these back into (107), we get

1

E[τ ]
=

N

N + 1
[

1

E[τ ]N
+ x̄2 − 2x̄2 + x̄2] (1425)

1

E[τ ]
(1− 1

N + 1
) =

N

N + 1
[x̄2 − x̄2] (1426)

1

E[τ ]

N

N + 1
=

N

N + 1
[x̄2 − x̄2] (1427)

1

E[τ ]
= [x̄2 − x̄2] (1428)

1

E[τ ]
= Ex[x

2]− Ex[x]Ex[x] =
1

N

N∑
n

(xn − x̄)2 (1429)

10.10

This problem is on model comparison - now we have two latent variables,
the models and the hidden variables and we want to know p(m|X), and
now our joint distribution is a little more nuanced, since the choice of
hidden variables depends on the model: q(Z,m) = q(Z|m)q(m). We can
perform the decomposition again:

ln p(X) =

∫∫
q(Z|m)q(m) ln

p(X,Z,m)

q(Z|m)q(m)
dZdm+ (1430)∫∫

q(Z|m)q(m) ln
p(Z,m|X)

q(Z|m)q(m)
dZdm (1431)

. I used integrations to be more general but the summations are merely
just swapped in if discrete.

10.11

We are now maximizing the lower bound, which is (115) with respect
to q(m), with the normalization constraint

∑
m q(m) = 1 enforced as a
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Lagrangian multiplier.

f(q(m)) =
∑
Z

∑
m

q(Z|m)q(m) ln
p(X,Z,m)

q(Z|m)q(m)
+ λ(

∑
m

q(m)− 1)

(1432)

f(q(m)) =
∑
Z

∑
m

q(Z|m)q(m)(ln p(X,Z,m)− ln q(Z|m)− ln q(m)) + λ(
∑
m

q(m)− 1)

(1433)

▽q(m) :
∑
z

q(Z|m) ln
p(X,Z|m)p(m)

q(Z|m)q(m)
−

∑
z

q(Z|m) + λ = 0 (1434)

▽q(m) : Lm +
∑
z

q(Z|m) ln
p(m)

q(m)
− 1 + λ = 0 (1435)

Lm + ln
p(m)

q(m)
− 1 + λ = 0 (1436)

p(m) exp(Lm − 1 + λ) = q(m) (1437)

. And then approximate inserted for the lagrange multiplier, this is what
other people have done as well honestly the solutions online are all over
the place from the errata.

10.12

Ok so this problem is basically working through the example of varia-
tional inference on mixture of Guassians. We start from our huge joint
distribution:

p(X,Z,µ,π,Λ) = p(X|Z,µ,Λ)p(Z|π)p(π)p(µ|Λ)p(Λ) (1438)

p(X|Z,µ,Λ) =
∏
n

∏
k

N (xn|µk,Λ
−1
k )znk (1439)

. now we want to approximate the posterior:

p(Z,µ,Λ, π|X) ≈ q(Z)q(π,Λ, µ) (1440)

. The problem asks only to optimize for the Z latent variables, so:

ln q∗(Z) = Eπ[ln p(Z|π)]+ Eµ,Λ[ln p(X|Z,µ,Λ)] (1441)

=
∑
n

∑
k

znkEπ[lnπk] +
∑
n

∑
k

znk{
D

2
ln 2π +

1

2
EΛk

[ln |Λk|]−
1

2
Eµk,Λk

[(xn − µk)
TΛk(xn − µk)]}

(1442)

. This lines up with equation (10.45), where we expanded out pnk, and
then we can exponentiate to get 10.47:

q∗(Z) =
∏
n

∏
k

pznknk (1443)
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. To normalize this distribution, we’re going to sum over all possible Z,
but we also recognize that

∑
k znk = 1, and it is a binary variable:

α

K∑
znj

∏
n

∏
k

pznknk = 1 (1444)

α
∏
n

∑
j

pnj = 1 (1445)

α =
1∏

n

∑
j pnj

(1446)

. Alpha is the normalization constant, which we now multiply back into
(128) to get:

q∗(Z) =
∏
n

∏
k

pznknk∑
j pnj

=
∏
n

∏
k

rznknk (1447)

. Note again the appearance of the responsibilities, which are again the ex-
pectations of znk over the posterior, since the denominator is the marginal
likelihood of all the latent variables, while the numerator is pnk. Also note
the pnk actually depends on the expectations of the other variables once
again.

10.13

Looking at equation 10.54, they are now performing the variational op-
timization over the other variables, but since we are performing expecta-
tions over znk, it is convenient to include some variables to compress the
responsibilities:

Nk =
∑
n

rnk (1448)

x̄k =
1

Nk

∑
n

rnkxn (1449)

Sk =
1

Nk

∑
n

(xn − x̄k)(xn − x̄k)
T rnk (1450)

Nk Tr(ΛkSk) =
∑
n

rnk Tr(Λk(xn − x̄k)(xn − x̄k)
T ) (1451)

ln q∗(µ,Λ, π) = EZ [ln p(X|µ,Λ, Z) + ln p(Z|π)] + ln p(π) + ln p(µ,Λ)
(1452)

=
∑
n

∑
k

rnk{
1

2
ln |Λk| −

1

2
(xn − µk)

TΛk(xn − µk)} (1453)

+
∑
n

∑
k

rnk lnπk + ln p(π) +
∑
k

ln p(µk,Λk) (1454)
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. Like the book says, we can now factorize further when we notice that
the terms for π are separate from the terms for µk,Λk, and we are only
optimizing for each of these variables.

ln q∗(µ,Λ) =
∑
k

ln p(Λk) +
∑
k

ln p(µk|Λk) +
∑
n

∑
k

rnk lnN (xn|µk,Λ
−1
k )

(1455)

=
∑
k

lnW(Λk|W0, ν0) +
∑
k

lnN (µk|m0, (β0Λk)
−1)+ (1456)∑

n

∑
k

rnk lnN (xn|µk,Λ
−1
k ) (1457)

∝
∑
k

(ν0 −D − 1)

2
ln |Λk| −

1

2
Tr(W−1

0 Λk) (1458)

+
∑
k

1

2
ln |β0Λk| −

β0
2
(µk −m0)

TΛk(µk −m0) (1459)

+
∑
n

∑
k

rnk{
1

2
ln |Λk| −

1

2
(xn − µk)

TΛk(xn − µk)} (1460)

= lnN (µ|mN , (βNΛk)
−1)W(Λk|WN , νN ) (1461)

. Now we have the full expression. We know that q(µk|Λk) has a mean
that can change as well as a precision, but the precision can only change
by the beta multiple on it, since the precision is fixed, we’re conditioning
on it. To first complete the square for the q(µ|Λ) distribution, we need to
pluck out the terms on µT

k µk:

β0Λk +
∑
n

rnk (1462)

βN = β0 +Nk (1463)

. Notice we took out the sum k term when considering a specific k dis-
tribution. Now for the mean mN of the distribution, the completing the
square equation tells us that the coefficients of the µT term multiplied by
the precision, is the new mean.

mN = (βNΛk)
−1(β0Λkm0 +

∑
n

rnkΛkxn) (1464)

mN = (βNΛk)
−1(β0Λkm0 +NkΛkx̄k) (1465)

mN = (βN )−1(β0m0 +Nkx̄k) (1466)

(1467)

. Now we need to collect the terms for the Wishart distribution, which
is just a multivariate Gaussian. We can use the relation: ln q(Λ) =
ln q(µ,Λ) − ln q(µ|Λ), and then search for terms dependent only on Λ
on the RHS. So we are starting with the expression from (143) - (145),
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and subtracting out our new Gaussian. I’m going to switch to non-bold
to make everything easier.

∝ (ν0 −D − 1)

2
ln |Λk| −

1

2
Tr(W−1

0 Λk) (1468)

+
1

2
ln |β0Λk| −

β0
2
(µk −m0)

TΛk(µk −m0) (1469)

+
∑
n

rnk{
1

2
ln |Λk| −

1

2
(xn − µk)

TΛk(xn − µk)} (1470)

−1

2
ln |(β0 +Nk)Λk|+

β0 +Nk

2
(mn − µk)

TΛk(mn − µk) (1471)

. Although it is pretty cluttered, we can start to try to take out the powers
of Λk, which will correspond to our ν parameter. We want to take out
any additional terms in the front, like the β0+Nk or β0 terms. Recognize
that those terms in the determinant becomes multiples of the dimension
and then multiplied outside of the ln, but then they get sucked into the
D term in the Wishart ν. So the only new term when multiplied is :

νN = ν0 +Nk (1472)

. Now for the scale matrix, we have to take the traces across all of these
and write this out:

W−1
0 + β0(µk −m0)(µk −m0)

T +
∑
n

rnk(xn − µk)(xn − µk)
T− (1473)

(β0 +Nk)(mn − µk)(mn − µk)
T (1474)

. The solution set I am using as a reference introduces a nice equation
here: ∑

n

rnkxnx
T
n =

∑
n

rnk(xn − x̄k + x̄k)(xn − x̄k + x̄k)
T (1475)

=
∑
n

rnk(xn − x̄k)(xn − x̄k)
T + 2rnkx̄k(xn − x̄k)

T + rnkx̄kx̄
T
k (1476)

= NkSk +Nkx̄kx̄
T
k + 2x̄k

∑
n

rnkxn − rnkx̄k (1477)

= NkSk +Nkx̄kx̄
T
k (1478)
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. Now we can use this to simplify out equation (158), out by:

W−1
0 + β0(µk −m0)(µk −m0)

T +
∑
n

rnkxnx
T
n − 2rnkxnµ

T
k + rnkµkµ

T
k−

(1479)

(β0 +Nk)(mn − µk)(mn − µk)
T (1480)

=W−1
0 + β0µkµ

T
k + 2β0µkm

T
0 + β0m0m

T
0 +NkSk +Nkx̄kx̄

T
k (1481)

+2Nkx̄kµ
T
k +Nkµkµ

T
k − (β0 +Nk)(mnm

T
n − 2mnµ

T
k + µkµ

T
k ) (1482)

=W−1
0 + µkµ

T
k (−β0 + β0 +Nk −Nk) + µk(2β0m

T
0 + 2Nkx̄

T
k − 2(β0 +Nk)m

T
n )

(1483)

+NkSk +Nkx̄kx̄
T
k + β0m0m

T
0 − (β0 +Nk)mnm

T
n (1484)

. We can then substitute the previous expression for mN in, which is
(151), and get:

W−1
0 +NkSk +Nkx̄kx̄

T
k + β0m0m

T
0 − βNmnm

T
n (1485)

=W−1
0 +NkSk +Nkx̄kx̄

T
k + β0m0m

T
0 − 1

βN
β2
Nmnm

T
n (1486)

=W−1
0 +NkSk +Nkx̄kx̄

T
k + β0m0m

T
0 − 1

βN
(β0m0 +Nkx̄k)(β0m0 +Nkx̄k)

T

(1487)

=W−1
0 +NkSk +m0m

T
0 (
β0βN − β2

0

βN
) + x̄kx̄

T
k (
NkβN −N2

k

βN
)− β0Nk

βN
∗ 2m0x̄

T
k

(1488)

=W−1
0 +NkSk +

β0Nk

βN
(x̄k −m0)(x̄k −m0)

T (1489)

. To recap for this problem, we first isolate the mean and precision com-
ponents. We can find the mean easily first by isolating its quadratic and
linear coefficients and completing the square for the Gaussian result. The
precision is a little harder because now we need to use the probability
product rule to subtract out the Gaussian distribution for the mean, after
which we have to solve for the trace, using some tricks like (160). Def-
initely need to solve this problem again though this was basically just
following the answer key.

10.14

Exercise 10.13 just did the M step - although we left out the step for
the mixing coefficients - we have found the re-estimation equations by
using the responsibilities, i.e taking the expected value over the latent
posterior. Observe however for the next E step that we need to calculate
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the responsibilties again, which were given by:

rnk =
pnk∑
j pnj

(1490)

. We are only validating (10.64), with respect to our newly found distri-
butions:

Eµk,Λk [(xn − µk)
TΛk(xn − µk)] (1491)

= EΛk [x
T
nΛkxn]− 2Eµk,Λk [x

T
nΛkµk] + Eµk,Λk [µ

T
kΛkµk] (1492)

= νNx
T
nWNxn − 2νNx

T
nWNmN +Tr[Eµk,Λk [Λkµkµ

T
k ]] (1493)

= νNx
T
nWNxn − 2νNx

T
nWNmN +Tr[EΛk [Eµk [µkµ

T
k ]Λk]] (1494)

Eµk [µkµ
T
k ] = (βNΛk)

−1 +mNm
T
N (1495)

Eµk [µkµ
T
k ] = β−1

N Λ−1
k +mNm

T
N (1496)

Eµk [µkµ
T
k ]Λk = β−1

N I +mNm
T
NΛk (1497)

Tr(Eµk [µkµ
T
k ]Λk) = Tr(β−1

N I +mNm
T
NΛk) (1498)

Tr(Eµk [µkµ
T
k ]Λk) = Dβ−1

N + νmT
NWNmN (1499)

. We can substitute (184) back into (179) to get:

νNx
T
nWNxn − 2νNx

T
nWNmN +Dβ−1

N +mT
NWNmN (1500)

= Dβ−1
N + νN (xn −mN )TWN (xm −mN ) (1501)

10.16

Validates two of the equations (10.71) and (10.72). (10.71) is:

E[ln p(X|Z, µ,Λ)] = E[
∑
n

∑
k

znk{ln(xn|µk,Λk) ln p(µk,Λk)}]

=
∑
n

∑
k

E[rnk{−
D

2
ln 2π +

1

2
ln |Λk|+

1

2
(xn − µk)

TΛk(xn − µk)}

=
1

2

∑
n

∑
k

rnk{−D ln 2π + ln Λ̃k + E[(xn − µk)
TΛk(xn − µk)]

1

2

∑
n

∑
k

rnk{−D ln 2π + ln Λ̃k +Dβ−1
k + νk(xn − µk)

TWk(xn − µk)}

. All the terms besides the last one only have a dependence on k, so those
terms can be taken out of the sum easily by slapping a Nk term on them:

1

2

∑
k

Nk{−D ln 2π + ln Λ̃k +Dβ−1
k } (1502)
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. For the last term, we need to expand it out to get the dependencies of
the xn in another form:

νk
2

∑
n

∑
k

rnk(x
T
nWkxn − 2xTnWkµk + µT

kWkµk) (1503)

νk
2

∑
n

∑
k

Tr(Wkrnkxnx
T
n )− 2rnkx

T
nWkµk + rnkµ

T
kWkµk (1504)

=
νk
2

∑
k

Tr(WkNkSK +WkNkx̄kx̄
T
k )− 2Nkx̄

T
kWkµk +Nkµ

T
kWkµk

(1505)

=
νk
2

∑
k

Tr(WkNkSK) +Nkx̄
T
kWkx̄k − 2Nkx̄

T
kWkµk +Nkµ

T
kWkµk

(1506)

=
Nkνk
2

∑
k

Tr(WkSK) + (x̄k − µk)
TWk(x̄k − µk) (1507)

Now we can combine this with (187) to get the final expression:

1

2

∑
k

Nk{−D ln 2π + ln Λ̃k +Dβ−1
k +Tr(νkWkSk) + νk(x̄k − µk)

TWk(x̄k − µk)}

(1508)

. Now to do (10.72):

E[ln p(Z|π)] =
∑
n

∑
k

E[znk lnπk] (1509)

=
∑
n

∑
k

rnk ln π̃k (1510)

10.17*

Verify the rest of the results, just to again recap with the actual con-
text of what we are doing: we are deriving the expectations of the joint
probabilities of the variational lower bound, because this is a good way
to test convergence of the variational method as well as check numerical
correctness. Starting with (10.73):

E[ln p(π)] = lnC(α0) +
∑
k

(α0 − 1)E[lnπk] (1511)

= lnC(α0) +
∑
k

(α0 − 1) ln π̃k (1512)

(1513)
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. Next is 10.74, the joint distribution of the mean and variance:

E[ln p(µ,Λ)] =
∑
k

E[ln p(µk|Λk) + ln p(Λk)] (1514)

1

2

∑
k

ln |β0Λk| −D ln 2π + β0(µk −mk)
TΛk(µk −mk) + (ν0 −D − 1) ln |Λk|+

(1515)

lnB(W0, ν0)− Tr(W−1
0 Λk) (1516)

. I removed the expectation symbol to reduce clutter, but let’s first sort
out the terms, into the constants, the log determinants, and then the
quadratic products. Constants:

1

2

∑
k

D ln(
β0
2π

) +K lnB(W0, v0) (1517)

. Then we have the log det terms, where we can just use the shorthand
notation for the expectation of the log det that the book uses, as well as
the trace equation:

1

2

∑
k

(ln Λ̃k + (ν0 −D − 1) ln Λ̃k) (1518)

−Tr(W−1
0 E[Λk]) (1519)

= −Tr(ν0I) = −Dν0 (1520)

. Now we need to break down the expectations of the quadratic form:

βkE[µT
kΛkµk − 2µT

kΛkmk +mT
kΛkmk] (1521)

= βk ∗ (Dβ−1
k + νkm

T
kWkmk − 2Tr(E[ΛkEµk [mkµ

T
k ]]) + νkm

T
kWkmk)

(1522)

= (1523)

.

Equation 10.75:

E[ln p(Z)] =
∑
n

∑
k

E[znk] ln rnk =
∑
n

∑
z

rnk ln rnk (1524)

. Equation 10.76: Using the previously found formulation for ln q(π), it is
another Dirichlet distribution with parameter α

E[ln q(π)] =
∑
k

(αk − 1) ln π̃k + C(α) (1525)
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. Equation 10.77:

E[ln q(µ,Λ)] =
∑
k

lnN (µk|mk, (βkΛk)
−1) + lnW(Λk|νk,Wk) (1526)

=
1

2

∑
k

ln |Λk|+D lnβk −D ln 2π + βk(µk −mT
k )Wk(µk −mk) (1527)

+ lnB(Wk, νk) + (νk −D − 1) ln |Λk| − Tr(νkI) (1528)

=
1

2

∑
k

ln Λ̃k −H[Λk] +D ln(
βk
2π

) (1529)

. I took out the expected quadratic to calculate here:

βkE[µT
kWkµk − 2µT

kWkmk +mT
kWkmk] (1530)

= βk[m
T
kWkmk − 2mT

kWkmk +mkWkmk] = 0 (1531)

. I think there is a typo in the book about the D
2 term.

10.19*

We are going to derive the Student-t distribution result fo the predictive
density of variational Gaussians mixture:

p(x̂|X) =
∑
k

∫∫∫
πkN (x̂|µk,Λ

−1
k ) ∗ q(πk)q(µk,Λk)dµkdΛkdπk (1532)

. This is actually a further simplification from the original integral that
integrates over all the components, but since the complete joint distribu-
tion is intractable because the true posterior is set to be unknown, we use
our variational approximations. If we now perform the integration, let’s
first integrate out the mean,since that is straightforward

10.20

Let’s follow the steps in the exercise to show that as N approaches infinity,
the predictive distribution recovers back to the MLE solution of a mixture of
Gaussians in the predictive density.

q∗(Λk) = W(Λk|Wk, νk) (1533)

νk = ν0 +Nk (1534)

W−1
k =W−1

0 +NkSk +
β0Nk

β0 +Nk
()() (1535)

. As N goes to infinity, the Nk will go to infinity as well and this distributions
will be sharply peaked around its expected value, which is

Wkνk = (NkS
−1
K )Nk = S−1

k (1536)
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. As we can see, the precision converges to the MLE covariance solution, but
we also need to check the entropy of the Wishart collapses to 0 to show it is a
delta function with a sharp peak, this is given by B82. Now if we also look at
the posterior distribution of the means, its parameters are now:

βk = β0 +Nk (1537)

mk =
1

βk
(β0m0 +Nkx̄k) (1538)

. As n goes to infinity, the βk → Nk,mk → x̄k, which again matches the
maximum likelihood distribution solution, where mk = x̄k = 1

Nk

∑
n rnkxn.

Finally, looking at the mixing coefficients, it is a new dirichlet distribution
where the parameters are given by αk = α0 +Nk, so these parameters all go to
infinity, so now the expected value of each πk is:

E[πk] =
Nk∑
j Nj

=
Nk

N
(1539)

, which matches the maximum likelihood solution, where each mixing coefficient
is weighted by how much it is responsible over the entire dataset. We can also
calculate the entropy:

−
∑
k

(Nk − 1)(ψ(Nk)− ψ(N))− ln Γ(N) +
∑
k

ln Γ(Nk) (1540)

. For large values, we can use the approximating given in the exercise, where
ψ(x) ≈ lnx, as well as Γ(x+1) ≈ (2π)1/2e−xxx+1/2. Using the variance equation
for the Dirichlet distribution, we get:

var :
Nk(N −Nk)

N2(Nk + 1)
→ 0 (1541)

as N goes to infinity. Finally, we need to show that the responsibilities go to
the corresponding maximum likelihood solution, and their equations are given
by (10.67), which is:

rnk ∝ π̃kΛ̃
1/2
k exp{− D

2βk
− νk

2
(xn −mk)

TWk(xn −mk)} (1542)
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. We can use our previous results to simplify this equation, first we simplify the
expected log mixing coefficient:

π̃k = ψ(αk)− ψ(
∑
k

αk) (1543)

≈ lnNk − lnN (1544)

= ln
Nk

N
≈ Nk

N
for large numbers (1545)

Λ̃
1/2
k = (

D∑
i

ψ(
νk + 1− i

2
) +D ln 2 + ln |Wk|)1/2 (1546)

≈ (

D∑
i

(ln(Nk + 1− i)− ln |NkSk|)1/2 (1547)

≈ (D lnNk − ln |NkSk|)1/2 (1548)

= (D lnNk − lnND
k |Sk|)1/2 (1549)

= (ln |Sk|−1)1/2 = (ln |Λk|)1/2 (1550)

exp{− D

2βk
− νk

2
(xn −mk)

TWk(xn −mk)} (1551)

≈ exp{− D

2Nk
− 1

2
(xn −mk)

T νkWk(xn −mk)} (1552)

→ exp{−1

2
(xn −mk)

TS−1
k (xn −mk)} (1553)

, as n goes to infinity, from the previous results. Then this lines up with equation
(10.68), which is actually the responsibilities in the maximum likelihood mixture
case, which makes sense because the responsibilites were the expectations over
the posterior following Bayes rule.

10.23

This question shows how we can use automatic relevance determination in the
variational bayes setting - there is now no prior distribution over the mixing
coefficients and we instead make them parameters to optimize for. If we now put
them in the variational lower bound and optimize with a Lagrangian multipler,
we can get the re-estimation equation (10.83):

L(q) =
∑
k

E[ln p(X,Z, µk,Λk)] + λ(
∑
k

πk − 1) (1554)

. Basically since we are going to derive with respect to the mixing coefficients,
we can take everything out that does not rely on them, and the only thing
that has a mixing component is the likelihood function, which we are taking
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an expectation over the posterior. All the other aspects become sums in the
integral, which will be zeroed when taking the gradient.

E[ln p(Z|πk)] + λ(
∑
k

πk − 1) (1555)

= E[ln p(Z|πk)] + λ(
∑
k

πk − 1) (1556)

=
∑
n

∑
k

E[znk] lnπk + λ(
∑
k

πk − 1) (1557)

=
∑
n

∑
k

rnk lnπk + λ(
∑
k

πk − 1) (1558)

▽πk :
∑
n

rnk
πk

+ λ = 0 (1559)∑
n

rnk = −λπk (1560)∑
k

∑
n

rnk = N = −λ (1561)

. Substituting our result back in, this is the same equation that we got from
the mixture models ∑

n

rnk
πk

= N (1562)

1

N

∑
n

rnk = πk (1563)

10.24

The singularities that arise in the maximum likelihood solution of Chapter 9
occur because of the maximum likelihood - as the number of points, the maxi-
mum likelihood will also blindly increase because it just likes more points. The
solution will converge to one point, as N goes to infinity, as we have seen that is
the µk,Σk, π solutions. However in Bayesian treatment, the model complexity
plays a role in the optimization, causing there to be a peak at certain models
because our model complexity scales with lnK! factor of K parameters. Also,
the main reason that this occurred was because in the maximum likelihood so-
lution the covariance converged to zero as n went to infinity - let’s look at MAP
estimate of the posterior, where we are using the EM steps with a bayesian
perspective:

Eq(Z)[ln p(X|Z, µ,Λ) + ln p(µ,Λ)] (1564)

217



. We can rewrite this equation in terms of the Λk, because the precision indicates
whether our distribution collapses.

1

2

∑
n

∑
k

rnk{ln |Λk| − (xn − µk)
TΛk(xn − µk)}+

1

2

∑
k

ln |Λk|− (1565)

β0(µk −m0)
TΛk(µk −m0) + (ν0 −D − 1) ln |Λk| − Tr(W−1Λk) (1566)

. We need to only get the dependency on a single k, so we can also take out the
sum terms, and then group by the log determinants and the traces multiplied
by Λk. We can also divide out the 1/2 term everywhere

ln |Λk|(Nk + 1 + ν0 −D − 1)+ (1567)

Tr(Λk(−Nk(xn − µk)(xn − µk)
T − (µk −m0)(µk −m0)

T −W−1
0 )) (1568)

▽ : Λ−1
k =

1

ν0 +Nk −D
((xn − µk)(xn − µk)

T + (µk −m0)(µk −m0)
T +W−1

0 ))

(1569)

. Thus, the precision cannot be 0, since the wishart initial scale matrix is chosen
to be positive definite, which means that the covariance cannot go to infinity,
and collapse does not happen where one mixture component fully fixes onto one
data point.

10.25

By using a factorized assumption, the q(Z) probability distribution has dif-
ferent variances over different regions depending on whether we minimize the
forward or reverse KL divergence. The forward divergence is mode seeking
while the reverse KL divergence is zero-straying. Because the variance is then
under-estimated for certain directions in the parameter space, when we make
variational approximations to p(D) =

∫ ∏
i qi(Zi)dZi, there will be overfitting

in those directions, causing the model evidence to be overestimated in certain
paramter regions. The overfitting will cause less mixture components to be
needed, by automatic relevance determination, and cause it to under-estimate
the optimal number of components.

10.26

Extend the variational bayes linear regression to include a gamma hyperprior
for Gam(β|c0, d0). We have to again solve variationally, this time assuming a
factorized distribution of q(w)q(α)q(β). We first find the variational update
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equations again, starting with w:

ln q∗(w) = Eα,β [ln p(t, w, α, β)] (1570)

= Eβ [lnN (t|wTϕ, β−1)] + Eα[N (w|0, α−1I)] (1571)

= −E[β]

2

∑
n

(wTϕn − tn)
2 − E[α]

2
wTw (1572)

= −E[β]

2

∑
n

{wTϕnϕ
T
nw − 2wTϕntn} −

E[α]

2
wTw (1573)

= −1

2
wT (E[β]ΦTΦ+ E[α]I)w + E[β]wTΦT t (1574)

. The expression is a log-quadratic, so it will be a Gaussian. Completing the
square gives a new Gaussian distribution, with the following sufficient statistics:

q∗(w) = N (w|mN , SN ) (1575)

mN = E[β]SNΦT t, SN = (E[β]ΦTΦ+ E[α]I)−1 (1576)

. So not much changes for this distribution besides the expectations over beta.
Now for the alpha distribution, this one shouldn’t change at all, since it

doesn’t depend on Beta, so I’m just going to port it over from (10.94), and
(10.95):

q∗(α) = Gam(α|aN , bN ) (1577)

aN = a0 +
M

2
(1578)

bN = b0 +
1

2
E[wTw] (1579)

= b0 +
1

2
Tr(mNm

T
N + SN ) (1580)
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. Now for the beta distribution:

ln q∗(β) = Ew[ln p(t|w, β−1)] + ln p(β) (1581)

=
N

2
ln

β

2π
− β

2
Ew[

∑
n

wTϕnϕ
T
nw − 2wTϕntn + t2n]− d0β + (c0 − 1) lnβ

(1582)

=
N

2
lnβ − β

2
(Tr(ΦTΦE[wwT ]− 2E[w]TΦT t+ tT t)− d0β + (c0 − 1) lnβ

(1583)

=
N

2
lnβ − β

2
(Tr(ΦTΦ(mNm

T
N + SN ))− 2mT

NΦT t+ tT t)− d0β + (c0 − 1) lnβ

(1584)

=
N

2
lnβ − β

2
(Tr(ΦTΦSN ) +mT

NΦTΦmN − 2mT
NΦT t+ tT t)− d0β + (c0 − 1) lnβ

(1585)

=
N

2
lnβ − β

2
(Tr(ΦTΦSN ) + ||ΦmN − t||2)− d0β + (c0 − 1) lnβ (1586)

(1587)

. Thus we have a new Gamma distribution for beta:

q∗(β) = Gam(β|cN , dN ) (1588)

cN = c0 +
N

2
(1589)

dN = d0 +
1

2
(Tr(ΦTΦSN ) + ||ΦmN − t||2) (1590)

After deriving the variational update/re-estimation equations, we have to now
derive an expression for the lower bound and the predictive distribution. The
predictive distribution first:

p(t|x, t) =
∫
p(t|x,w,β) ∗ q(w|t)dw (1591)

. Going off the book’s example, they decide not to include the hyperpriors, which
I don’t get since if this is a fully Bayesian treatment you should be marginalizing
over those as well, but sure. This form is just basically the same as in the book
so it’s kind of a waste of time to write it out. However they use the results of
the linear-Guassian model, where p(y|x) = p(t|w) and p(x) = q(w), to get the
p(y) = p(t|..) distribution, where the paramters are now N (t|mNϕ(x), E[β]−1+
ϕTSNϕ). Notice now that the dependence of the other parameters are baked
in, with the expectation over the β present and the alpha expectation inside the
SN .
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If we also derive the lowerbound:

Eq[ln p(t, w, α, β)] (1592)

= Eq(w)q(β)[ln p(t|w, β−1)] + Eq(w)q(α)[ln p(w|α−1I)]+ (1593)

Eq(α)[ln p(α)] + Eq(β)[ln p(β)] (1594)

(1595)

. For simplicity I’m just going to do each component separately:

Eq(w)q(β)[ln p(t|w, β−1)] (1596)

Eq(w)q(β)[lnN (t|wTϕ(x), β−1)] (1597)

= E[
1

2

∑
n

− ln 2π + lnβ − β(wTϕ(x)− tn)
2] (1598)

= −N
2
ln 2π +

N

2
E[lnβ]− 1

2
E[β](tT t− 2mNΦT t+Tr(E[wwT ]ΦTΦ)) (1599)

= −N
2
ln 2π +

N

2
(ψ(cN )− ln dN )− cN

2dN
(||Φmn − t||+Tr(SNΦTΦ)) (1600)

Eq(w)q(α)[lnN (w|0, α−1I)] (1601)

= −M
2

ln 2π + Eq(w)q(α)[
M

2
lnα− α

2
wTw] (1602)

= −M
2

ln 2π + Eq(α)[
M

2
lnα]− E[

α

2
]E[wTw] (1603)

= −M
2

ln 2π +
M

2
(ψ(aN )− ln bN )− aN

2bN
Tr(SN +mNm

T
N ) (1604)

Eq(α)[ln p(α)] (1605)

= Eq[(a0 − 1) lnα− b0α+ a0 ln b0 − ln Γ(a0)] (1606)

= (a0 − 1)(ψ(aN )− ln bN )− b0aN
bN

+ a0 ln b0 − ln Γ(a0) (1607)

Eq(β)[ln p(β)] (1608)

= (c0 − 1)(ψ(cN )− ln dN )− c0cN
dN

+ c0 ln d0 − ln Γ(c0) (1609)

(1610)
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10.27

We are rederiving the variational lower bound for the linear basis function re-
gression model, which is given by:

L(q) =

∫
q(w, a) ln

p(w, a, t)

q(w, a)
(1611)

= Ew,a[ln p(w, a, t)]− Ew,a[ln q(w, a)] (1612)

= Ew[ln p(t|w)] + Ew,a[ln p(w|a)] + Eα[ln p(α)]− Ew[ln q(w)]− Eα[ln q(α)]
(1613)

. We do (10.108) first:

Ew[ln p(t|w)] =
1

2
E[

∑
n

ln(
β

2π
)− β(wTϕn − tn)

2] (1614)

=
N

2
ln(

β

2π
)− β

2
[
∑
n

(t2n − 2tnw
Tϕn + wTϕnϕ

T
nw)] (1615)

=
N

2
ln(

β

2π
)− β

2
tT t− β

2
[
∑
n

(−2tnϕ
T
nw + wTϕnϕ

T
nw)] (1616)

(1617)

. We have to use the design matrix here now - the design matrix was the N
X M matrix, where each row was the basis function applied to each of the M
dimensions of a data point, so each row was already ϕTn . The second term there
is then ΦT t, since we’re not multiplying the transposes, but the actual column
vectors, and then we multiply mT

N as well. For the third term, we use the trace
trick to rewrite it to: Tr(ϕnϕ

T
nww

T ). The first two terms are simply the columns
vectors of the basis, which is ΦT , multiplied by each of the row vectors, Φ. It
is basically the outer product method of matrix multiplication between ΦTΦ.
Then

Ew[Tr(ww
T )] = Tr[Ew(ww

T )] (1618)

= Tr(SN +mNm
T
N ) (1619)

. Subbing this into the original equation, we get the resulting (10.108). 10.109:

Ew,α[ln p(w|α)] = −M
2

ln 2π +
1

2
E[ln |αI| − αwTw] (1620)

= −M
2

ln 2π +
M

2
E[lnα]− 1

2
E[αE[wTw]] (1621)

. Using (B.30), as well as the general result for w again with the trace trick +
the expectation of the gamma distribution:

−M
2

ln 2π +
M

2
(ϕ(aN )− ln bN )− 1

2
∗ a0
b0

Tr(mNm
T
N + SN ) (1622)
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- Notice how all the parameters are the re-estimation equation versions, since
we are taking the expectation over those distributions, the posterior estimates.
Equation (10.110):

Eα[ln p(α)] = Eα[−b0α+ (a0 − 1) lnα+ a0 ln b0 − ln Γ(a)] (1623)

= −b0
aN
bN

+ (a0 − 1)(ψ(aN )− ln bN ) + a0 ln b0 − ln Γ(a) (1624)

. I actually won’t do the last two equations because they’re just straight up the
entropies of the factorized distributions and all you need to do is just copy from
the probability idstribution section.

10.29

ln(x) is concave since its second derivative is − 1
x2 , which is negative on the

interval 0 < x <∞. The form of the dual function is derived as:

g(λ) = min
x
λx− f(x) (1625)

min
x
λx− lnx (1626)

▽x : λ− 1

x
= 0 (1627)

x =
1

λ
(1628)

g(λ) = 1 + lnλ (1629)

. To also verify the opposite:

f(x) = min
λ
λx− g(λ) (1630)

▽ : x− 1

λ
= 0, λ =

1

x
(1631)

f(x) = 1− 1− ln
1

x
= lnx (1632)

10.30

By evaluating the second derivative:

f(x) = − ln(1 + e−x) (1633)

▽ : − −e−x

1 + e−x
=

e−x

1 + e−x
= 1− 1

1 + e−x
= 1− σ (1634)

▽2 :
−e−x(1 + e−x)− e−2x

(1 + e−x)2
= − e−x

(1 + e−x)
− (

e−x

1 + e−x
)2 (1635)

= σ − 1− (σ − 1)2 (1636)

= σ − 1− σ2 − 2σ + 1 = σ2 − σ (1637)

223



. This is obviously less than 0 since the first term in the fraction has expo-
nentials, which are always positive, and then you take the opposite sign and
similarly the second term is a square that you take the negative sign of. Thus
the logistic sigmoid is concave, so now we can write out the upper bounds of
this function. When this is a concave function, looking at the tangent line
approximation: λx − g(λ) ≥ f(x), if we fix λ, −g(λ) ≥ f(x) − λx, and then
−g(λ) = maxx f(x)− λx, so then g(λ) = −maxx f(x)− λx = minx λx− f(x).
Similarly for the dual function, the tangent line is minimized when it intersects
with f(x) for concave functions, so f(x) = minλ λx−g(λ) works. So if a function
is convex, it has defined lower bounds, and if it is concave, it has defined upper
bounds and if you can perform invertible transformations to make them either
way, then you can get upper and lower bounds. Now let’s take the first-order
taylor expansion of the log logistic:

f(x) ≤ f(ξ) + f ′(ξ)(x− ξ) (1638)

. Since we know the function is concave, we know the taylor approximation is
always larger than the actual function.

lnσ(x) ≤ lnσ(ξ) + (1− σ) (x− ξ) (1639)

σ(x) ≤ exp((1− σ)(x− ξ)) (1640)

. Looking at (10.137), then we can set (1 − σ(ξ)) = λ, or σ(ξ) = 1 − λ. To
simplify eq (325) further, we want to remove the ξ term so that we only have
terms depending on λ, x:

λ = 1− 1

1− e−ξ
(1641)

λ =
e−ξ

1− e−ξ
(1642)

lnλ = −ξ − ln(σ(ξ)) (1643)

ξ = lnλ− ln(1− λ) (1644)

. Subbing this back into (325), we get

σ(x) ≤ exp(λ(x− lnλ− ln(1− λ))) (1645)

. So then g(λ) = λ lnλ+λ ln(1−λ) recovering the original binary cross entropy
function.

10.31

lnσ(x) = − ln(e−x/2(ex/2 + e−x/2)) (1646)

=
x

2
− ln(ex/2 + e−x/2) (1647)
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Find the second derivative of the function with respect to x first:

f(x) = − ln(ex/2 + e−x/2) (1648)

▽ : −e
x/2 − e−x/2

ex/2 + e−x/2
∗ 1

2
(1649)

▽2 : −1

2
∗
1/2 ∗ (ex/2 + e−x/2)2 − 1

2 (e
x/2 − e−x/2)2

(ex/2 + e−x/2)2
(1650)

▽2 : −1

4
∗ (ex/2 + e−x/2)2 − (ex/2 − e−x/2)2

(ex/2 + e−x/2)2
(1651)

. Check the sign of the denominator:

ex + 2− e−x − (ex − 2 + e−x) = 4 (1652)

. Subbing this back into (334), we can see that the second derivative is negative:

− 1

(ex/2 + e−x/2)2
(1653)

If we now want to find the derivatives as functions of x2:

∂

∂x2
f(x) =

∂x

∂x2
∂

∂x
f(x) (1654)

=
1

2x
(332) (1655)

∂2

∂2x2
=

∂

∂x2
∗ ∂

∂x2
f(x) (1656)

=
∂x

∂x2
∂

∂x
∗ ( 1

2x
(332)) (1657)

=
1

2x
(− 1

2x2
(332) +

1

2x
(336)) (1658)

=
1

4x2
(

ex/2 − e−x/2

2x(ex/2 + e−x/2)
+

1

(ex/2 + e−x/2)2
) (1659)

=
1

4x2
(

ex − e−x

2x(ex/2 + e−x/2)2
+

2x

2x(ex/2 + e−x/2)2
) (1660)

ex − e−x + 2x

2x
≥ 0 (1661)

ex − e−x ≥ −2x (1662)

(1663)

. We then construct a function:

g(t) = et − e−t − 2t (1664)

g′(t) = et + e−t − 2 ≥ 0 (1665)
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. I honestly just graphed the function here to see that it was greater than
0 everywhere, so it is convex. Now we can make a first-order Taylor series
expansion using the tangent property of convex functions, at x2 = ξ2:

f(x) ≥ f(ξ2) + f ′(ξ2)(x2 − ξ2) (1666)

f(x) ≥ − ln(eξ
2/2 + e−ξ2/2)− 1

4ξ2
(
eξ

2/2 − e−ξ2/2

eξ2/2 + e−ξ2/2
)(x2 − ξ2) (1667)

lnσ(x) ≥ x

2
− ln(eξ

2/2 + e−ξ2/2)− 1

4ξ2
(
eξ

2/2 − e−ξ2/2

eξ2/2 + e−ξ2/2
)(x2 − ξ2) (1668)

σ(x) ≥ 1

(eξ2/2 + e−ξ2/2)
exp(

x

2
− 1

4ξ2
(
eξ

2/2 − e−ξ2/2

eξ2/2 + e−ξ2/2
)(x2 − ξ2)) (1669)

σ(x) ≥ e−ξ2/2

1 + e−ξ2
exp(

x

2
− 1

4ξ2
(
eξ

2/2 − e−ξ2/2

eξ2/2 + e−ξ2/2
)(x2 − ξ2)) (1670)

σ(x) ≥ 1

1 + e−ξ2
exp(

x− ξ2

2
− 1

4ξ2
(
eξ

2/2 − e−ξ2/2

eξ2/2 + e−ξ2/2
)(x2 − ξ2)) (1671)

σ(x) ≥ σ(ξ2) exp(
x− ξ2

2
− 1

4ξ2
(
eξ

2/2 − e−ξ2/2

eξ2/2 + e−ξ2/2
)(x2 − ξ2)) (1672)

. This matches the form of equation (10.144), since the coefficient on the
quadratic x term is exactly the same as 1

4ξ tanh(ξ/2). I realized now that I

put in ξ2 everywhere, but since this is in x2, when we input into x it should be
ξ. Thus this derives the variational lower bound of the sigmoid function using
a invertible transformation to a convex space.

10.32

We are supposed to derive the sequential treatment of logistic regression using
the variational lower bound of p(tn|w). If we initialize our prior p(w) as a
Gaussian, then we have an expression for the posterior:

p(w|tn) ∝ p(tn|w)p(w) ≥ h(w, ξn)p(w) (1673)

p(tn|w) = eatσ(−a) ≥ eatσ(ξn) exp(
(an − ξn)

2
− 1

4ξn
tanh(

ξn
2
)(an − ξ2n)

(1674)

, where an = wTϕn, and we can switch the expression for the likelihood when
we are dealing with binary variables, since p(tn|w) = σ(an)

tn(1 − σ(an))
1−tn .

Like the book says, we can use the handy montonically increasing log function
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to preserve our bounds:

ln p(w|tn) ≥ lnh(w, ξn) + ln p(w) (1675)

= ant+ lnσ(ξn) +
an − ξn

2
− 1

4ξn
tanh(ξn/2)(a

2
n − ξ2n) (1676)

−1

2
(w −mN )TS−1

N (w −mN ) + const. (1677)

= wTϕnt+ lnσ(ξn) +
wTϕn − ξn

2
− 1

4ξn
tanh(ξn/2)(w

Tϕnϕ
T
nw − ξ2n) (1678)

−1

2
(w −mN )TS−1

N (w −mN ) (1679)

. This is again a quadratic function, so can we complete the square to get the
corresponding new mean and covariance, by collecting the terms:

p(w|tn) = N (w|m′
N , S

′
N ) (1680)

S′
N = wT (

1

2ξn
tanh(

ξn
2
)ϕnϕ

T
n + S−1

N )w (1681)

m′
N = S′−1

N (ϕntn +
ϕn
2

+ S−1
N mN ) (1682)

. As we can see, the covariance depends on the single variational parameter
ξn we are optimzing for, and then the mean also depends on it through its
dependence on the covariance.

10.34

(10.164) gives us the analytical solution to the integral of the log marginal
likelihood:

ln

∫
h(w, ξ)p(w)dw (1683)

. We are going to derive this anyways in the next exercise, but this is the
alternative approach to doing EM, where we initialize variational parameters,
find the posterior distribution for q(w), and then maximize the expectation of
the complete log likelihood over q(w). Here,we are going to instead optimize
with respect to ξn to recover the same re-estimation equations:

L(ξ) = 1

2
ln |SN

S0
|+ 1

2
mT

NS
−1
N mN − 1

2
mT

0 S
−1
0 m0+ (1684)∑

n

(lnσ(ξn)−
1

2
ξn + λ(ξn)ξ

2
n), (1685)

S−1
N = S−1

0 + 2
∑
n

λ(ξn)ϕnϕ
T
n , (1686)

mN = SN (S−1
0 m0 +

∑
n

(tn − 1

2
)ϕn) (1687)
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. Notice that S−1
N mN has no dependence on ξn, since the covariance matrix

gets canceled out, so we can actually sub this in conveniently to get a simpler
expression. We also notice that the initial prior means and covariances don’t
depend on the variational parameters.

L(ξ) = 1

2
ln |SN |+ 1

2
zTNSNzN+ (1688)∑

n

(lnσ(ξn)−
1

2
ξn + λ(ξn)ξ

2
n), (1689)

▽ :
1

2
Tr(S−1

N

dSN

dξn
) +

1

2
▽Tr(

dSN

dξn
zNz

T
N )+ (1690)

(1− σ(ξn)−
1

2
+ λ′(ξn)ξ

2
n + 2λ(ξn)ξn) (1691)

sinceλ(ξn) =
1

4ξ
tanh(

ξ

2
) =

1

2ξ
[σ(ξ)− 1

2
] (1692)

▽ :
1

2
Tr(S−1

N

dSN

dξn
) +

1

2
▽Tr(

dSN

dξn
zNz

T
N ) + λ′(ξn)ξ

2
n = 0 (1693)

. Now all we need to do is calculate the derivative of the covariance with respect
to the variational, which becomes:

d(S−1
0 + 2

∑
n λ(ξn)ϕnϕ

T
n )

−1

dξn
(1694)

= −SN
2d(

∑
n λ(ξn) ∗ ΦTΦ)

dξn
SN (1695)

= −SNϕnϕ
T
nSNλ

′(ξn) (1696)

. Subbing this back into (378), we get

−1

2
Tr(ϕnϕ

T
nSnλ

′(ξn)) +
1

2
Tr(−SNϕnϕ

T
nSNzNz

T
Nλ

′(ξn) + λ′(ξn)ξ
2
n (1697)

−λ
′(ξn)

2
ϕTnSnϕn − λ′(ξn)

2
Tr(SNϕnϕ

T
nSNS

−1
N mNm

T
NS

−1
N ) + λ′(ξn)ξ

2
n (1698)

−λ
′(ξn)

2
ϕTnSnϕn − λ′(ξn)

2
ϕTnmNm

T
Nϕn + λ′(ξn)ξ

2
n = 0 (1699)

ξ2n = ϕTn (mnm
T
N + SN )ϕn (1700)

. So to recap - we first took out all the terms that did not depend on ξn,
naturally. Then we did a trick where we subbed in zN = S−1

N mN sinec that
term has no dependence on ξn and then we diffed out.
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10.35

derive the result for the lower bound, using the integral definition:

L(ξ) = ln

∫
h(w, ξ)p(w)dw (1701)∫

h(w, ξ)p(w)dw =

∫
σ(ξn)

∏
n

exp(wTϕntn ++
wTϕn − ξn

2
(1702)

− 1

4ξn
tanh(ξn/2)((w

Tϕn)
2 − ξ2n)) ∗ N (w|m0, S0)dw (1703)

. Group the exponential w terms to complete the square, I’m going to split
them into the wTXw and wTX terms to make it easier. The quadratic terms
are:

wT (
∑
n

1

2ξn
tanh(

ξn
2
)ϕnϕ

T
n + S−1

0 )w (1704)

= wT (
∑
n

2λ(ξn)ϕnϕ
T
n + S−1

0 )w (1705)

= wTS−1
N w (1706)

. The last line comes from the derivation of the Gaussian variational posterior,
(10.158). For the linear terms:

wT (
∑
n

ϕn(tn − 1

2
)− S−1

0 m0) (1707)

. So the mean of this gaussian is again the same as the Guassian variational
posterior given by (10.157). Then we need to separate out all the w terms in the
integral with the ones that go outside, we also know the normalization constant
will be (2π)−N/2|SN |−1/2. Still solving just the integral (387),

(2π)−N/2|S0|−1/2 exp(−1

2
mT

0 S
−1
0 m0 +

1

2
mT

NS
−1
N mN )

∏
n

{σ(ξn) exp(−
ξn
2

+ λ(ξn)ξ
2
n)} ∗ 2πN/2|SN |1/2

(1708)

. Note the extra quadratic mN term in the exponential that we get from com-
pleting the square. The pi terms cancel out, and after taking the logarithm, we
recover the original equation:

1

2
ln

|SN |
|S0|

+
1

2
mT

0 S
−1
0 m0 +

1

2
mT

NS
−1
N mN

∑
n

lnσ(ξn)−
ξn
2

+ λ(ξn)ξ
2
n (1709)

10.37

Show that when optimizing for the prior factor f0(θ), an EP update leaves it
unchanged. Well, like they said in the question, if we initialize f̃0(θ) = f0(θ),
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where it has the same exponential family as q(θ), then when we optimize the
reverse KL divergence, we’re just moment matching and minimizing:

KL(
1

Z0
f0(θ)q

′(θ)||f0(θ)q′(θ) (1710)

, but it’s already at its minimum of 0 since the distributions are equal so the
factor f̃0(θ) when extracted remains unchanged.

10.38

We’re going to recover the results for expectation propagation from the clutter
problem, following the book’s steps. We perform the first step of removing the
factor we are going to optimize from q:

q\n(θ) =
q(θ)

f̃n(θ)
=

N (θ|m, vI)
N (θ|mn, vNI)

(1711)

. Ignoring constants, we can look at the exponential terms to isolate the
quadratic terms to find the new sufficient statistics:

θT (v−1I − v−1
n I)θ, (1712)

(v\n)−1 = v−1 − v−1
n (1713)

v\n = (
1

v
− 1

vn
)−1 =

vnv

vn − v
(1714)

−θT (mv−1 −mnv
−1
n ) (1715)

m\n = (mv−1 −mnv
−1
n )v\n (1716)

= mv−1v\n − v\nv−1
n mn (1717)

= m
vn

vn − v
− v\nv−1

n mn (1718)

= m(1 +
v

vn − v
)− v\nv−1

n mn (1719)

m+ v\nv−1
n m− v\nv−1

n mn (1720)

. Which matches what was found in (10.214) - (10.215). Now we need to
evaluate the normalization constant, which is given by:

Zn =

∫
fn(θ)q

\n(θ)dθ (1721)∫
((1− w)N (xn|θ, I) + wN (x|0, aI))N (θ|m\n, v\n)dθ (1722)

. This is the familiar linear Gaussian, where we can express p(y|x) = fn(θ) =
p(xn|θ), and p(x) = q(θ). Notice that the noise term doesn’t even have a
dependence on theta so it’s going to get integrad out.

p(y) = N (θ|m\n, I + ν−\nI) (1723)
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. So this replaces the current probability distribution on (1 − w), and this is
(10.216).

Notes: I skipped the expectation propagation on graphs because I skipped
chapter 8 - don’t know if I’ll come back to that.

Chapter 11: Sampling Methods

Context: Sampling is largely motivated when we want to calculate an expecta-
tion of the posterior distribution, commonly used in predictive densities. How-
ever this is usually intractable so we approximate by sampling techniques, where
we get a batch of samples and calculate the analogues of expectations for mean
and variance. Some ways of samplign joint distributions using graphical models
were brought up, as well as if we already have a method from sampling from
joint distributions, we can sample from marginal distributions by just ignoring
all values besides one.

11.1 Basic Sampling method

The book first introduces the important method that computers use to generate
different random distributions. First, get a z from Uniform(0,1), and we use a
function to transform y = f(z), which makes y some other random variable. By
prob dist being normalized:

p(y) = p(z)
dz

dy
(1724)∫ ŷ

−∞
p(y)dy =

∫
p(z)dz (1725)

h(y) = z (1726)

y = h−1(z) (1727)

. So the first part comes from basic change of variables along probability dist,
then the second part comes from just converting it back to their original CDFs
and int, and you notice that the LHS becomes the CDF of y, but the right hand
side, since z is uniform on [0,1], just becomes z, since the area under the curve is
z times 1. Then that means that we can sample y by applying the inverse CDF
function onto z. In practice this only works for a small subset of well-defined
functions - we need better methods for doing this on weird functions.

11.1.2 Rejection Sampling

This is a simple technique only really used on univariate distributions, but is
more powerful than basic sampling. Given an unnormalized, readily available
distribution p̃(z), we set a constant kq(z) ≥ p̃(z), our comparison function. Then
we generate a random z0 from q(z), and then generate an uniform number u0
on [0, kq(z0)]. Right now this pair of uniform numbers, z0, u0 has a uniform
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distribution under the comparison function, since p(z0, u0) = p(u0)p(z0), and
one is uniform while the other is just the comparison function. The key step is
rejecting a sample if u0 > p̃(z0), so now we ensure the distribution is uniform
under p̃(z). The fraction of the points that are rejected is the ratio of the areas of
our p̃(z) and our comparison, so we want k as small as possible while respecting
the constraint, since we want to minimize the reject rate. An example is shown
estimating the Gamma function with the cauchy function, because the cauchy
distribution can readily be transformed from an uniform.

11.1.3 Adaptive rejection

A natural follow up is now not to have a static comparison function, but instead
have a comparison function that changes as we get more data points. For
ADRS, you first sample a set of grid points, like a partition on z, and then
evaluate the gradients at those points and connect those lines. This method
works well when p(z) is log concave, so that ln p(z) is concave, because the
gradients will be nonincreasing, and also above the curve at all times. So the
gradients of the grid points determine our initial ’envelope’ function, and then
we draw samples from these log-linear lines, which are straightforward to do
since after exponentiating they represent exponential distributions of z. If the
point is accepted, it is in p(z), if it isn’t then this is a new grid point and
we calculate the gradient and update our envelope, so as more points come
in we get a tighter fit around the target function. Important note about
high dimenisonality in rejection sampling: A cool thing the book shows
is that once we start getting in high dimensions, even for the simple case of the
Gaussian density function, our rejection rate starts to exponentially decrease,
since the most optimal scalar factors k = exp(D), for example if kq(z) ≥ p(z)
and both are Gaussians, the rejection rate, which is the ratio of their volumes,
is an expoenntial function of D. So at high dimensions, rejection sampling loses
it’s use, but great as subparts of larger algorithms. Also difficult to use in
multimodal and sharply peaked distributions.

11.1.4 Importance Sampling

This one is motivated more by estimating expectations now of a certain p(z).
Suppose we know how to evaluate p(z), but not sample from it, i.e we hae
no knowledge about the normalization constant. OIne way to easily sample
the expectations would be to just discretize the z space and take a sum over
intervals, but this explodes with dimension, and is sample inefficient because
oftentimes the p(z) is only dense in certain regions. Again, we use a proposal
distribution that is more consistent and well-defined than our target, so we have
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some security when sampling:

E[f ] =
∫
p(z)f(z)dz (1728)

=

∫
p(z)

q(z)
f(z)q(z)dz (1729)

=
∑
l

p(zl)

q(zl)
f(zl)q(zl)dz (1730)

=
∑
l

rlf(z
l) (1731)

. The last term rl are the importance weights, which correct the fact that
we’re sampling from q(z) by diving out the influence of q, then remultiplying
the p factor. In the case where both p(z), q(z) can only be evaluated up to the
normalization constant, i.e we can only evaluate the unnormalized distributions
p̃(z), q̃(z), then the equation takes a different form:

E[f ] =
∫
f(z)p(z)dz (1732)

=
Zq

Zp

∫
p̃(z)

q̃(z)
f(z)q(z)dz (1733)

=
Zq

Zp

1

L

∑
l

r̃lf(z) (1734)

. We can then evaluate the normalization constants as well:

Zp

Zq
=

1

Zq

∫
p̃(z)dz (1735)

=

∫
p̃(z)

q̃(z)
q(z)dz (1736)

=
1

L

∑
l

r̃l (1737)

E[f ] =
∑
l

wlf(z
l) (1738)

wl =
r̃l∑
m r̃m

=
p̃(zl)/q̃(zl)∑

m p̃(zm)/q̃(zm)
(1739)

. Where in the last two steps we substituted the expression back into (419),
with some notation changes because the indices aren’t the same across sums.
So the last weight it like an importance weight squared, since we’re evaluating
the actual importance weight and its relative scale compared to all the other
importance weights.

The success of importance sampling, like rejection sampling, largely depends
on how well the proposal distribution matches the target one. If the proposal

233



distribution is clustered around small areas of p(z), then the importance weights
will be dominated by the weights in that area, causing reduced sample sizes.
If instead our samples are only in small regions of f(z)p(z), then although our
importance weights ’look good’ because of low variance, the actual expectation
/ bias is terrible.

Importance sampling is a nice techniques to use when you know you can
choose an appropriate proposal distribution that is easy to sample from. It
gives good fundamental ideas and I suspect ideas from it will reappear in more
sophisticated sampling techniques.

11.5 Sampling-importance-resampling

This is sort of like a combination of both rejection and importance sampling
- we’re going to approach similarly to rejection sampling, in that we want a
kq(z) ≥ p(z), but we aren’t going to estimate the k. Instead, we’re first going
to sample L values from q(z), and then calculate their importance weights.
Then, we’re going to sample from the zL samples we got, this time with their
probabilities given by their importance weights. It can be shown that as L→ ∞,
the CDF of p(z) can be approximated by this distribution, but in the <∞ case
it is only approximated:

p(z ≤ a) =
∑

l:zl<a

wl (1740)

=
∑
l

I(zl ≤ a)
p̃(zl)/q̃(zl)∑

m p̃(zm)/q̃(zm)
(1741)

=

∫
I(zl ≤ a)p̃(z)/q̃(z) ∗ q(z)dz∫ p̃(z)

q̃(z)q(z)dz
(1742)

=

∫
I(z ≤ a)p̃(z)dz∫

p̃(z)dz
(1743)

=

∫
I(z ≤ a)p̃(z)/Zpdz =

∫
I(z ≤ a)p(z)dz (1744)

. In the case that q(z) = p(z), the original samples are already p(z), the im-
portance weights are uniformly 1/L, and then the resampled values are uniform
with respect to p(z). To calculate moments:

E[f ] =
∫
f(z)p(z)dz (1745)

=

∫
f(z)p̃(z)/q(z) ∗ q(z)dz∫
p̃(z)/q(z) ∗ q(z)dz

(1746)

≈
∑
l

wlf(z) (1747)

. We use this trick to convert p̃(z), the unnormalized version by just force nor-
malizing it by enumerating over all its possiblities, then converting the integral
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to a sum when L < ∞. Overall, this is an improvement on both rejection and
importance sampling, since we can first sample with a proposal distribution, but
then we refine our sample space using the importance weights, and also recover
exact solutions when L→ ∞.

11.1.6 Sampling + EM

We can see how sampling is applied to the ML and Bayesian treatments of
maximizing the evidence. In the maximum likelihood treatment, we are using
EM, so we are maximizing:

Q(θ, θold) =

∫
p(Z|X, θold) ln p(Z,X|θ)dZ (1748)

. Familiar term for the expectation, but now in the E step we can estimate the
posterior using sampling, so that the new equation becomes:

Q(θ, θold) ≈ 1

L

∑
l

ln p(X,Z|θ) (1749)

. So we replaced the E step with Monte carlo sampling, creating the Monte
Carlo EM Algo. We can extend this to finding the mode of the posterior
distribution by placing a prior term ln p(θ) in (434).

If we move to a full Bayesian treatment now, what if we wanted to instead
sample from the posterior distribution over the parameter vectors, which is
distinct from the hidden variables? Then use something called the IP algorithm,
which I thought is a little irreleant.

Markov Chain Monte Carlo

Markov chains are a much more powerful form of sampling that scales well
to high dimensions, with their origin in physics. The steps: we first sample
from a proposal distribution, getting a current state zt, but the next time we
sample, we use the proposal distribution q(z|zt). Notice the dependence. This
sequence form a Markov chain, where at each step we accept a candidate based
on a criterion. In the Metropolis algorithm, we assume symmetric proposal
distribution q(z|z′) = q(z′|z), and the acceptance probability is defined by:

A(zt+1, zt) = min(1,
p̃(zt+1)

p̃(zt)
) (1750)

. Intuitively, if the probability increases with the next sample, we’re going to
keep it - if it doesn’t we accept with the probability of how much it decreased in
terms of the ratio. If accepted, zt+1 = z∗, but if rejected, we keep our current
sample and draw again, but we still keep all discarded points. The distribution
of zt → p(z) as t → ∞, but the sequence is not independent. IF we wish to
make it independent, we can only take everyM sample, so asM gets arbitrarily
large, it is practically independent.
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11.2.1 Markov Chains

To understand MCMC methods, we need to look at Markov Chains in general,
and under what circumstances they converge. All markov chains hold the condi-
tional independence property that they only depend on the previous state, and
a markov chain is homogeneous if the transition probabilities are the same for
all m, i.e for all steps the transition probability T (zm, zm+1) = p(zm+1|zm). In-
variance: A distribution is invariant/stationary with respect to a Markov chain
if each step leaves the distribution invariant:

p∗(z) =
∑
z′

T (z′, z)p∗(z′) (1751)

. So when we enumerate over all previous steps and multiply their transition
probabilities, the marginal probability stays the same, i.e marginalizing the
transition probabilities gives the same distribution. A sufficient (but not neces-
sary) condition for a dist to be invariant is if the transition probabilities satisfy
detailed balance. (this means detailed balance implies stationary). Detailed
balance:

p∗(z)T (z, z′) = p∗(z′)T (z′, z) (1752)

.
To ensure that we can use Markov chains to sample from given distribu-

tions, we want the sequence chain to converge to invariant distribution p∗(z).
This property is called ergodic, with the invariant dist being the equilibrium
distribution. With some weak restrictions, homogeneous Markov Chains are
ergodic. One convenient way to construct Markov chains to first identify base
transitions that a Markov chain is invariant to, and then make new transition
probabilties either through successive applications of them or though mixture
distributions, so we can generate more probabilities. A common example of this
would be constructing base transitions that only change subset of variables and
composing them together.

Some notes I had later: We want Markov chains to be ergodic and ’con-
verge’ to these equilibrium distributions because then we can perform psuedo-
independent sampling, by subsampling these long chains. In order for them
to be ergodic and converge, the chain should satisfy the property of detailed
balance.

11.2.2 Metropolis-Hastings Algorithm

This is a generalization of the Metropolis algorithm where now the proposal
distribution is not symmetric, so when we draw a sample z∗, we get qk(z

∗|zt),
and accept it with probability:

Ak = min(1,
p̃(z∗)q(zT |z∗)
p̃(zt)q(z∗|zt)

(1753)
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. This specific form is chosen because we can easily show detailed balance, by
multiplying out the denominators, and then just showing symmetry by swapping
terms in the min expression and dividing out to get the different form of the
acceptance probability. Notice in the symmetric case that this reduces to the
Metropolis algo.

Cool nuance of Gaussian transition kernels: In continuous state spaces, we
often use a multivariate Gaussian transition kernel, so there is an important
trade-off in determining the variance parameter. If the variance is small, we
accept a lot of proposals, but it reduces to a random walk. If the variance
is large, we reject a lot of proportions, so it is inefficient. If we’re trying to
approximate a p(z) with a bunch of different variances, we would our transition
kernel to have a variance related to σmin, because we want to avoid high rejection
states. However, if the difference in scale between the max and min variances
is high, we will explore the max direction in basically a random walk, meaning
the convergence is quadratic, and scales poorly.

11.3 Gibbs Sampling

Gibbs sampling is now a special case of metropolis-hastings, and it works by
again doing MCMC sampling, but this time at each step if our target distribution
is p(z) = p(z1, ...zM ), we only sample one component while conditioning on all
the other variables:

p(zt+1
i , z\i) (1754)

. Each time, we immediately use the new component. To see that the target
distribution is invariant under this chain, we see that p(z) = p(zi|z\i)p(z\i)
is invariant, since the second term remains unchanged, and the first term is
going to remain unchanged, so the joint distribution is invariant. The second
condition is that the sampling chain is ergodic, and a sufficient condition is
that none of the conditional distributions are zero, otherwise you need to prove
it explicitly. Gibbs sampling is also a special case of the Metropolis-Hastings,
where if we consider a version of the algorithm similar to Gibbs where we sample
one variable zk while keeping all the others fixed, and set q(z∗|z) = p(z∗k|z\k).
Note that z∗\k = z\k, i.e the terms we condition on stay constant over steps.
Then the metropolis hasting acceptance probability is:

p(z∗k)qk(z|z∗)
p(z)qk(z∗|z)

=
p(z∗k|z∗\k)p(z

∗
\k)p(zk|z

∗
\k)

p(zk|z\k)p(z\k)p(z∗k|z\k)
= 1 (1755)

. So the Metropolis-Hastings Algorithm always gets accepted.
One approach for reducing random walk behavior is over-relaxation, which

applies to problems where the conditional distributions are Gaussian. The con-
ditional distribution for a particular component zi has mean µi and variance
σ2
i , and then we replace zi with

z′i = µi + α(zi − µi) + σi(1− α2
i )

1/2ν, ν = N (ν|0, 1) (1756)
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. For α = 0, equivalent to Gibbs sampling since it reduces to Gaussian, for α < 0,
go towards the parameter and away from mean. The practical applicability
depends of Gibbs sampling depends on how feasible it is to sample from each
of the conditional distributions p(zk|z\k). In graphical models, we only need to
worry about the node’s Markov blankets. One last thing - the Gibbs sampling
procedure only worries about one variable at a time, so the natural extension
would be to more variables, which is blocking Gibbs sampling, where we sample
subsets, not necessarily disjoint from the variables.

11.4 Slice Sampling

For MCMC methods again, Metropolis-Hastings still suffers from the issue of
having to determine an optimal step size, where we want to choose between
having a low reject probability while avoiding random walk behaviors. Slice
sampling fixes some of these issues by creating an adaptive step size based on
where we are in the function. We can do this by taking a joint distribution
p(u, z), where u is a uniform function, and the full formulation is:

p̃(u, z) =

{
1/Zp 0 ≤ u ≤ p̃(z)

0 otherwise
(1757)

∫
p̃(z, u)du =

∫ p̃(z)

0

1

Zp
du =

p̃(z)

Zp
= p(z) (1758)

. When we take the marginal of this, we can see that it again comes out as the
distribution we want. The actual process for slice sampling is to sample a value
zT , for our current time step, and then evaluate p̃(zT ), and then sample u from
the uniform distribution over that range. We can then define a slice which is
S = {z : p̃(z) > u}, so just the horizontal band cutting through the function.
You then sample uniformly from this slice S to get new values. Intuitions: This
is also a form of Gibbs sampling, where we first sample u|z, and the sample z|u
on the slice. The adaptive step size comes from the fact that by restricting the
sample space to the slice, we are ensuring we can only get other z that have a
density at least as large as p(zT ). That way, we’re restricting our effective step
size, while ensuring we always stay in the distribution, i.e no rejection rate.

One nuance is that it is not always easy to know the entire slice and sam-
ple from it, that might require computing many points, so there is an itera-
tive algorithm to determine a sample. First determine the initial slice interval:
zmin, zmax, which has width 2w centered around zT . Then we keep extending
each side until we know the slice is contained in the interval, and then we sample
a point. If it’s in the slice, nothing to do, and if it is not, then we set that as
the new endpoint, effectively shrinking the slice and getting a better estimate.

11.5 Hybrid Monte Carlo Sampling

Again, this method was introduced to deal with the issues of random-walk be-
havior in Metropolis Hastings, and is the Hamiltonian Monte Carlo Algorithm.
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It borrows ideas from Hamiltonian dynamical systems and creates a sophisti-
cated class of transitions based on those ideas. It applies to distributions over
continuous variables where the gradient of the log probability can be readily
evaluated, which is a necessary condition.

11.5.1 Dynamical Systems

To draw parallels between states in dynamical systems and the probabilities, we
classify the state variable as z = {zi} under the continuous time variables τ . in
classical dynamics, we have a second-order differential system on position, which
we now turn into two coupled first-order differential system, with momentum
being the linking variable. So we then introduce a momentum variable r, with

dzi
dτ

= ri (1759)

. Each zi can be considered a position variable, and with a corresponding mo-
mentum variable they form the phase space. Naturally, the time derivative of
momentum is applied force in physics, and if we write our probability distribu-
tion as:

p(z) =
1

Zp
exp(−E(z)) (1760)

, where E(z) is the potential energy function of the system, from physics we
know that one way of expressing a relation between force and energy is:

F = −dU/dx (1761)

dri
dτ

= −dE(z)

zi
(1762)

. Then if we now express this system in the Hamiltonian framework, we can
say:

H(z, r) = E(z) +K(r) (1763)

K(r) =
1

2
||r||2 =

1

2

∑
r2i (1764)

. We can then express the dynamics of this Hamiltonian system:

∂H

∂ri
=
∂K(r)

∂ri
= ri =

dzi
dτ

(1765)

∂H

∂zi
=
E(z)

∂zi
= −dri

dτ
(1766)

. So the dynamics with respect to position and momentum for the Hamiltonian
can be expressed in terms of the original position and momentum. Then we can
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see that the Hamiltonian is constant in phase space, with respect to changes in
z and r:

dH

dτ
=

∑
i

dH

dri

dri
dτ

+
dH

dzi

dzi
dτ

(1767)

=
∑
i

dzi
dτ

dri
dτ

− dri
dτ

dzi
dτ

= 0 (1768)

. A second important property of the Hamiltonian is that its volume is invariant
in phase space, by Liouville’s Theorem. This can be seen by taking the flow
vector field, which is just:

V = (
dz

dτ
,
dr

dτ
) (1769)

, and then taking the divergence of this field, which is 0. Taking these two
properties and redefining the probability distribution with the energy function
as the Hamiltonian,

p(z, r) =
1

ZH
exp(−H(z, r)) (1770)

, then since the volume and H remain unchanged in finite spaces in the distribu-
tion, then the probability density, which is the distribution divided by volume
also remains constant. Evolution under the Hamiltonian does not sample er-
godically though, because we can’t get to any other states. One way to fix this
is to introduce more changes in phase space that leaves p(z, r) invariant while
changing H. This can be done by drawing r|z, like a Gibbs sampling step. Since
z and r are independent in the distribution z, r|z = r, the marginal distribution.

To actually implement the Hamiltonian system, we have to numerically in-
tegrate over the system’s differential equations, where the book shows a form
of leapfrog discretization, that involves taking step sizes ϵ, and then alternating
updates of the position and momentum to get to new states. The error involved
in this approximation goes to 0 as ϵ → 0. So we can walk through step space
using this leap frog discretization, leaving the Hamiltonian unchanged, and then
at points we want, resampling from p(z, r) to allow change in Hamiltonian.

11.5.2 Hybrid Monte Carlo

The Hybrid HMC attempts to address the possible approximation errors that
arise from leapfrog discretization, by combining Hamiltonian dynamics with the
Metropolis algorithm. This is done by factoring in possible step change errors
into the Metropolis accept probability:

A(z∗, z) = min(1, exp(H(z, r)−H(z∗, r∗) (1771)

In the case of no discretization error, the Hamiltonian remains unchanged and
each step is always accepted. We also need to ensure this new formulation of
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transition probability satisfies detailed balance. If we choose an initial region
in phase space R, and under a sequence of L iterations we get to R′, with both
regions having volume δV , then the transition probability is:

1

ZH
exp(−E(R))δV ∗ 1

2
min(1, exp(−E(R′) + E(R)) (1772)

1

ZH
exp(−E(R′))δV ∗ 1

2
min(1, exp(−E(R) + E(R′)) (1773)

. These probabilties are equal if E(R′) = E(R), which under Hamiltonian
dynamics is always true. This was also conditioned on the fact that the leapfrog
iterations conserve volume in phase space, which follows from the fact that each
leapfrog step only updates one of zi, ri while conditioning on the other variable,
which in phase space only shears the plane without changing its volume.

Hybrid Monte Carlo also improves on Metropolis sampling, by taking the
example of the Gaussian again. In order for the leapfrog discretization to have
low probability of error, we take the step scale ϵ to be smaller σmin, since
that is the smallest scale through which the Hamiltonian, which is defined by
the gaussian exponential term varies significantly. Then it takes σmax/σmin

terms to find independent samples, compared to the quadratic dependency in
Metropolis sampling.

11.6 Estimation the Partition Function

Often times, even though it is intractable to estimate the partition function,
i.e the normalization constant of the target distribution, we can still estimate
it through importance sampling from an easier distribution pG with energy
function G(z), which gives

ZE

ZG
≈ 1

L

∑
l

exp(−E(zl) +G(zl)) (1774)

. This approach works reasonably well when we can find a suitable approxi-
mating distribution pG, but an alternative approach is to use the samples from
a Markov chain, where if we have a sample set z1..zL, we define the sampling
distribution as

∑
l T (z

l, z), function of z. Another method when we have espe-
cially complex distributions is called chaining, where we start with a relativaly
simple distribution and create a chain of intermediate distributions p2...pM−1,
with initial p1 and final pM . The intermediates are found by some EMA / in-
terpolation, and then we can use Monte Carlo chaining methods again, with the
ratios of the partition functions given by:

ZM

Z1
=
Z2

Z1

Z3

Z2
...

ZM

ZM−1
(1775)

.
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Chapter Recap

In the previous chapters, we looked at iterative and variational methods to ap-
proximate the posterior, in order to maximize the joint complete log likelihood
in the presence of some latent variables. Sampling methods tackle the problem
of when it is even difficult to actually variationally approximate the posterior
distribution using analytical methods. We instead need to use numerical meth-
ods, beginning with the most simple method of using the inverse CDF of uniform
distributions, which is more analytical, to moving towards numerical solutions,
like adaptive rejection sampling and importance sampling.

Rejection sampling first samples an input uniformly, and has a certain ap-
proximating distribution q(z) ≥ p(z), and then samples from Uni(0, q(z)), ac-
cepting only when it is inside p(z). Importance sampling reweights all samples
from q(z) by a factor p(z)/q(z) to kind of ’wash out’ the effects of distribu-
tional shift. Both of these methods rely heavily on finding a similar sampling
distribution to the target.

The key requirement for any of these methods is that the target distribu-
tion is still readily available, it is just difficult or computationally infeasible to
enumerate over the entire space and find an appropriate partition function.

Markov Chain methods took the bulk of the rest of the chapter, and they
are important because they can offer efficient, compact solutions to sampling.
The key ideas behind Markov chains are the some probability distributions are
invariant and satisfy detailed balance with respect to a Markov chain. This
means that sampling from this Markov Chain will eventually converge to this
invariant distribution, which is an important property, since then we can sample
from this chain to simulate sampling from a target distribution. This property
is called ergodicity, and the distribution is the equilibrium distribution. The
equilibrium distribution must satisfy invariance + detailed balance, something
that each subsection emphasizes to show the validity of the sampling technique.

Furthermore more, we want to be able to simulate independent samples,
so we’re interested in the number of timesteps, as a function of the chain, that
it takes to get to an independent sample. In the worst case of a random walk,
there is a quadratic convergence to an independent sample, which is poor, and
so the chapter explores different methods of improving this.

The first one is the Metropolis algorithm, which assumes detailed balance.
The method accepts new samples from the Markov chain with respect to an
acceptance probability that is defined by p(x′)/p(x), i.e how much the target
distribution probability improved. It’s extension which forgoes the assumption
of detailed balance is the Metropolis-Hastings Algorithm.

Gibbs sampling is an extension of the Metropolis-Hastings, but now given
that we have a set / vector of random variables, we sample each component while
conditioning on all the other variables. Slice sampling is a little more compli-
cated, but we are trying to fix the issues of optimal step sizes in Metropolis-
Hastings. We first sample a p̃(z) (note the unnormalized), and then take a slide
so that we only consider z values above p(z). This helps with issues about the
step size since now we are restricting ourselves to greater probabilities, which
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means we avoid sampling valleys and running the risk of random walks. We are
essentially taking ’safer’ steps, and in areas of low probability, taking more risk.
Since estimating the slice may be difficult as well, we can perform sampling
around the slice to get estimated bounds instead of evaluating the function.

Hybrid Monte Carlo, or Hamiltonian Monte Carlo is the last, and in my
opinion, the most important sampling technique in the chapter. It draws from
physics concepts about Hamiltonian energy systems, which remain constant
given a position and momentum, called phase space. If we express our probabil-
ity distribution in phase space, it is invariant under evolution of phase space, so
naturally this can be seen as a form of sampling. The book then goes over how
to efficiently numerically simulate the Hamiltonian dynamics and its differen-
tials. One nuance is that the Hamiltonian’s invariance in phase space actually
means sampling from it using a Markov chain is not ergodic. The way to
fix this is to simulate the dynamics for some fixed timesteps, and then sample
a new momentum from the marginal distribution, r|z, equivalent to a Gibbs
sampling step, which changes the Hamiltonian. The convergence is shown to be
more efficient.

Exercises

11.1*

show the finite sample estimator:

f̂ =
1

L

L∑
l

f(zl) (1776)

. The mean is just trivially equal to E[f ], since we’re just multiplying p(z). For
the variance, assuming this is a single continuous variable,

var[f̂ ] = E[f̂2]− E[f̂ ]2 (1777)

f̂2 =
1

L2

∑
l

f(zl)2 (1778)

E[f̂2] =
1

L2

∑
l

∫
f(zl)2p(z)dz =

1

L
E[f2] (1779)

11.2

IF we assume from the start, like the book does that y = f(z), then we know
from the rules of probability distributions and changes of variables that

p∗(y) = p(z)|dz
dy

| (1780)
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. But it was given that y = h−1(z), so that is our function, and h(y) = z,
h(y)′dy = dz, and since z is uniform, p(z) = 1. Then our new function is

p∗(y) = 1 ∗ h′(y) = d

dy

∫ y

−∞
p(ŷ)dŷ (1781)

= p(y)− p(−∞) = p(y) (1782)

. So from the assumption that y = h−1(z), with h defined, we get that the
distribution follows p(y).

11.3

The transformation for the Cauchy distribution following the book’s results is
given by the inverse CDF, so we need to first find h(y):

h(y) =
1

π

∫ y

−∞

1

1 + x2
dx (1783)

=
1

π
(arctan(y)− arctan(−∞)) (1784)

h(y) =
1

π
arctan(y) +

1

2
(1785)

h−1(z) = tan((zπ − π

2
)) (1786)

11.4

z1, z2 are uniformly distributed on the unit circle with p(z1, z2) = 1
π , and we

make the change of variables:

y1 = z1(
−2 ln r2

r2
)1/2 (1787)

y2 = z2(
−2 ln r2

r2
)1/2 (1788)

. To find the new distribution according to the change of variables function f ,
we just find the two variable case, as it expands to Jacobians:

p(y1, y2) = p(z1, z2)|
∂z1, ∂z2
∂y1, ∂y2

| (1789)

. The Jacobian’s determinant is given by:

∂z1
∂y1

∗ ∂z2
∂y2

− ∂z2
∂y1

∗ ∂z1
∂y2

(1790)

=
∂z1
∂y1

∗ ∂z2
∂y2

(1791)

(1792)
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. To calculate the partials, it is always more convenient to set polar coordinates,
to make the calculations simpler:

z1 = r cos θ, z2 = r sin θ (1793)

. Then taking the Jacobian of this function gives:

∂z1, z2
∂r, θ

= | cos θ, sin θ
−r sin θ, r cos θ| = r (1794)

. We can also find the functions of y = f(r, θ) and find their Jacobian:

y1 = cos θ ∗ (−2 ln r2)1/2 (1795)

y2 = sin θ ∗ (−2 ln r2)1/2 (1796)

∂y1, y2
∂r, θ

=
cos θ ∗ (−2 ln r2)−1/2 ∗ −2

r sin θ ∗ (−2 ln r2)−1/2 ∗ −2
r

− sin θ ∗ (−2 ln r2)1/2 cos θ ∗ (−2 ln r2)1/2
(1797)

det : −2
cos2 θ

r
− 2

sin2 θ

r
= −2

r
(1798)

. Using the chain rule properties of jacobians now,

|∂z1, z2
∂y1, y2

| = |∂z1, z2
∂r, θ

| ∗ | ∂r, θ
∂y1, y2

| (1799)

|∂z1, z2
∂y1, y2

| = |∂z1, z2
∂r, θ

| ∗ |∂y1, y2
∂r, θ

|−1 (1800)

= −r
2

2
(1801)

. If we square the original equations (453) and (454) and add them together,
we get:

y21 + y22 = z21 ∗ (−2 ln r2

r2
) + z22(

−2 ln r2

r2
) (1802)

= −2 ln r2, (1803)

exp(−1

2
(y21 + y22)) = r2 (1804)

−1

2
exp(−1

2
(y21 + y22)) = −r2/2 (1805)

. Then after we multiply each of these and use p(z1, z2) = 1
π , we can recover

the equations from the book.
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11.5

z = N (z|0, I) (1806)

y = µ+ Lz (1807)

E[y] = E[µ] + LE[z] = µ (1808)

var[y] = E[yyT ]− E[y]E[y]T (1809)

= E[(µ+ Lz)(µ+ Lz)T ]− µµT (1810)

= E[µµT + µTLz + zLLT zT ]− µµT (1811)

= E[zΣzT ] = ΣTr(E[zzT ]) = Σ ∗ I = Σ (1812)

. So we can draw samples from a general multivariate Gaussian distribution
using the Cholesky decomposition and making the random variable y = µ+Lz

11.6

Suppose probability distribution is q(z), with target distribution p(z), show the
probability of acceptance is p̃(z)/kq̃(z).

Since we accept u ∼ Uni(0, kq̃(z)), the CDF of p(u ≤ p̃(z)) = p̃(z), so the

overall probability is just p̃(z)
kq̃(z) . The overall probability of drawing a z with our

rejection sampling algo is:

r̃(z) = q(z) ∗ p̃(z)

kq̃(z)
(1813)

Zr =

∫
q(z) ∗ p̃(z)

kq̃(z)
dz (1814)

=
1

k

∫ ∫
q̃(z)

Zq
∗ p̃(z)
q̃(z)

dzdz (1815)

=
1

k
∗ Zp

Zq
(1816)

r(z) =
1

Zr
r̃(z) (1817)

r(z) = k ∗ Zq

Zp
∗ q(z) ∗ p̃(z)

kq̃(z)
(1818)

=
p̃(z)

Zp
= p(z) (1819)

11.8

The envelope distribution is defined by a piecewise function:

q(z) = kiλi exp(−λi(z − zi), ẑi−1,i < z ≤ ẑi,i+1 (1820)

. This comes from the fact that when approximating ln p(z), we take approxima-
tions with gradient lines at grid points, so between grid points there are tangent
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lines, where λi = ▽ ln p(zi). Using the continuity requirement, we know that
the piecewise function at the boundaries must be equal. I’m going to try doing
it in ln q(z) to see if it’s easier, at z = ẑi−1,i, which is the point of intersection
of grid points zi−1, zi:

ln(ki−1λi−1)− λi−1(ẑi−1,i − zi−1) = ln kiλi − λi(ẑi−1,i − zi) (1821)

Another thing to notice is that at the grid points zi, we have q(zi) = p̃(zi), from
Figure 11.6, which means that q(zi) = kiλi = p̃(zi). We can then find k by
evaluating p̃(zi), which is given, and then finding the slope of the tangent λi,
which is also given. Then in equation (506), the only unknown we have left is
ẑi−1,i, which we can solve for to find the intersection points, given ki, λi, zi for
all i ∈ N .

11.9

In section 11.1.1, when we had an exponential distribution of form p(y) =
λ exp(−λy), but now our new piecewise is defined by (505). So we have to first
find the piecewise CDF for q(z):

h(z) = kiλi

∫ ẑi,i+1

ẑi−1,i

exp(−λi(z − zi))dzi (1822)

= kiλi ∗ −
1

λi
exp(−λi(z − zi)) (1823)

−ki(exp(−λi(ẑi,i+1 − zi)− exp(−λi(ẑi−1,i − zi)) (1824)

h(y) = −ki(exp(−λi(ẑi,i+1 − yi)− exp(−λi(ẑi−1,i − yi)) (1825)

I switched the notation to yi to make it more clear that we are taking the inverse
y = h−1(z), where z ∼ Uni(0, 1). To find the inverse we solve for y now:

− z

ki
= exp(−λi(ẑi,i+1 − yi))− exp(−λi(ẑi−1,i − yi)) (1826)

ln
ki
z

=
ẑi,i+1 − yi
ẑi−1,i − yi

(1827)

ln
ki
z
(ẑi−1,i − yi) = ẑi,i+1 − yi (1828)

yi(1− ln
ki
z
) = ẑi,i+1 − ln

ki
z
ẑi−1,i (1829)

yi =
ẑi,i+1 − ln ki

z ẑi−1,i

(1− ln ki
z )

(1830)
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11.10

E[(zT )2] =
1

2
(zT−1)2 +

1

4
(zT−1 − 1)2 +

1

4
(zT−1 + 1)2 (1831)

= (zT−1)2 − 1

2
zT−1 +

1

2
zT−1 +

1

2
(1832)

= (zT−1)2 +
1

2
= E[(zT−1)2] +

1

2
(1833)

. By induction the initial time step is E[z1] = 0, so we just add up 1/2∗τ times.

11.11

The detailed balance algorithm is given by:

T (z, z′)p(z) = T (z′, z)p(z′) (1834)

For Gibbs sampling, the transition probability is conditioned on all the other
variables while leaving that one fixed, and a transtion from z → z′ is the state
shifting by replacing a single zk component with a new sample.

T (z, z′)p(z) = p(z′k|z\k)p(zk, z\k) (1835)

= p(z′k|z\k)p(z\k)p(zk|z\k) (1836)

= p(z′k, z\k)p(zk|z′\k) (1837)

= p(z′k, z
′
\k)p(zk|z

′
\k) (1838)

= p(z′)T (z′, z) (1839)

So taking a conditional step on only one component, which is what Gibbs sam-
pling does, satisifes detailed balance because all the other components remain
the same, and the only state change is for zk.

11.12

At first glance, the probability distribution does not satisfy the sufficient condi-
tion that the conditional distribution be nonzero everywhere, so I don’t think it
is ergodic. If you sample from one of the disjoint regions, then with conditioning
on those points you can’t reach the other disjoint region ever. And if you sample
an initial point in a zero region, nothing happens, which is fine, but you won’t
converge to the invariant distribution.

11.15

Did through notes
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11.16

p(r|z) = p(r, z)/p(z) (1840)

∝ exp(K(r) + E(z)− E(z)) (1841)

= exp(
1

2
||r||2 (1842)

. Is a Gaussian distribution of r.

11.17

Did through notes

Chapter 12: Continuous Latent Variables

This next chapter looks, obviously at continuous latent variables and the inter-
esting properties they have. An important property is that many of the data
points in a high dimensional data set live in a nonlinear manifold with a much
lower intrinsic dimensionality. In practice, the points aren’t strictly confined
to these defined smooth manifolds, and the deviations can be labelled as noise.
A generative approach is to use some latent distribution to sample a point on
this manifold, then add some noise in order to simulate generation. A prob-
abilistic formulation of PCA arises when we treat the latent distribution and
the observed conditioned on the latents as Gaussians, allowing us to use the
linear-gaussian model.

12.1 Non-probabilistic PCA

PCA has two common definitions - both involve some sort of projection. The
first definition is a orthogonal projection of the data onto a lower dimensional
linear subspace (principal subspace), such that the variance between the points is
maximized. The second definition is that it is trying to minimize the projection
cost, which is the sum of the mean squared distances between points and their
projections.

12.1.1 Maximizing Variance

So in any PCA problem, we are trying to project points with dimensionality D
to a subspace with dimension M < D. We can start with the most basic case
of M = 1 and then expand with induction. In the basic case, our subspace is
a single line defined by u1, where we can assume uT1 u1 = 1 WLOG. Then the
projections of any points xn is xTnu1, and we can find the mean and variance of
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the dataset on this projection space now as:

uT1 x̄ =
1

N

∑
n

uT1 xn (1843)

var[xn] =
1

N

∑
n

{uT1 xn − uT1 x̄} = uT1 Su1 (1844)

. Where S is the covariance matrix of the original data. We can maximize the
variance with respect to u1, with the normalization constraint uT1 u1 to avoid
u1 → ∞:

uT1 Su1 + λ1(1− uT1 u1) (1845)

▽ : Su1 − λ1u1 = 0 (1846)

Su1 = λ1u1 (1847)

. So u1 is a maximum when it is an eigenvector of S, and the maximum u1
solution corresponds to the eigenvector related to the maximum eigenvalue λ1.
So in this definition, we just need to find the eigenvectors and eigenvalues of
S, and it is shown inductively for larger dimensions that this corresponds to
choosing the M largest eigenvalues and their corresponding eigenvectors. The
eigenvectors that are used are called the principal components.

12.1.2 Minimizing projection error

In this case, we are going to again assume we have an orthonormal basis vectors
{ui}i=1..D, where we will perform the projection on. Then the data points can
be expressed in terms of the basis vectors:

xn =

D∑
i

αniui (1848)

. We can also perform an inner product with uj to get another expression:

xTnuj =

D∑
i

αniu
T
i uj (1849)

xTnuj = αnj (1850)

xn =

D∑
i

(xTnui)ui (1851)

. Which intuitively makes sense - the data point is just constructed as the sum
of its projection on the orthogonal directions of the basis, i.e the coordinates.
If we now perform some arbitrary projection to an orthogonal M -dimensional
subspace, we’re going to use the first M vectors WLOG, and express the ap-
proximation as:

x̃n =

M∑
i

zniui +

D∑
i=M+1

biui (1852)

250



. We are now trying to minimize the projection error, defined by:

J =
1

N

N∑
i

||xn − x̃n||2 (1853)

. If we first optimize with respect to zni:

1

N

N∑
n

||xn − x̃n||2 (1854)

= (xn −
M∑
i

zniui)
T (xn −

M∑
i

zniui) (1855)

▽ : 2znix
T
nui = z2ni (1856)

xTnui = zni (1857)

. Similarly, the bi = x̄Tuj . If we substitute this in the general expression using
projections (536), we get the equation:

xn − x̃n =

D∑
i

(xTnui)ui −
M∑
i

(xTnui)ui −
D∑

i=M+1

(x̄Tui)ui (1858)

=

D∑
i=M+1

((xn − x̄)Tui)ui (1859)

. This gives us the intuitive conclusion the projection x̃ is the orthogonal projec-
tion, since the difference lies in the subspace orthogonal to our already defined
M dimensional orthogonal subspace, since this is the one that minimizes the
projection error. The distortion measure can also be written as:

J =
1

N

N∑
n

D∑
i=M+1

((xn − x̃n)
Tui)

2 (1860)

=
1

N

N∑
n

D∑
i=M+1

uTi (xn − x̃n)(xn − x̃n)
Tui (1861)

=

D∑
i=M+1

uTi Sui (1862)

. IF we perform a minimization of this distrotion measure with respect to ui,
where we set the constraint uTi ui = 1 to avoid ui = 0, then we get a similar
result, where Sui = λiui, so the minimum solution is at an eigenvector of the
data covariance matrix, and we want to minimize the eigenvalue. So this is like
the dual version of maximizing the variance, since we are choosing the minimum
eigenvalues for the M + 1..D dimensions outside the projection subspace. In
the case that M = D, there is no information lost / compression, but we just
rotate our points into the principal component axes.
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12.1.3 Applications of PCA

The biggest takeaways here were methods of data preprocessing, like standard-
izing the data or whitening it, and also being able to project much higher
dimensional data into convenient Euclidean space by setting M = 2. By also
getting the M largest eigenvalues in images, you could decompose an image
into the principal components, which are intuitively like building blocks. This
is because each principal component is an eigenvector of the covariance matrix,
so it has dimension D.

The dimensionality reduction comes from the fact that we can rewrite our
projection points:

x̃n =

M∑
i=1

(xTnui)ui +

D∑
i=M+1

(x̄Tui)ui (1863)

= x̄+

M∑
i

(xTnui − x̄Tui)ui (1864)

so we compress from D → M dimensions. To perform whitening of the data,
which ensures the data has zero mean and unit covariance, we can write the
eigenvector decomposition of S:

SU = UL (1865)

yn = L−1/2UT (xn − x̄) (1866)

From the diagonal eigenvalue and orthogonal eigenvector matrices, we have
created a new variable that has zero mean. To see unit data covariance:

1

N

∑
n

yny
T
n =

1

N

∑
n

L−1/2UT (xn − x̄)(xn − x̄)TUL−1/2 (1867)

=
1

N

∑
n

L−1/2UTSUL−1/2 = I (1868)

12.1.4 Working with High-Dimensional PCA

One of the issues with high-dimensional data is we will often have N < D,
where the number of data points is less than the extremely high dimensionality
D. In this case, we don’t want to perform expensive O(D3) computations to
find the eigenvectors. It would be handy to have a O(N3) computation, since
all of the eigenvectors corresponding to dimensions > D are actually 0, since
there is no variance in those principal component directions. We can do this by
first writing a new N,D dimensional matrix X, where the nth row is (xn− x̄)T .
Then the covariance matrix is S = N−1XTX, using the outer product matrix
multiplication formula. The eigenvalue formula is now:

N−1XTXui = λiui (1869)

N−1(XXT )Xui = λi(Xui) (1870)

(1871)
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By setting vi = Xui, we get that the eigenvectors of XX
T are vi, and XX

T is a
square n x n matrix, which has the O(N3) computational cost we were looking
for.

N−1XXT vi = λivi (1872)

(N−1XTX)(XT vi) = λi(X
T vi) (1873)

ui ∝ XT vi (1874)

So we can find the S eigenvalues by solving the easier problem of finding the
eigenvalues of XXT , then normalizing to ensure ∥u∥ = 1.

12.2 Probabilistic PCA

Instead of formulating PCA as a projection problem, it can be formulated as
the maximum likelihood solution of a probabilistic latent variable model. This
comes with a lot of benefits, namely:

1. Probabilistic PCA represents a constrained form of the Gaussian distribu-
tion where the number of free parameters can be chosen and we can still
capture data set correlations

2. We can perform EM because we have latents + observed in PCA now,
and when only a few leading eigenvectors are required, EM is much more
efficient than calculating the full data covariance matrix

3. Mixtures of PCA models can now be used since they are represented as
linear-Gaussians

4. Probabilistic PCA allows a Bayesian treatment of PCA which allows us
to determine optimal model complexity

5. Also can be used with the maximum likelihood solution to allow us to
compare better with other density models, and can also formulate class
conditional densities for decision-theory

6. We can sample from the distribution for generative mdoels

For us to apply maximum likelihood and Bayesian optimization, we introduce
a latent variable z, which represents components in the orthogonal principal
subspace, and so we can define a latent prior and observed conditioned on the
prior:

p(z) = N (z|0, I) (1875)

p(x|z) = N (x|Wz + µ, σ2I) (1876)

The generative process is then we first sample a latent from the prior, and then
perform a linear transformation on the prior defined by W,µ, and add some
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additive noise ϵ with variance defined by σ2. To use maximum likelihood, we
need the marginal likelihood of p(x), which is given by

p(x) =

∫
p(x|z)p(z)dz = N (x|µ,WWT + σ2I) (1877)

W here will actually be shown to be the eigenvectors of the principal orthogonal
subspace, aka the ’principal components’, and the marginal distribution can then
be interpreted as going across the principal subspace and ’spraying’ isotropic
Gaussian ink, which has a density determined by σ2. Another interesting thing
is that there is redundancy in the principal subspace with respect to rotations
- if take a new W̃ = WR, where R is a M × M orthogonal matrix, then
W̃W̃T = WRRTWT = WWT , so there is invariance. When we evaluate the
predictive distribution, we also need the inverse of the covariance, where we use
Woodbury’s identity:

(σ2I +WWT )−1 = σ−2I − σ−2W (I + σ−2WTW )−1WTσ−2 (1878)

σ−2I − σ−2W (σ2I +WTW )−1WT , (1879)

M = σ2I +WTW (1880)

Note that using the Woodbury identity also lets us calculate the inverse of
M , which is a M × M matrix, reducing the computational complexity from
O(D3) → O(M3), since W is D ×M .

12.2.1 Maximum likelihood formulation of PCA

Using the marginal probabilty expression for p(x), we can write the log-likelihood
as:

ln p(x) =

N∑
n

lnN (xn|W,µ, σ2) (1881)

= −N
2
ln 2π − N

2
ln |C| − 1

2

N∑
n

(xn − µ)TC−1(xn − µ) (1882)

The stationary point with respect to µ = x̄, the expected result for maximum
likelihood, and backsubstituting gives:

−N
2
ln 2π − N

2
ln |C| − 1

2
Tr |C−1S| (1883)

The authors also provide the results of

WML = UM (LM − σ2I)1/2R (1884)

σ2
ML =

1

D −M

D∑
i=M+1

λi (1885)
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These are slightly more complex to derive so the book skipped over, but UM

are a M -sized subset of the eigenvectors of the data covariance matrix, with
corresponding eigenvalues in LM . R is an arbitrary M ×M orthogonal matrix,
probably to ensure WWT comes out nicely. In fact, the maximum likelihood of
W is when the eigenvectors in UM are chosen to be the maximal eigenvalues, and
the maximum variance is just the sum of the scales in the discarded eigenvector
directions. R again displays the rotation redundancy in principal subspace,
since it cancels out in WWT .

Some further interpretation of the covariance of the marginal distribution,
C =WWT + σ2I, shows some interesting results. We can take a unit vector ν,
and we split it into the two cases, where it is either in the principal subspace or
not. In the first case, νTCν = (λi−σ2)+σ2 = λi, so its variance is decomposed
into the principal axes. In the second case, vTU = 0 by orthogonality, and
vTCv = σ2, which is the average of the discarded directions, so this captures
how the marginal distribution explains the variance for different vectors. The
rotational invariance also draws parallels to the discrete invariance of mixture
models, where different permutations and reassignments of latent variables re-
sulted in identical marginal distributions. The invariance here is a contininuous
verison.

In the case that D =M , we cover that C = S, the sample covariance matrix,
which is the expected result for maximum likelihood.

Conventional PCA expresses itself as a mapping from N -dimensional data
space into a M -dimensional linear subspace, but Probabilistic PCA is a reverse
mapping, from latent space to data space. If we wished to figure out the prob-
abilistic mapping from data to latent space, we need to calculate the posterior
and call on Bayes theorem:

p(z|x) = p(x|z)p(z)
p(x)

(1886)

(1887)

Solving this fully is inconvienent, so we can use the results from the maximum
likelihood Gaussian section in 2.3.3. Here,

p(x) = p(z) = N (z|0, I) (1888)

p(y|x) = p(x|z) = N (x|Wz + µ, σ2I) (1889)

p(x|y) = p(z|x) = N (x|(I + σ−2WTW )−1σ−2(x− µ), (I + σ−2WTW )−1)
(1890)

N (x|M−1(x− µ), σ−2M−1) (1891)

where we used equation (565). Now that we have our posterior, we can evaluate
moments to get

E[z|x] =M−1WT
ML(x− x̄) (1892)

since we are calculating the posterior assuming the maximum likelihood has
been obtained. Taking the limit of σ2 → 0 makes M = WTW , so the new
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equation for the posterior mean becomes:

(WT
MLWML)

−1WT
ML(x− x̄) (1893)

which is represented as an orthogonal projection from data space to latent space
of the ’data’ point x− x̄, since the columns of WML span a linear subspace that
is the principal subspace, because (569) makes them just a linear combination
of the eigenvectors with σ2 subtracted. This recovers the conventional PCA
approach, but the posterior density also becomes singular since σ2 = 0, variance
is 0.

The last elegant result demonstrates how PCA reduces the effective dimen-
sionality of the Gaussian from D →M . In an original multivariate Gaussian of
dimensionality D, the number of parameters is O(D2) because of the covariance,
but in our new likelihood, C depends on WWT , where W is the D ×M data
matrix, so our paramters now scale with O(DM). We can also use the rotational
invariance, R, to subtract more parameters, but the end result is that with a
fixed M , the computational cost scales linearly with D now, and still captures
correlations in the major M principal components.

12.2.2 EM for PCA

Because we have formulated PCA now as a paired latent-observed problem,
it becomes natural to introduce iterative EM algorithms as another solution.
Although we have analytically shown the maximum likelihood solution, in higher
dimensions it may be faster to perform iterative EM, and the EM solution also
extends to factor analysis, where there is no closed form solution. We can also
deal with missing data using EM. Those are the benefits.

The familiar EM formulation is to just find the complete data log likelihood
function and then take the expectation over the posterior. We have already
found expression for the posterior, so we just need to find the complete log
likelihood distribution:

Ez[ln p(X,Z|W,µ, σ2)] =

N∑
n

{ln p(xn|zn) + ln p(zn)} (1894)

= Ez[

N∑
n

−D
2
ln 2πσ2 − M

2
ln 2π− (1895)

1

2σ2
((xn − µ)−Wzn)

T ((xn − µ)−Wzn)−
1

2
zTn zn] (1896)

To avoid unnecessary writing, let’s just look at the terms containing dependence
on z for expectations. We need to write out the quadratic terms:

E[
1

2σ2
∥xn − µ∥2 − 1

σ2
(xn − µ)TWzn +

1

2σ2
Wznz

T
nW ] = (1897)

1

2σ2
∥xn − µ∥2 − 1

σ2
E[zn]

TWT (xn − µ) +
1

2σ2
Tr(WTWE[znz

T
n ]) (1898)

256



The last term depending on zn can just be rewritten as − 1
2 Tr{E[znz

T
n }. We

know these expectations terms from the posterior we found earlier:

E[zn] =M−1WT
ML(x− x̄) (1899)

E[znz
T
n ] = σ−2M−1 + E[zn]E[zn]

T (1900)

Substituting these in is unnecessary, because we’re going to optimize with re-
spect to the parameters anyways, and we can substitute these in later. So this
was the entire E-step. The M-step is now done by maximizing with respect to
W,σ2, and we will get re-estimation equations that are based off our old param-
eter estimates of the latent variables. The final form of the expected complete
log likelihood is:

N∑
n

−D
2
ln 2πσ2 − M

2
ln 2π− (1901)

1

2σ2
∥xn − µ∥2 − 1

σ2
E[zn]

TWT (xn − µ)+ (1902)

1

2σ2
Tr(WTWE[znz

T
n ])−

1

2
Tr[E(znz

T
n )] (1903)

When we optimize for W, this requires some moderate lifting with matrix cal-
culus, so I’m just going to write out my here

Tr((W + dW )T (W + dW )E[znz
T
n ])− Tr(WTWE[znz

T
n ]) (1904)

= Tr((WdW + dWW )E[znz
T
n ]) (1905)

= 2Tr(WdWE[znz
T
n ]) (1906)

∇ : 2E[znz
T
n ]

TWT (1907)

∇
N∑
n

−Tr((xn − µ)E[zn]
TWT ) +

1

2
Tr(WTWE[znz

T
n ]) (1908)

=

N∑
n

−((xn − µ)E[zn]
T )T + E[znz

T
n ]W

T = 0 (1909)

(

N∑
n

(xn − x̄)E[zn]
T ) ∗ (

N∑
n

E[znz
T
n ])

−1 =Wnew (1910)

We subbed in µ = x̄ since that is the known maximum likelihood parameter.
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Now we optimize for σ2, by only getting terms it is related to:

∇σ2 :

N∑
n

−D

σ2
+

1

2σ4
∥xn − µ∥2 + 1

σ4
E[zn]

TWT (xn − µ) (1911)

− 1

2σ4
Tr(WTWE[znz

T
n ]) = 0 (1912)

1

ND

N∑
n

∥xn − x̄∥2 + 2E[zn]
TWT

new(xn − x̄)− Tr(WT
newWnewE[znz

T
n ]) = σ2

new

(1913)

This actually also solves Exercise 12.15, but this gives the re-estimation equa-
tions for EM. One of the most appealing aspects, like mentioned before, was
that iterative EM can be more computationally efficient. In normal PPCA, we
need to do an eigenvector decomposition for the first M eigenvectors, which gives
O(MD2), but evaluating the covariance matrix also gives O(ND2). However,
in EM now we are just iterating over the dataset and doing matrix calculat-
ing on D ×M matrices, so our computational cost is O(NDM). If N,D are
particularly large, we can also perform sequential optimization where the data
points are arriving one at a time, because the re-estimation equations depend
on expectations that only depend on each zn. We can also account for missing
data, since EM performs the expectation over the entire posterior data, we can
marginalize over unobserved variables.

The last interesting thing is that when we again take the limit σ2 → 0, we
can still get a valid EM algo. A nice interpretation that the book gave about
online EM is that in the E step, we are obviously calculating the expectations
over the latent variables, which is equivalent to orthogonally projecting the
data points in the principal subspace. Then in the M-step, we re-estimate our
W,σ2 parameters, which essentially realign the principal components in order
to minimize the projection/reconstruction cost associated with the data points.

12.2.3. Bayesian PCA

Now, we need to consider how we can choose the optimal M dimension of our
principal subspace. Some initial solutions would be to plot the eigenvalue spec-
trum and observe if there are two relatively disjoint clusters of eigenvalues, and
just count the number of EV in the larger cluster, which usually doesn’t happen
empirically. What we could do empirically is ’brute-force’ by performing cross-
validation on a dataset and getting a bunch of M , but this is computationally
infeasible.

In common approaches to finding the components, we usually marginalize
out all the parameters, or use a variational approximation approach, but the
book uses a simpler evidence approximation approach, combined with automatic
relevance determination. To do this, we attach a Gaussian prior to each column
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of W , aka a relevance prior given as:

W =

M∏
i

(
αi

2π
)D/2 exp(−αiw

T
i wi

2
(1914)

, with the precision for each column being αi. If we now perform normal
maximum-likelihood PCA or EM-PCA, we can optimize for αi by integrat-
ing out W and optimizing. As some values of αi go to infinity, the columns
will go to 0 (equivalent to a Dirac delta), and sparsity will occur naturally. So
after optimizing, we examine the W matrix to determine a good number of pa-
rameters. So by choosing M = D − 1, if all the M precisions are finite, it is a
full covariance matrix, and in the other direction if all infinite, it is an isotropic
Gaussian. To extend to a full Bayesian treatment, we would need to determine
priors for all the other parameters and optimize for those as well, but in the
single W case, we optimize on this equation:

p(X|α, µ, σ2) =

∫
p(X|W,µσ2)P (W |α)dW (1915)

Using the Laplace approximation to optimize this because of intractability gives
a re-estimation equation for

anew =
D

wT
i wi

(1916)

12.2.4 Factor Analysis

The last section of Probabilistic PCA, factor analysis is extremely similar to
Gaussian latent-variable PCA, but instead of an isotropic covariance for p(x|z),
we have a diagonal covariance, so

p(x|z) = N (x|Wz + µ,Ψ) (1917)

Note that factor analysis and PCA are largely independent, and the way that
this equation is interpreted in factor analysis is that the diagonal elements of Ψ
represent the noise of each variable with itself, and W contains the correlations
between variables. There are still similarities, and we can still perform EM and
maximum likelihood, and factor analysis is still invariant to rotations in latent
space. The one tweak that comes in optimizing is that now the WML does not
have a closed form and must be iteratively optimized. One last nuance between
PCA and factor analysis is that under orthogonal transformations of the data
vectors, PCA is invariant, with W̃ =WR, but the analogous transformation in
FA is the re-scaling of the data vectors, which results in a data re-scaling of Ψ.

12.3 Kernel PCA

As we have seen, the kernel trick is a powerful method of projecting our data
points into nonlinear spaces. We can apply this method to PCA to get a non-
linear generalization. If we again have a N dataset, where we can assume that
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it is mean normalized, i.e the sample mean is 0. We then want to express our
PCA formulation only through scalar dot products of our data points xT

nxm.
In conventional PCA, the principal components are defined by:

Sui = λiui, u
T
i ui = 1 (1918)

S =
1

N

N∑
n

xnx
T
n (1919)

IF we then project our data space into the nonlinear M -dimensional space of
ϕ(x), then our new sample covariance matrix is given by:

C =
1

N

∑
n

ϕ(xn)ϕ(xn)
T (1920)

Cvi = λivi (1921)

We have a new eigenvector expansion with new principal components. One of
the powerful uses of the nonlinear mappings is that it, well, allows us to capture
nonlinear principal components, which are more powerful to express. If we now
substitute our expression of the covariance matrix into (606),

1

N

∑
n

ϕ(xn)(ϕ(xn)
T vi) = λivi (1922)

vi =
∑
n

aniϕ(xn) (1923)

1

N

∑
n

ϕ(xn)ϕ(xn)
T
∑
m

aimϕ(xm) = λi
∑
n

aniϕ(xn) (1924)

We get the last line by noticing that (607) implies that the vector vi can be
formulated as a linear combination of the basis vectors. We still haven’t gotten
a full kernel inner product yet: we can get the rest by multiplying through
everything with ϕ(xl)

T

1

N

N∑
n

k(xl, xn)

N∑
m

aimk(xn, xm) = λi
∑
n

anik(xl, xn) (1925)

K2ai = NλiKai (1926)

Kai = Nλiai (1927)

This is another eigenvalue problem we can solve for. We also know the nor-
malization condition on ai, because it is expressed as the linear combination of
the eigenvectors of the nonlinear data covariance. Then since we have the vi
eigenvectors in the projection space, if we have a data point projection ϕ(x), we
can see the projection onto one of the principal components as:

ϕ(x)T vi =

N∑
n

aniϕ(x)
Tϕ(xn) =

∑
n

anik(x, xn) (1928)
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So the projection of a data point onto the projection eigenvector can again be
expressed by a kernel function across the data points. In fact, although vi are
the eigenvectors of the nonlinear covariance matrix, most of the work is done
through ai, the nonzero eigenvalue-eigenvector pairs of the Gram matrix.

Another cool aspect of nonlinear kernel functions is again the use of infinite
dimensionality, such that the number of nonlinear principal components can
exceed D. However, the number of nonzero eigenvalues is still at mostN , which is
reflected in the N×N dimensionality ofK. This comes at a disadvantage for the
common case where we have many more data points than dimensions, so then
approximations must be used. The above calculations were also done assuming
the nonlinear mappings were already mean normalized, which is convenient but
unrealistic. The book provides a derivation where the points are now:

ϕ̃(xn) = ϕ(xn)−
1

N

∑
n

ϕ(xn) (1929)

It just shows that the non-mean subtracted solution can be expressed in terms
of the Gram matrices K. One last tricky nuance is that in standard linear PCA,
we could project our vectors onto the L < D dimensional orthogonal principal
subspace as approximations. This does not follow in nonlinear PCA, since we are
now projecting our D-dimensional data space onto a D-dimensional manifold.
Then performing linear PCA in the feature space will not analogously project
points onto the manifold, and instead have another linear PCA subspace.

12.4 Nonlinear Latent Variable Models

So far we have only been dealing with the simplest linear continuous vari-
ables - linear-Gaussian models. Now we’re going to look at more general, non-
linear/non-Gaussian models.

12.4.1 Independent Component Analysis

The first is when the observed variables are linearly related to the latent vari-
ables, but the latent distribution is non-Gaussian. An important class of these
models is called ICA, Independent Component Analysis, when the latent distri-
bution factorizes into individual components:

p(z) =
∏
j

p(zj) (1930)

A nice way to represent this problem is in signal processing, when we have two
people speaking into two microphones. In an ideal case, the signals received by
the microphones will be a linear combination of the voices, i.e a linear combi-
natoin of the latent variables. More specifically, the latent variables in this case
are the signal amplitudes of the speakers voices, and the observed variables are
the signals into the two microphones. The success of using ICA here is by the re-
striction that the latent distribution cannot be Gaussian, therefore removing the
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nonidentifiability with respect to rotatiations that came from p(z) being Gaus-
sian. Another persepctive the book brings is that in PCA, we use the principal
components to rotate the data space into the coordinates of the data covariance
matrix (the eigenvectors). This causes the data space to be uncorrelated, since
we are trying to decompose each data point into the directions of variance across
each individual ’component’ of the covariance matrix. However, no correlation
is a necessary but not sufficient condition for independence, because there can
be nonlinear relations that cause variables to be non-independent.

12.4.2 Autoassociative Neural Networks

Another way to look at PCA/dimensionality reduction is to use neural networks
for unsupervised learning, where they are trained on the reconstruction error
of input data. The loss function is just the reconstruction error, and it can be
seen that with linear activation functions (i.e no nonlinearity), there is a global
minimum whose solution is identical to conventional PCA. However, PCA comes
with the added bonus that it runs in a finite time and outputs orthonormal
principal components with corresponding eigenvalues, so there is no significant
advantage in using these autoassociative NNs. Even with nonlinear hidden
units, the same global minimum appears.

The real advantages appears when you add multiple hidden nonlinear layers,
which then start to emulate nonlinear PCA, like Kernel PCA. In the case of a
four-layer neural network, there are two functional mappings happening, using
nonlinearity. In the first hidden layer, F1 projects the D-dimensional inputs
into the M -dimensional hidden space. This is a general projection mapping.
The functional mapping F2 then projects back from the M dimensions to the N
dimensions using, and it can be interpreted as embedding the M -dimensional
(possibly nonlinear) subspace into the D-dimensional subspace, which essen-
tially performs nonlinear PCA.

Exercises

12.1

Proof by induction to show the solution for maximizing variance of orthogonal
projections of data points into a M -dimensional subspace. We know for the
case of M = 1, it is simply the eigenvector of the largest eigenvalue. Assume
that the inductive hypothesis holds forM , so that the variance is maximized by
choosing the M eigenvectors corresponding to M -largest eigenvalues. If we now
introduce the next principal component uM+1, we can obtain a formulation for
the variance of the projected data, given the vectors are all orthonormal:

1

N

∑
n

{UTxn + uM+1xn − UT x̄n − uM+1x̄n}2 − λ(1− uTM+1uM+1) (1931)

= UTSU + uTM+1SuM+1 − λ(1− uTM+1uM+1) (1932)
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where UT has M columns which are the vectors u1..uM . I also included the
Lagrangian multiplier with respect to the normalization constraint. We can
also decompose the

SuM+1 = λuM+1 (1933)

So the new vector must be an eigenvector of S. From the inductive hypothesis,
we know the M largest eigenvalues have already been used, and through the
normalization condition of the new vector we get

uTM+1SuM+1 = λ (1934)

which is the expression for the variance in the new direction uM+1, which is
maximized when we choose the next maximal eigenvalue λM+1.

12.2

This exercise goes into section 12.1.2 and the alternative perspective of PCA as
minimizing the distortion measure between the principal components that were
’left out’ of theM -dimensional subspace. It is also equivalent to minimizing the
covariance of these ui. We’re going to show that the solution is given when the
vectors ui are the eigenvectors of the data covariance matrix S, by introducing
a matrix H of Lagrangian multipliers to enforce the normalization constraint to
create a modified distortion measure equation:

J = Tr(ŨTSŨ)− Tr(H(I − ŨT Ũ)) (1935)

This is just the matrix notation to compress all the sums we would usually write
out into traces. If we now minimize with respect to Ũ

∇Tr(UTSU) : (1936)

Tr((U + dU)TS(U + dU))− Tr(UTSU) (1937)

= Tr(UTSdU + dUTSU) (1938)

= Tr(2UTSdU) (1939)

∇U = 2SU (1940)

∇Tr(HUTU) (1941)

: Tr((U + dU)H(U + dU)T )− Tr(UHUT ) (1942)

= Tr(dUHUT + UHdUT ) (1943)

= 2Tr(UHdUT ) (1944)

∇U = UH (1945)

So the solution comes when SU = UH. If we assume in the general case that
H is a symmetric matrix, and substitute this back into our equation for J:

J = Tr(UTUH)− Tr(H −HUTU) (1946)

= Tr(H) (1947)
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Since SU = UH, S and H are similar and have the same eigenvalues, and H
being a real-valued symmetric matrix gaurantess its eigenvectors are orthogonal.
So the traces equal the same thing whether we use the eigenvectors of S or H.

12.4

p(z) = N (z|m,Σ), p(x|z) = N (Wz + µ, σ2I) (1948)

Since the conditional distribution, like is said in the book, is just performing
a linear transformation on the latent space and then ’spraying an isotropic
ink’, all this transformation done is shift the mean of p(x) by m, and apply a
transformation on the covariance by Σ. So

E[x] = µ+m (1949)

cov[x] =WWT + σ2Σ (1950)

12.7

For reference, I copied down the equations (2.270) and (2.271):

E[x] = Ey[Ex[x|y]] (1951)

var[x] = Ey[varx[x|y]] + vary[Ex[x|y]] (1952)

To show the equation (12.35) is solved, we first find the joint distribution

p(x, z) = p(x|z)p(z) (1953)

= N (x|Wz + µ, σ2I)N (z|0, I) (1954)

= exp(− 1

2σ2
(x− µ−Wz)T (x− µ−Wz)− 1

2
zT z) (1955)

exp(− 1

2σ2
∥x− µ∥2 − 1

2
zT (WTW + I)z +

1

σ2
(x− µ)TWz) (1956)

E[x] = Ez[Ex[x|z]] = Ez[Wz + µ] = µ (1957)

var[x] = Ez[varx[x|z]] + varz[Ex[x|z]] (1958)

= Ez[σ
2I] + varz[Wz + µ] (1959)

= σ2 + varz[Wz] (1960)

varz[Wz] = Ez[WzzTWT ]− E[Wz]E[Wz]T (1961)

=W ∗ IWT (1962)

Subbing (647) in for (645), we get (12.35)

12.8

Solved by (573) - (576)
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12.9

I’m going to write out the log likelihood since it will probably be useful for
future problems as well:

ln p(X|µ,W, σ2) =
∑
n

lnN (xn|µ,C) (1963)

= −ND
2

ln 2π − N

2
ln |C| − 1

2

∑
n

(xn − µ)TC−1(xn − µ) (1964)

Taking the derivative with respect to µ just gives the equation∑
n

C−1(xn − µ) = 0 (1965)

1

N

∑
n

xn = x̄ = µ‘ (1966)

12.10

Taking the second derivatives of (649), the only component we care about is
− 1

2µ
TC−1µ, which after taking the second derivative of, will have the value

−C−1. Since the covariance is a positive definite matrix, the second derivative
shows this function is concave and has a unique maximum at the stationary
point.

12.11

The posterior mean is given by:

E[z|x] =M−1WT
ML(x− x̄) (1967)

WML = UM (LM − σ2I)1/2R (1968)

M =WTW + σ2I (1969)

As σ2 → 0, WMLW
T
ML = UML

1/2
M RRTL

1/2
M UT

M = UMLU
T
M , and M = WTW .

Subbing these into our (652), we get

E[z|x] =W−1W−TWT (x− x̄) =W−1(x− x̄) (1970)

= R−1L
−1/2
M UT

M (x− x̄) (1971)

If we set R = I for convenience, since it has been shown it doesn’t affect the
actual solution, we see that this is the standard PCA result given by (12.24).
Another way to look at is that the values at each of the positions in x − x̄
represent the coefficients multiplied on each ui, which are then multiplied by
some eigenvalues, and ultimately end up in the principal subspace.
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12.12

Taking R = I as the identity again, when we substitute WT
ML into (652), we get

the new equation

E[z|x] = (WTW + σ2I)−1(LM − σ2I)1/2UT
M (x− x̄) (1972)

When σ2 > 0, the inverse matrix will increase in size, while the eigenvalue will
decrease. From exercise 12.11, we know the true orthogonal projection at σ2 = 0
is given by (656), so as we increase the inverse of one matrix and decrease the
LM component, the norm of the posterior mean tends to 0, i.e towards the
origin.

12.13*

Like the book said, conventional PCA is given by a projection from latent
space to data space, and to project from data space to latent space, we use the
posterior mean. If we then project our latent point back into the data space,
using WE[z|x] + µ using the posterior mean this time, since we’re trying to
reconstruct. The least squares projection cost is:

∥WE[z|x] + µ− x∥2 (1973)

=
∥∥WM−1WT (x− x̄) + µ− x

∥∥2 (1974)

∇x = 2(WM−1WT − I)(WM−1WT (x− x̄) + µ− x) (1975)

12.15

Solved by (598)

12.17

W is the matrix whose columns define a linear subspace of dimensionality M
embedded within a data space of dimensionality D, with dimension D ×M . If
we have a dataset xn approximated by latents zn, with sum of squares recon-
struction cost given by

J =
∑
n

∥xn − µ−Wzn∥2 (1976)

Minimizing J with respect to µ gives:∑
n

µ− (xn −Wzn) = 0 (1977)

µ =
1

N

∑
n

xn −Wzn (1978)

µ = x̄−Wz̄ (1979)
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If we now back substitute this into the reconstruction cost again, we get∑
n

∥xn − x̄+Wz̄ −Wzn∥2 (1980)

So minimizing with respect to µ is equivalent to just starting with zero mean
observed and latents.

Minimizing J with respect to zn, keeping the other parameter W fixed gives:

−2
∑
n

WT (xn − µ−Wzn) = 0 (1981)

WT (xn − µ) =WTWzn (1982)

(WTW )−1WT (xn − µ) = zn (1983)

This is the same step as the E step, where we calculated the posterior distri-
bution, which is given by this equation when σ2 → 0, and we replace µ = x̄ as
the maximum likelihood parameter. If we now minimize with respect to W and
keep zn fixed ∑

n

(xn − µ−Wzn)z
T
n = 0 (1984)∑

n

(xn − x̄)zTn =W
∑
n

znz
T
n (1985)

This is equivalent to the re-estimation equation given for the M step in (12.56),
we would just need to take the expectation over the latent variables since that
was the E-step.

Real quick matrix calculus review:

∇(f(x)T f(x) = df(x)T f(x) + f(x)T df(x) (1986)

12.18

The number of independent parameters is (D−1) in Ψ, since it is now diagonal,
and then D parameters in µ, and then D(D−1)/2 inW , sinceW is a correlation
matrix and thus symmetric. The sum is then D(D − 1)/2 +D +D − 1

12.19

The factor analysis model again has a marginal likelihood described by

p(x) = N (x|µ,C) (1987)

C =WWT +Ψ (1988)

If we applied a rotation represented by the orthogonal matrix R, then W̃ =WR

C̃ =WRRTWT +Ψ =WWT +Ψ (1989)

And then the model, is invariant because the rotation gets multiplied out. This
rotational invariance gives some intuitive reason behind why we can rotate data
dimensional space and align them with the principal components.
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12.20

This is really similar to the maximum likelihood formulation for PPCA, we just
write out the log likelihood:

ln p(x) =
∑
n

N (x|µ,WWT +Ψ) (1990)

And when we maximize this, the standard maximum likelihood formulation
comes out where, the stationary point is at the mean, since it is a Gaus-
sian function. When taking second derivatives, the only term that remains
is −(WWT + Ψ) We know that Ψ is a positive definite matrix from being a
covariance, and W is also a PSD matrix, being a correlation matrix. Then the
second derivative is negative semi-definite and this is a maximum.

12.21

Rederive the formula for the E-step equations of the EM algorithm. We need
to do this by finding the posterior equations, which can be calculated through

12.22

E-step:

E[ln p(X,Z|W,µ,Ψ)] = −ND
2

− N

2
ln |Ψ|− (1991)

1

2

∑
n

(xn − µ−Wzn)
TΨ−1(xn − µ−Wzn)−

1

2

∑
n

zTn zn (1992)

= −ND
2

− N

2
ln |Ψ| − 1

2

∑
n

{∥xn − x̄∥2 Ψ−1 − 2E[zn]
TWTΨ−1(xn − µ)+

(1993)

Tr(WTΨ−1WE[znz
T
n ])} −

1

2

∑
n

Tr(E[znz
T
n ]) (1994)

If we now differentiate with respect toW and Ψ to get the corresponding M-step
equations, we can start with W

∇W (−2E[zn]
TWTΨ−1(xn − x̄)) = (1995)

df = E[zn]
T dWTΨ−1(xn − x̄) (1996)

df = Tr(dWTΨ−1(xn − x̄)E[zn]
T ) (1997)

df = Tr(E[zn](xn − x̄)TΨ−1dW ) (1998)

∇W (Tr(WTΨ−1WE[znz
T
n ]) (1999)

df = Tr(dWTΨ−1WE[znz
T
n ]) + Tr(WTΨ−1dWE[znz

T
n ]) (2000)

= Tr(Ψ−1WE[znzn]
T dW ) + Tr(E[znz

T
n ]W

TΨ−1dW ) (2001)

= E[znz
T
n ]W

TΨ−1 (2002)
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−1

2

∑
n

{−2E[zn](xn − x̄)TΨ−1 + 2E[znz
T
n ]W

TΨ−1} = 0 (2003)∑
n

E[zn](xn − x̄)T = (
∑
n

E[znz
T
n ])W

T (2004)

[
∑
n

E[zn](xn − x̄)T ](
∑
n

E[znz
T
n ])

−1 =WT (2005)

(2006)

Deriving for the covariance matrix now, it’s probably easier to get it in terms
of the precision and then set it to the covariance value

N

2
ln |Λ| − 1

2

∑
n

∥xn − x̄∥2 − 2E[zn]
TWTΛ(xn − x̄) +

∑
n

Tr(WTΛWE[znz
T
n ]) = 0

(2007)

∇Λ(E[zn]
TWTΛ(xn − x̄)) (2008)

df = E[zn]
TWT dΛ(xn − x̄) (2009)

∇f =WE[zn](xn − x̄)T (2010)

∇Λ(Tr(W
TΛWE[znz

T
n ]) (2011)

df = Tr(WT dΛWE[znz
T
n ]) (2012)

df = Tr(WE[znz
T
n ]W

T dΛ) (2013)

∇f :WE[znz
T
n ]

TWT (2014)

Using our gradients, we can then substitute into the original equation:

∇Λ : Λ−T =
1

N

∑
n

∥xn − x̄∥2 − 2WE[zn](xn − x̄)T +
1

N
W

∑
n

E[znz
T
n ]

T ∗WT

(2015)

∇Λ : Λ−T =
1

N

∑
n

∥xn − x̄∥2 − 2WE[zn](xn − x̄)T +
1

N
W

∑
n

E[zn](xn − x̄)T

(2016)

Ψ = diag{S −W
1

N

∑
n

E[zn](xn − x̄)T } (2017)

12.25

We have a latent space distribution p(z) = N (x|0, I), and a conditional observed
distribution p(x|z) = N (x|Wz + µ,Φ), where the covariance is an arbitrary
symmetric, positive-definite, not necessarily diagonal. If we make a nonsingular
linear transformation to x → Ax. If we already know the maximum likelihodo
solution for the original setting, then we can write out the transformed marginal
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likelihood:

p(x) = N (x|µ,C) (2018)

C =WWT +Φ (2019)

p(Ax) = N (Ax|µ,C) (2020)

(2021)

LIke previous results, we know that maximization for the µML in the tranformed
space is just the sample mean, so it is Ax̄ = AµML in the new space. If we now
write out our log likelihood in the transformed set, we get

ln p(x|W,Φ) = −ND
2

ln 2π − N

2
ln |WTW +Φ| (2022)

−1

2

∑
n

(Axn −Ax̄)T (WTW +Φ)−1(Axn −Ax̄) (2023)

= −N
2
ln |WTW +Φ| − N

2
Tr(AT (WTW +Φ)−1AS) (2024)

To make this equation match the normal, vanilla form of log likelihood, C =
WWT +Φ = AT (W ′W ′T +Φ′)−1A. If we set W ′ = AW and Φ′ = AΦAT , then
we can take out terms to get:

AT (A(WWT +Φ)AT )−1A (2025)

, which then cancels everything out. Next, we need to show this form of model
is preserved for specific cases: (i): factor analysis: the model is preserved since
if A is diagonal, then multipling Φ′ = AΦAT will just rescale Φ but leave it as a
diagonal, preserving factor analysis. (ii) conventional PCA: If A is orthogonal,
then we have seen before that the orthogonal transformation matrices get can-
celed out when multiplying, and setting Φ = σ2I recovers the original isotropic
variance.

12.26

The first part is easy: to show any vector ai that satisfies

Kai = λiNai (2026)

also satisfies (12.79), we can multiply a factor of K on both sides to get (12.79).
For any solution of (711), which has eigenvalue λ = λiN , we can add an eigen-
vector of K with eigenvalue 0, so that

K(ai + vi) = Kai +Kvi = λiNai + 0 (2027)

So it keeps the solution, and multiplying K on both sides shows that Kai is also
an eigenvector of K, minus the zero eigenvalues since those would take (12.79)
to zero.
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12.27

The first step to notice is that by setting k(x, x′) = xTx′ = ϕ(x)Tϕ(x′), so the
nonlinear mapping is actually just the identity function. That means all we are
actually doing in ’Kernel’ PCA is defining a ϕ(x) : RD → RM , where it defines a
linear mapping from the data space to the principal subspace, since the feature
covariance matrix is just the M ×M covariance matrix defined in conventional
PCA, and when we solve for the feature eigenvectors/values, we are solving the
principal component equation. Equation (12.80) in the book also becomes:

Kai = λiNai (2028)

XTXai = λiNai (2029)

1

N
(XXT )Xai = λiXai (2030)

So then the covariance matrix in the data space, has eigenvectorsXai with
eigenvalues λi, where Xai = vi anyways, since ai were the components we
multiply on the linear combination of ϕ(xn) = xn in data space. So using the
k(x, x′) = xTx′ recovers conventional PCA in full data space, i.e D =M .

12.28

Using the change of variables for probability distributions:

p(y) = q(x)|dx
dy

|, y = f(x) (2031)

where f(x) is a monotonic function everywhere with 0 ≤ f ′(x) ≤ ∞. Substitut-
ing this in, we get

p(y) = q(x)
1

f ′(x)
(2032)

f ′(x) =
q(x)

p(y)
, df = f ′(x)dx (2033)

f ′(x) =
q(x)

p(f(x))
(2034)

The last line is the differential equation that f(x) satisfies. To show that we can
generate any nonlinear distribution p(y) using a known fixed density q(x), this
depends on the monotonicity condition, that tells us that since f(x) monoton-
ically increases, there exists a inverse f−1(y) = x, since no spikes on infinite
density exist. Then we can substitute this in to get:

p(y) = q(f−1(y))|df
−1(y)

dy
| (2035)

So this equation takes in an input y, and uses objects that are already well-
defined for us, the f−1(y), q(x) functions.
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12.29

This exercise shows that zero correlation is a necessary but not sufficient con-
dition for independence. Equivalently, independence always implies zero cor-
relation, but zero correlation does not imply independence. First, if we take
two independent variables x1, x2 with p(x1, x2) = p(x1)p(x2), their covariance
matrix is defined as

cov[x1, x2] = E[(x1 − E[x1])(x2 − E[x2])
T ] (2036)

= E[x1x
T
2 − E[x1]x

T
2 − x1E[x2]

T + E[x1]E[x2]
T ] (2037)

= E[x1x
T
2 ]− E[x1]E[x2]

T − E[x1]E[x2]
T + E[x1]E[x2]

T (2038)

= E[x1x
T
2 ]− E[x1]E[x2]

T (2039)

E[x1x
T
2 ] =

∫∫
x1x

T
2 p(x1)p(x2)dx1dx2 (2040)

=

∫
x1p(x1)dx1

∫
xT2 p(x2)dx2 (2041)

= E[x1]E[xT2 ] (2042)

So then we can see that the covariance between x1, x2 is 0, which shows zero
correlation. In the next example, we can cook up an example with two non-
independent variables with zero correlation. Take p(y1) = 1

r2 , r ∈ R, so that
it is symmetric around the origin, and y2 = y21 . The conditional distribution
p(y2|y1) ̸= p(y2)p(y1), because

p(y2|y1) = δ(y2 − y21) (2043)

So they are not independent, this is pretty obvious since y2 is literally equal to
the square of y1, but it is more formalized as the delta function that spikes at
y21 . The covariance matrix for this relation can be written as

cov[y1, y2] =

∫
(y1 − E[y1])(y2 − E[y2])p(y1, y2)dy1dy2 (2044)

=

∫
(y1 − E[y1])p(y1)(y2 − E[y2])

T p(y2|y1)dy1dy2, E[y1] = 0 (2045)

=

∫
y1p(y1)(y2 − E[y2])p(y2|y1)dy1dy2 (2046)

=

∫
y1p(y1) ∗ (y21 − E[y2]) (2047)

=

∫
(y31 − y1E[y2])p(y1)dy = 0 (2048)

The last line comes from the fact that the expected value of odd powers of y1
are 0, since y1 is symmetric around zero.
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Chapter Recap

Chapter 12 introduced the concept of continuous latent variables, which are
helpful in lossy compression, dimensionality reduction and feature extraction.
The motivation for PCA comes from the fact that images, or other values with
high dimensionality often have most of their data points clustered around a
nonlinear manifold in the data space with much lower intrinsic dimensionality.
We first looked at PCA, which was a method of extracting these nonlinear man-
ifolds by projecting onto M -dimensional principal subspaces that were defined
by the M -largest eigenvalues in the data covariance matrix. We used this ma-
trix because we wanted to capture directions where the data varies the most, as
a sort of estimate. We then moved to a probabilistic treatment of PCA, where
we framed a latent distribution and an observed distribution conditioned on the
latents. Through these, we can formulate a maximum likelihood objective, as
well as use EM and Bayesian rules because we can now find expressions for the
E/M step and the posterior. This allows more powerful uses of PCA, like filling
over missing data, as well as generative models that sample and perturb latents
to the data space. We can also utilize the iterative EM algorithm in some cases,
because this may be more computationally efficient than the computational O
needed for eigendecomposition of the covariance matrix. We also looked at some
nonlinear generalizations of PCA, where we used the kernel trick to find non-
linear mappings of the data points, so we could capture nonlinear correlations.
This came with its pros and cons, since we could extend to infinite kernel di-
mensions, but we are also constrained by the fact that Kernel PCA calculates
eigenvectors over the N ×N gram matrix, so for large data sets approximations
are needed.

Chapter 13: Sequential Data

So far in the book, we have really only dealt with data in the i.i.d, batched
assumption, but there are lots of other forms of data where this cannot be readily
applied, like time-series, financial forecasting, dna-sequences and language. In
this case, we need a different type of model, one that is highly efficient at
capturing state information while avoiding a dependency on all past states (for
computational efficiency). There are two types of sequential distributions: the
stationary and non-stationary – the former has a data distribution independent
of time, the latter doesn’t. Another key distinction between i.i.d and sequential
data is that sequential data usually has high correlations between successive
data points, and we want a new type of model to focus on this, by conditioning
on recent observations.

13.1 Markov Models

As we have said before, the i.i.d assumption is much too restrictive to model
sequential data - we instead want to incorporate past knowledge when we make
predictions about the next timestep. One way to do this is to model the
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sequence as a first-order Markov chain, where the conditional distribution is
p(xn|xn−1). This is called a Markov model, and comes from the fact that we
can express/factorize the joint distribution as

p(x1, ...xn) =
∏
n

p(xn|x1, ...xn−1) (2049)

With our previous assumption that each step only depends on the previous step,
we get

p(x1, ...xn) = p(x1)

N∏
n=2

p(xn|xn−1) (2050)

We can also see that if we set N = n, our current timestep, and evaluate this
equation,

p(x1, ...xn) = p(x1)

N−1∏
n=2

p(xn|xn−1) ∗ p(xN |xN−1) (2051)

p(x1, ...xn) = p(x1, ..xN−1) ∗ p(xN |xN−1) (2052)

p(xN |x1, ...xN−1) = p(xN |xN−1) (2053)

In most applications, the per-step conditional distribution is also constrained
to be equal for all time-steps, corresponding to the stationary distribution as
well as a homogeneous Markov Chain. This is still slightly restrictive, so we can
expand our vision to higher-order Markov chains that include more steps, like
the second-order:

p(x1, ..xN ) = p(x1)p(x2|x1)
N∏

n=3

p(xn|xn−1, xn−2) (2054)

Although this model works nicely, obviously if we just keep blindly increasing
M we’re going to have some parameter issues. If our observed variables have
K possible states, then p(xn|xn−1) will have K − 1 parameters (-1 because of
probability) for each of the K states that are incoming. Then for a M -order
Markov Chain, the number of parameters will grow exponentially at an order
KM−1(K−1) parameters. Alternative approaches include using linear-Gaussian
conditional distributions, or autoregressive distributions where each conditional
distribution has a mean that is a linear function of its parents. We could also use
parametric models like neural networks to model the conditional distributions.

However, an even better model arises when we introduces latent variables,
that are robust and can be any class or distribution we want, as long as we make
the appropriate conditional distributions for the observed variables. This new
formation is called the state space model, where each observed variable xn has
a corresponding latent variable zn, and these latent variables follow a Markov
chain, giving zn−1 ⊥⊥ zn+1|zn. The graphical model of the state space model
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is similar to a RNN, where each xn|zn, and the zn follow a Markov chain. The
joint distribution of this latent Markov Model gives

p(x1, ..xn, z1, ..zn) = p(z1)[

N∏
n=2

p(zn|zn−1)]

N∏
n

p(xn|zn) (2055)

Through the d-separation criterion, and probably through direct evaluation as
well, there is an unblocked path between two observed variables, so the predic-
tive distribution p(xn+1|x1, ..xn) does not exhibit any conditional independence,
so we depend on all previous observations. This is because any path between
two observed variables conditioned on a latent node is head-to-tail, and the
latent variables are not observed, so this path is never blocked.

If the latent variable is discrete, we get Hidden Markov Models, and if
the latent variables are Gaussians, we get linear dynamical systems, where
the conditional distributions are linear-Gaussian. Again, just to recap - the
state space model can be defined by the probability graph where the latent
variables follow a Markov Chain, and the observed variables just condition on
their corresponding latent variables.

13.2 Hidden Markov Models

When the latent variables are discrete, the Hidden Markov Model can actually
be seen as an extension of the mixture models, with different component densi-
ties. However, now our latents do not get to have the i.i.d assumption - instead
they follow the Markov chain where p(zn|zn−1). Because these variables are
latents, if we assume they follow a 1-of-K coding scheme, then the conditional
distributions between them can be represented by a Markov matrix A, where
Ajk = p(znk = 1|zn−1,j = 1). Intuitively, each cell’s row number describes the
component it was coming from, and the column number tells what component
it is going to. This is more clear as p(zn|zn−1) = Azn−1. As it is a proba-
bility/Markov matrix, the components satisfy 0 ≤ Ajk ≤ 1,

∑
k Ajk = 1. The

conditional distribution can be formally written out as

p(zn|zn−1) =

K∏
k

K∏
j

A
zn−1,j∗znk
jk (2056)

Note that A has K(K − 1) parameters, as virtue of being a probability matrix.
Our initial latent node z1 doesn’t have a transition probability, so we instead

instantiate a parameter vector π, where p(z1k = 1) = πk and

p(z1) =
∏
k

πz1k
k (2057)

Finally, we can address the observed conditional distribution as p(xn|zn, ϕ),
where ϕ is just another set of parameters that govern the distribution, whether it
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be a Gaussian, Gaussian-mixture, neural network, etc. The overall distribution
is given as

p(xn|zn, ϕ) =
∏
k

p(xn|ϕk)znk (2058)

The book says to focus on homogeneous models, i.e stationary sequential data,
where A, ϕ are the same for all steps. Then our overall joint distribution is given
by

p(X,Z|θ) = p(z1|π)[
∏
n=2

p(zn|zn−1, A)]

N∏
n

p(xn|zn, ϕ)znk (2059)

For neural networks, we can either choose to model the p(x|z) emission
density directly, or model p(z|x), i.e train a recoverer of latent variables and then
use Bayes rule to find the corresponding emission density. A more intuitive view
of HMM comes from the generative point of view. In a normal mixture model,
we would first sample a latent variable zk using mixing component πk, and then
use the corresponding mixture density component to get the observed. In our
new HMM, we always sample z1 because there is no transition probability, and
we can get x1 ∼ p(x1|z1). Then we can keep sampling latents through the chain
and getting observed.

One special variant of the HMM is the left-to-right HMM, which had wide ap-
plications. We impose a constraint on the transition matrix by setting Ajk = 0
when k < j. In other words, you can’t go back to a previous k component, and
the initial state is initialized to always start a z11. A powerful property of HMM
is their ability to have some degree of invariance to local compression/stretching
of the time-axis. For example in digit recognition, there might be natural vari-
ations across different writing styles, but the HMM can incorporate this into
the model by changing the number of transitions needed between key states
/ points in writing a digit. Similarly, in speech recognition, warping the time
axis corresponds to natural variations when someone talks, and the HMM can
incorporate this as modulating the number of transitions between key points in
the speech.

13.2.1 Maximum Likelihood

Given an observed data set {xn}, we can write out the likelihood function by
marginalizing over the latent variables

p(X|θ) =
∑
z

p(X,Z|θ) (2060)

However since we don’t have our iid assumption anymore, we can’t factorize
this distribution and sum over each zn, nor can we do an explicit sum over the
N zn variables, because each of these has K states, meaning we’re going to have
to sum over K ∗K ∗K ∗ .. = KN states. This intuitively makes sense because
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now our dataset of length N can be thought of as the chain of length N instead,
so we are summing over all the possible K states over time, which will grow
exponentially. Another key problem with the maximum likelihood equation
comes from the fact that HMMs are generalizations of Gaussian mixture models.
This can be seen when we set each row of A to be the same, making each zn
independent of the previous. In chapter 9 where we were discussing maximum
likelihood for mixture models, in the case that a mixture component overfit
perfectly to one data point xn, then that component would turn into a singular,
infinite density, causing the maximum likelihood to go to infinity. This special
case is better illustrated using the equation:

ln p(X|Z, θ) =
∑
n

ln{
∑
k

(πkp(xn|µk,Σk)} (2061)

Because the ln term is on the outside, when there is a singularity, the sum
over the components goes to infinity, which causes ln → ∞, causing the likeli-
hood to explode. If we were dealing with a single, non-mixture Gaussian this
would be okay because on all points x \ xn, the Gaussian would have a zero
probability and exponentially decay the likelihood. When you include another
mixture distribution, which can assign finite probabilities to xn, this allows the
overfit component to explode, because now the non-overfit mixtures will assign
a nonzero probability, while the overfit point will have infinite probability. To
avoid this in the HMM case, we’re going to use the handy EM algorithm, which
we also used in the GMM case.

As before, we’re going to always initialize with some parameters θold, and
in the E-step find the posterior distribution p(Z|X, θold). In the M step we
maximize the expected complete log likelihood,

Q(θ, θold) =
∑
z

p(Z|X, θold) ln p(X,Z|θ) (2062)

The book introduces some extra notation here,

γ(zn) = p(zn|X, θold) (2063)

ξ(zn−1, zn) = p(zn−1, zn|X, θold) (2064)

, which denote the marginal and joint posteriors for successive latent variables.
We can store the first variable in a K vector so they sum to one, and store the
second in a K×K matrix that sums to 1. We can also introduce corresponding
γ(znk), ξ(zn−1,jznk), which are the conditional probabilities of them equaling 1.
For binary variables, the expectation and the probability of them equaling 1 are
the same, so

γ(znk) = E[znk] =
∑
zn

γ(zn)znk (2065)

ξ(zn−1,jznk) = E[zn−1,jznk] =
∑

zn−1,zn

ξ(zn−1, zn) ∗ zn−1,jznk (2066)
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Now we have some ways of expressing the latent variables over the possible
posterior distributions we will get in the likelihood. We can now substitute our
joint distribution p(X,Z|θ), with a ln operator, which is (744), into (747) to get

Q(θ, θold) =
∑
k

γ(z1k) lnπk +

N∑
n=2

K∑
k

K∑
j

ξ(znk, zn−1,j) lnAjk+ (2067)

∑
n

∑
k

γ(znk) ln p(xn|ϕk) (2068)

At the current moment, we don’t have an efficient method to get the expectation
over the marginal and joint probabilities, but we can still perform the M step,
treating the latent variables as constants and maximizing with respect to θ =
{π, ϕ,A}. Maximization with respect to π,A are easily done using Lagrange
multipliers since they are probabilities, and this is (Exercise 13.5).

Finally, to maximize with respect to the emission density coefficients ϕk,
we note that only the last term depends on ϕk, and is actually equivalent to
the expression for the likelihood of a Gaussian Mixture Model weighted by the
responsibility components. Then in that case, where we assume p(xn, ϕk) =
N (xn|µk,Σk), the M-step equations are given by

µk =

∑
n γ(znk)xn∑
n γ(znk)

(2069)

Σk =

∑
n γ(znk)(xn − µk)(xn − µk)

T∑
n γ(znk)

(2070)

This is just repeating results found in Chapter 9 EM with GMM. If we think of
another likely emission density, like if the conditional distribution was instead
a multinomial, then we would have

p(x|z) =
D∑
i

K∑
k

µxizk
ik (2071)

And we can again maximize with Lagrangian multipliers, which is done in Ex-
ercise 13.8. For all the parameters described, we can first instantiate with some
initial parameters and then optimize. Specifically for the emission density pa-
rameters, we can first use the iid assumption on the data and use those as
our initial parameters, which has a more straightforward maximum likelihood
solution (i.e µ̃ = x̄.

13.2.2 Forward-Backward Algorithm

This algorithm gives us an efficient method of evaluating the expectations that
were in the M step equation i.e performing the M-step. Notice that the state
space model described, with the chain of latents, is a tree graph, and the pos-
terior distribution of the latents can be efficiently found through a two-stage
message passing algo, called the forward-backward algo. This section performs
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a conventional derivation of the algo, and the next section shows that is a special
case of the sum-product algorithm.

We can write out the conditional independence properties described by the
state space graph, shown here: This is done in Exercise 13.9.

We now get a bunch of equations we can use to evaluate γ(znk), ξ(zn−1, zn),
the expectations over the posterior distributions. With γ(znk), we are trying
to evaluate the posterior p(zn|X), which is a K length vector with components
γ(znk). Again, we use the fact the expected value of a component of a discrete
multinomial distribution is the probability it equals 1.

γ(zn) =
p(X|zn)p(zn)

p(X)
(2072)

=
p(x1, ..xn|zn)p(xn+1, ..xN |zn)p(zn)

p(X)
(2073)

=
p(x1, ..xn, zn)p(xn+1, ..xN |zn)

p(X)
(2074)

=
α(zn)β(zn)

p(X)
(2075)

Notice the similarities to the message-passing algorithm - α(zn) now represents
the joint probability of all observed variables up to time n plus zn, while β(zn)
represents the probability of all future timesteps conditioned on our current
latent variable. These variables are easy to store because they are K length
vectors corresponding to the K states of zn.

We can also similarly define a recursive message passing equation to find
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first the forward message:

α(zn) = p(x1, ..xn, zn) = p(x1, ..xn|zn)p(zn) (2076)

= p(xn|zn)p(x1, ..xn−1|zn)p(zn) (2077)

= p(xn|zn)
∑
zn−1

p(x1, ..xn−1, zn−1, zn) (2078)

= p(xn|zn)
∑
zn−1

p(x1, ..xn−1, zn|zn−1)p(zn−1) (2079)

= p(xn|zn)
∑
zn−1

p(x1, ..xn−1|zn−1)p(zn|zn−1)p(zn−1) (2080)

= p(xn|zn)
∑
zn−1

p(x1, ..xn−1, zn−1)p(zn|zn−1) (2081)

= p(xn|zn)
∑
zn−1

α(zn−1)p(zn|zn−1) (2082)

The computational cost of this equation is O(K2), because of the sum over K
variables for each of the K components of zn. Notice here that the emission
term is outside of the sum, so we first multiply each component probability
with its corresponding message and then multiply emission density. The initial
state is given by

α(z1) = p(x1, z1) = p(x1|z1)p(z1) (2083)

=

K∏
k=1

(πkp(x1|ϕk))z1k (2084)

Each message step can be equivalently seen as a matrix multiplication with the
transition probability, like p(xn|zn) ⊙ AT

nα(zn−1) = α(zn), so performing this
for the entire chain gives O(NK2) complexity.

Similarly, we can find the recursive formulation for the backward messages:

β(zn) = p(xn+1, ..xN |zn) (2085)

=
∑
zn+1

p(xn+1, ..xN , zn+1|zn) (2086)

=
∑
zn+1

p(xn+1, ..xN |zn+1, zn)p(zn+1|zn) (2087)

=
∑
zn+1

p(xn+1, ..xN |zn+1)p(zn+1|zn) (2088)

=
∑
zn+1

p(xn+2, ..xN |zn+1)p(xn+1|zn+1)p(zn+1|zn) (2089)

=
∑
zn+1

β(zn+1)p(xn+1|zn+1)p(zn+1|zn) (2090)
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So there is another recursion relation, but notice this time the emission densities
are inside the sum, so β(zn) = A(p(xn+1|zn+1) ⊙ β(zn+1)) This is again a
O(NK2) evaluation across the entire chain, and to find the initial β(zN ), we
can use our original Bayes rule formulation:

p(zN |x) = α(zN )β(zN )

p(X)
(2091)

=
p(X, zN )β(zN )

p(X)
(2092)

So it is clear that β(zN ) = 1. However, in the M-step equations the likelihood
contribution p(X) cancels out because of the usual appearance of γ(znk) terms in
both the numerator and denominator of a re-estimation equation. We still want
a way to evaluate the marginal likelihood, in order to track training progress.
We can do this by summing the general Bayes formula over zn:∑

zn

p(zn|x) =
∑

zn
α(zn)β(zn)

p(X)
(2093)

p(X) =
∑
zn

α(zn)β(zn) (2094)

for n = N, we get: p(X) =
∑
zN

α(zN ) (2095)

. So while before the marginal likelihood required a sum over an exponential
state space, we have now shrunk it to linear, summing over the states of zN by
swamming the sums and product using messages.

To now evaluate the neighbors marginal ξ(zn−1, zn), we can use Bayes the-
orem + our previous conditional independence properties and definitions of
messages:

ξ(zn−1, zn) = p(zn−1, zn|X) =
p(X|zn−1, zn)p(zn−1, zn)

p(X)
(2096)

use equation 13.29 (2097)

p(x1, ..xn−1|zn−1)p(xn|zn)p(xn+1, ..xN |zn)p(zn|zn−1)p(zn−1)

p(X)
(2098)

=
α(zn−1)p(xn|zn)p(zn|zn−1)β(zn)

p(X)
(2099)

This equation is not computationally hard - we can find the forward and back-
ward messages, and then use the emission density and transpose of the transition
matrix.

In summary, the entire EM algorithm is as such: we first initialize param-
eters θ = (π,A, ϕ), where the first two are initialized respecting probability
constraints, and ϕ can be initialized with a iid assumption. We then run the
E-step by finding the forward and backward messages to evaluate γ, ξ, as well
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as the likelihood. We can then perform the M-step and solve the respective
re-estimation equations to get the next round of parameters. Also notice that
p(xn|zn) is a conditional where xn is fixed, so they can be computed once as
functions of zn reused.

Predictive distribution: The last question is how the predictive distribu-
tion can be efficiently calculated, which is honestly the most important part of
a HMM. We can write it out as

p(xN+1|X) =
∑
zN+1

p(xN+1, zN+1|X) (2100)

=
∑
zN+1

p(xN+1|zN+1, X)p(zN+1|X) (2101)

=
∑
zN+1

p(xN+1|zN+1)
∑
zN

p(zN , zN+1|X) (2102)

=
∑
zN+1

p(xN+1|zN+1)
∑
zN

p(zN+1|zN , X)p(zN |X) (2103)

=
∑
zN+1

p(xN+1|zN+1)
∑
zN

p(zN+1|zN )
α(zN )

p(X)
(2104)

(2105)

This can be evaluated by first running the forward message all the way through
then computing the summations. Note that the

∑
zN

result could be saved to
be compute α(zN+1) later when xN+1 is observed, for subsequent prediction
steps. Also note that α(zN ) contains all the influences from previous timesteps
through conditional independence, so it serves as a fixed size compact vector
(see RNNs).

We can extend our algorithm to incorporate previous chapters, like using a
prior p(θ), to serve as regularized maximum likelihood, which only requires a
ln p(θ) additional term in Q(θ, θold). We could also perform variational maxi-
mization by establishing parameter distributions, estimating the corresponding
q(θ) and marginalizing over them in the predictive distribution.

13.2.3 Sum-product

Because our state space model is a tree-structured graph, we can convert it
to a factor graph to perform sum-product. In most practical applications, we
are going to be conditioning on the observed variables, so the factor graphs
involving p(xn|zn) won’t necessarily be the leaf nodes and thus we can absorb
the emission probabilities to create a chain-like factor graph.
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Here, h = p(x1|z1)p(z1) and fn(zn, zn−1) = p(xn|zn)p(zn|zn−1). To derive
the alpha-beta program in section 13.2.2, we first set zN as the root, and prop-
agate from the leaf node h. The equations for the messages are

µzn−1→fn(zn−1) = µfn−1→zn−1
(zn−1) (2106)

µfn→zn(zn) =
∑
zn−1

f(zn, zn−1)µzn−1→fn(zn−1) (2107)

µfn→zn(zn) =
∑
zn−1

f(zn, zn−1)µfn−1→zn−1
(zn−1) (2108)

Because we are again in the chain example, the variable nodes only have two
neighbors and do nothing, so we can perform the substitution as seen in the third
variable. If we set µfn→zn(zn) = α(zn), we can see that the update equation is
the same as the previous one by writing out f(zn, zn−1). Furthermore, α(z1) =
p(x1, z1) = h, and because the initial and step equations are equal this holds
true for all zn.

Similarly, we can verify that the backward messages propagating from the
root to the leaf hold as well:

µfn+1→fn =
∑
zn+1

fn+1(zn, zn+1)µfn+2→fn+1
(zn+1) (2109)

We again use the property that the variable nodes leaves the messages un-
changed. When substituting in the factor node function, and setting µfn+1→fn(zn) =
β(zn) shows that it is the same formulation as the beta message.

13.2.4 Scaling Factors

An issue with the message passing algorithm is that it involves repeated prod-
ucts and then sums over messages, which can lead to messages going to zero
exponentially. We can’t perform the log trick either, because we are also taking
sums which aren’t separable compared to products. Instead, we define a scaled
version of the messages that always has a scale of unity:

α̂(zn) =
α(zn)

p(x1, ..xn)
= p(zn|x1, ..xn) (2110)

This normalized version of α behaves well numerically, since it is a probability
distribution over K variables that scales well to any n. We introduce scaling
factors to relate the scaled and original variables:

cn = p(xn|x1, ..xn−1) (2111)

p(x1, ..xn) =

n∏
m=1

cm, (2112)

α(zn) = α̂(zn)p(x1, ..xn) = α̂(zn)(

n∏
m=1

cm) (2113)
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So the scaled and original version are equal up to a product of conditional
distributions. Thus the update equation can be rewritten as

n∏
m=1

cmα̂(zn) = p(xn|zn)
∑
zn−1

p(zn|zn−1)

n−1∏
m=1

cmα̂(zn−1) (2114)

cnα̂(zn) = p(xn|zn)
∑
zn−1

p(zn|zn−1)α̂(zn−1) (2115)

Note that it is also easy to evaluate and accumulate the cn at each step, because
it is the normalizer of the RHS. For the beta messages, we get that

β(zn) = (
N∏

m=n+1

cm)β̂(zn) (2116)

p(xn+1, .xN |zn) = p(xn+1, ..xN |x1, ..xn)β̂(zn) (2117)

p(xn+1, .xN |zn)
p(xn+1, ..xN |x1, ..xn)

= β̂(zn) (2118)

Here the scaled beta message is a normalized distribution so it again behaves
well numerically. The recursion relation is defined as

cn+1β̂(zn) =
∑
zn+1

p(zn+1|zn)p(xn+1|zn+1)β̂(zn+1) (2119)

We can first compute the forward alpha messages to get all the cn needed for
the beta recursion relation. Exercise (13.15) shows how we can relate these
scaled messages to the values γ(zn), ξ(zn−1, zn). We can also find the likelihood
function efficiently through

p(X) =
∏
n

cn (2120)

13.2.5 Viterbi Algorithm

Another common use of hidden markov models is to extract the most probable
sequences of latents, using the max-sum algorithm. Recall that in directed
trees, the max-sum algorithm shows that the most probable individual states
might not be equivalent to the most probable sequence of states. Essentially,
the Viterbi-Algorithm is an application of the max-sum algorithm to the HMM.
Because the max-sum works with log-probs, we can avoid rescaling, and it will
also allow us the computational cost. Normally, finding the maximizing sequence
of states involves searching the exponential number of paths, and Viterbi reduces
this to linear.

If we again use the factor graph representation of the HMM, we can then
just apply the algorithm found in 8.4.5, treating zN as the root node. Then out
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leaf node h1 will have the message:

µh1→z1 = ln f(z1) (2121)

µzn→fn+1
(zn) = µfn→zn(zn) (2122)

µfn+1→zn+1
(zn+1) = max

zn
{ln f(zn, zn+1) + µzn→fn+1

(zn)} (2123)

= max
zn

{ln f(zn, zn+1) + µfn→zn(zn)} (2124)

ω(zn+1) = ln p(xn+1|zn+1)max
zn

{ln p(zn+1|zn) + ω(zn)} (2125)

In the last line, we just made a change of notation and substituted in the actual
factor expression. We can initialize ω(z1) using lnh(z1). In Exercise (13.16), we
will see that taking the natural logarithm of the original joint distribution of a
HMM and exchanging maximization with sums leads to the same results.

Similar to the max-sum algorithm, once we perform the last maximization
with respect to zN , we have found a max for p(X,Z). To perform backtracking,
we first note that the maximization step over zn was performed for each of the
K states of zn+1. If we save those K values of zn corresponding to zn+1 for each
N , this has a O(NK) memory cost, and it is easy to backtrack through. This
backtracking allows us to keep the unique path property, because our stored
value at each time step n implicitly depends on all the previous stored values,
through a series of links through the trellis/lattice.

13.2.6 Applications of the HMM

Here are some common examples of HMMs on sequence classification. HMMs
are poor generative models, because they naturally have a directed flow through
time, and thus are restricted to only generating data that can imitate the di-
rectionality given in the training set (a fix would probably be bidirectional
HMMs). They are however powerful for discriminative models. Consider the
setting where we have a training set of observation sequences Xr with class
labels m ∈ {1, ..M}. We then optimize the standard cross-entropy loss

R∑
r

ln p(mr|Xr) (2126)

We also have a separate HMM for each class with its own parameters θm. Then
the sum can be expressed using Bayes Theorem as:∑

r

ln{ p(Xr|θr)p(mr)∑M
l p(Xr|θr)p(lr)

} (2127)

The numerator then is training the likelihood of the class-specific HMM for
mr, and then dividing it by the marginal likelihood p(Xr) over all the classes.
Because we now have a sum in the logarithm, optimization is a little more
complex, considering we also have to evaluate all the models for each training
sequence.
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A significant weakness of HMM is how it represents the distributions of pos-
sible times the system remains in a certain state. For example, the probability
a sequence spends T steps in state k and then makes a transition is

p(T ) = (Akk)
T (1−Akk) ∝ exp(T lnAkk) (2128)

This is an exponentially decaying function of T , which is unrealistic for many
models, where a system might have a few states it stays in for long periods of
time. A solution is to set all Akk = 0, and instead create a distribution p(T |k)
that samples duration times that the state will stay in. In the actual generative
procedure, when we enter at state k, we will sample a duration time T , and
assume T occurrences of the observed variable xt are independent, so we can
write the emission density as

∏T
t p(xt|k).

Another limitation of HMMs are their inabilities to capture longer-ranger
dependencies because of their first-order Markov chains in the latents. We can
fix this by including more links to preceding variables, generalizing to autore-
gressive HMMs. For discrete variables, this corresponds to expanded matri-
ces/probability tables, and in the case of Gaussian emission densities, we can
use the linear-Gaussian model, where xn has a mean that a linear combination of
the values of its conditioning variables. There is obviously another tradeoff here
between number of parameters and expressivity. A simple example would be
where xn depends on its two previous values as well as its hidden state. Because
the observed variables are still only conditioning on a single latent, the key con-
ditional independence property of SSMs is conserved: zn−1 ⊥⊥ zn+1|zn, so
we can still perform a linear-time forward-backward message passing algorithm.

Another extension is the input-output HMM, shown below: Now we have

observed input variables that the output observed variables will depend on, and
this model represents supervised learning on sequential data. zn−1 ⊥⊥ zn+1|zn,
the Markov property, still holds through d-separation. This property is crucial
to ensure each p(zn|zn−1) is actually implicitly conditioning on all the previous
variables but it is independent of them. Thus, this model can also be maximized
efficiently using an EM algorithm where the E-step uses the alpha-beta message
passing algorithm.

Factorial HMMs: Another important extension/generalization of HMMs,
where each xn is conditioned on multiple Markov chains of latent variables. The
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motivation for factorial HMMs is when we try to represent 10 bits of information
at a given time step, a standard HMM requires K = 210 states, or we could
distribute it along a factorial HMM with 10 separate chains. The difficulty with
factorial HMMs arises from the observed node being conditioned on multiple
latents, which causes the Markov property to disappear. Now, zn nodes between
chains are not d-separated, and zn−1, zn+1 nodes on the same chain are not d-
separated, when conditioning on a latent node in another chain.

Some possible solutions/workarounds to then maximizing the latent poste-
rior:

1. Using sampling methods to estimate the posteriors, and use that as the
E-step

2. Exploit variational inference techniques: use a simple variational posterior
distribution that factorizes fully with respect to all the latent variables, to
then estimate the ’E-step’ but this time we’re performing variational ap-
proximation, so after getting our factorized estimations, we would optimize
the expected complete data log likelihood with respect to the variational
posterior.

3. Another, more powerful variational approach: have independent Markov
chains corresponding to the chains of latent variables in the original model,
i.e combining both idea 1 and 2. We can then perform variational inference
by running forward-backward messages along the chain, which is equiv-
alent to finding a factorized approximation in the original VA approach.
From this chapter, we can see that many probabilistic structures can be
compactly expressed through graphical models, and variational methods
like the message-passing algorithms and the forward-backward algorithm
allow us to perform inference when exact enumeration over all the expo-
nential states is intractable.

In summary, this section introduces HMMs, which have wide applications in dis-
criminative models like speech recognition, but can also be used for supervised
learning and generation. They are the version of state space models that take
discrete variables. To optimize these HMMs, the brute force solution would be to
optimize overKN states, which grows exponentially with the length of the chain.
However, using the Markov property of the latent variables, we can use tech-
niques from Section 8 to first express the joint distribution p(zn, X) as product
and then further decompose and reorder the sums and products to get a linear-
time algorithm. This allows us to find the posterior p(zn|X), p(zn, zn−1|X) much
more efficiently, and we can perform EM much faster. We use EM because the
mixture models on i.i.d assumption is a special case of the HMM which have
sums in their logarithms and don’t have closed form maxmizations.

Some more notes on graphical models I should have put in chapter 8: I
realize now that chains, and in more general trees have an underappreciated
structure that is necessary for message-passing algorithms. Because all nodes
only have one parent, when using d-separation while conditioning on a node, all
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of its neighbors are independent of each other. Then for factor graphs, you can
just decompose into the product of marginal distributions of the xs variables
associated with fs, while marginalizing over variables not in xs, which leads to
representations for the messages.

13.3 Linear Dynamical Systems

Motivation: In the simplest problem, imagine we are taking measurements of
an unknown quantity z using a noisy sensor that returns observation x = z+ ϵ,
zero-mean Gaussian noise. In the stationary setting, we could just take a large
number of measurements and average out the noise, but what if the quantity
changed with time? Then average over x1, ..xN would introduce a new source
of temporal error. We could do a little better by only averaging over only the
most recent measurements, or doing weighted averages weighting either more
recent or less recent measurements higher, depending on the setting. We want
to develop a probabilistic model that captures the time evolutions in a graphical
model, where we can then apply earlier inference and learning methods.

Linear dynamical systems now correspond to state space models where
we have continuous instead of discrete latent variables. We can still use the
general form of inference algos, except we now switch summations for integrals.
A key requirement we still want to hold from 13.2 is an efficient linear algorithm
for inference. This requires that if we take a previous message α̂(zn−1), multiply
it by the transition probability p(zn|zn−1) and the emission density p(xn|zn),
and marginalize over zn−1, we get the next message α̂(zn) that should have the
same functional form as α̂(zn). The only distributions that have this property
of being closed under multiplication (of the emission and transition probailities)
are the exponential family.

If we take one of the simplest forms, the Gaussian, we can consider a linear-
Gaussian state space model where the latent and observed variables are multi-
variate Gaussian distributions whose means are linear functions of their parents.
In Chapter 8, we saw that a directed graph of linear-Gaussian units, has a joint
Gaussian distribution over all variables. The marginals α̂(zn) are also Gaussian
and an efficient inference algorithm is preserved. If instead the emission den-
sities were K mixture models, then the messages would become KN mixture
Gaussians as we kept multiplying them.

Another way to view LDS are as an extension of PCA and factor analysis,
which are also linear-Gaussian continuous latent models but assume the iid
sampling setting for zn. Here, we connect latent variables along the Markov
chain. Again, we can also apply the sum-product algorithm to LDS, and the
analog to the forward recursions in HMM are know the Kalman filters, and the
backward recursions are the Kalman smoother equations. Since our LDS is a
linear-Gaussian model, the joint distribution and its marginals and conditionals
are all Gaussian. As we will see in Exercise (13.19), the sequence of individually
most probable latent variable values is the same as the most probable sequence,
so there is no need for the Viterbi algo. We can write out the linear-Gaussian
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conditional distributions in the model generally:

p(zn|zn−1) = N (zn|Azn−1,Γ) (2129)

p(xn|zn) = N (xn|Czn,Σ) (2130)

p(z1) = N (z1|µ0, V0) (2131)

With the initial latent distribution to always start the chain. Note we can also
include additive constants to the means but ignored them for less clutter. We can
determine the six parameters shown above using maximum likelihood through
EM. In the E-step, we need to solve the inference problem of determining local
posterior marginals p(zn|X) for the latents using the sum-product algorithm.

13.3.1 Inference in LDS

The goal of this section is to find an efficient method to evaluating the marginal
posterior p(zn|x1, .xn), and we’re going to use the sum-product algorithm. Be-
cause the only thing we’re changing from HMM is that the latent variables are
continuous, everything else remains the same, we’re just going to use integrals
now. We shall again treat zN as the root node, and the initial message will be
Gaussian, since

µf1→z1(z1) = p(z1) (2132)

Which is a Gaussian, so all subsequent messages will also be distributions. By
convention, we are going to propagate messages that are normalized marginal
distributions given as

α̂(zn) = p(zn|x1, ..xn) = N (zn|µn, Vn) (2133)

This is analogous to the scaled variables, so we can now write the recursion
equation as

cnα̂(zn) = p(xn|zn)
∫
α̂(zn−1)p(zn|zn−1)dzn−1 (2134)

cnN (zn|µn, Vn) = N (xn|Czn,Σ)
∫

N (zn−1|µn−1, Vn−1)N (zn|Azn−1,Γ)dzn−1

(2135)

= N (xn|Czn,Σ)N (zn|Aµn−1, Pn−1) (2136)

Pn−1 = AVn−1A
T + Γ (2137)

Where we have used the results from chapter 2 on marginalizing out Gaussians.
We can now further combine the two Gaussian remaining using equations (2.115)
and (2.116) from Chapter 2 to equate it to the left hand side. Recall that the
normalization constant cn is actually p(xn|x1, ..xn−1), and thus is a marginal of

289



xn.

N (xn|Czn,Σ)N (zn|Aµn−1, Pn−1) (2138)

Vn = (P−1
n−1 + CTΣ−1C)−1 (2139)

= Pn−1 − Pn−1C
T (Σ + CPn−1C

T )−1CPn−1 (2140)

= (I − Pn−1C
T (Σ + CPn−1C

T )−1C)Pn−1 (2141)

= (I −KnC)Pn−1 (2142)

While computing for the new variance using the Gaussian marginal distribution
laws, the book introduces a new matrix called the Kalman gain matrix :

Kn = Pn−1C
T (Σ + CPn−1C

T )−1 (2143)

Note that this matrix only depends on the parameters of the emission densities,
as well as Pn−1, which consists of parameters of the transition probabilities.
My intuition is that those two distributions change every time-step, while the
message get passed along, so this is the effective gain (negative or positive) to
a message through this timestep. For the other two parameters:

cn = N (xn|CAµn−1,Σ+ CP−1
n−1C

T ) (2144)

µn = Vn(C
TΣ−1xn + P−1

n−1Aµn−1) (2145)

= (I −KnC)Pn−1(C
TΣ−1xn + P−1

n−1Aµn−1) (2146)

= Pn−1C
TΣ−1xn +Aµn−1 −KnCPn−1C

TΣ−1xn −KnCAµn−1 (2147)

= Aµn−1 + (Pn−1 −KnCPn−1)C
TΣ−1xn −KnCAµn−1 (2148)

= Aµn−1 +Kn(K
−1
n − C)Pn−1C

TΣ−1xn −KnCAµn−1 (2149)

= Kn((CPn−1C
T +Σ)C−TP−1

n−1 − C)Pn−1C
TΣ−1xn + .. (2150)

= Kn((CPn−1C
T +Σ)Σ−1 − CPn−1C

TΣ−1)xn + .. (2151)

= Kn(CPn−1C
TΣ−1 + I − CPn−1C

TΣ−1)xn + .. (2152)

= Aµn−1 +Kxn −KnCAµn−1 (2153)

And we show how (13.89) - (13.91) are found.
All in all, the new parameters in the recursion equation all only depend on

µn−1, Vn−1, xn, and then we can evaluate N (zn|µn, Vn), cn. The initial condi-
tions are given by

c1α̂(z1) = p(z1)p(x1|z1), (2154)

p(z1) = N (z1|µ0, V0), p(x1|z1) = N (x1|Cz1,Σ) (2155)

We again use the marginal equations given in Chapter 2 to find the left hand
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side, where p(x) = p(z1), p(y|x) = p(x1|z1), so

α̂(z1) = p(z1|x1) = N (z1|µ1, V1) (2156)

V1 = (V −1
0 + CTΣ−1C)−1 (2157)

= V0 − V0C
T (Σ + CV0C

T )−1CV0 (2158)

= (I − V0C
T (Σ + CV0C

T )−1C)V0 = (I −K1C)V0 (2159)

µ1 = V1{CTΣ−1x1 + V −1
0 µ0} (2160)

= V1C
TΣ−1x1 + V1V

−1
0 µ0 (2161)

= (I −K1C)V0C
TΣ−1x1 + (I −K1C)µ0 (2162)

= K1(K
−1
1 − C)V0C

TΣ−1x1 + .. (2163)

= K1((CV0C
T +Σ)C−TV −1

0 − C)V0C
TΣ−1x1 (2164)

= K1((CV0C
T +Σ)Σ−1 − CV0C

TΣ−1)x1 + ... (2165)

= K1x1 + µ0 −K1Cµ0 (2166)

(2167)

We can also find the initial coefficient

c1 = p(x1) = N (x1|Cµ0,Σ+ CV0C
T ) (2168)

Now that we have the expressions for all cn, we can use the formula p(X) =∏N
n=1 cn to also calculate the likelihood. We can use the expression of µn, the

mean of the marginal zn to interpret the transition from zn−1 → zn. The first
part Aµn−1 is projecting the previous step mean by one step forward. Next, the
predicted mean Aµn−1 gives an average prediction for xn through the emission
density C, so CAµn−1 gives the predicted observation for xn.

The update equation is interpreted as taking the predicted mean Aµn−1 and
adding a correction that is proportional to the prediction error xn − CAµn−1,
with the coefficient being theKalman-gainmatrix. The Kalman filter (forward-
recursion) equations can be interpreted as making successive predictions in the
latent space and adjusting our predictions and parameters based on new infor-
mation from observed points xn at each timestep n. Increased uncertainty in
the state variable at every time step is mitigated by the arrival of new data
which aligns and tightens the distribution.

In Exercises 13.27 and 13.28, we are also going to use the Kalman filter
equations to confirm our intuitions - when a system has small measurement
noise compared to the rate at which it is evolving, zn tends to only depend on
xn, while if we have high measurement noise and a slow evolving latent variable,
the posterior mean for zn tends to average over all observations.

We now move to the problem of finding the marginal p(zn|x1, ..xN ), given
all the observations, past and future. This is useful for parameter learning after
a round of inferences, and is equivalent to the backward recursion in HMMs. It
is useful in LDS to express backward recursion in terms of γ(zn) = α̂(zn)β̂(zn),
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which is also Gaussian, given by N (zn|µ̂n, V̂n). To derive the recursion equa-
tions, we use the backward recursion obtained from the scaling factor section
again:

cn+1β̂(zn) =

∫
β̂(zn+1)p(xn+1|zn+1)p(zn+1|zn)dzn+1 (2169)

(2170)

See exercise (13.29) for the full solution.
This allows us to calculate γ(zn), but for the EM algorithm we also need to

calculate ξ(zn−1, zn) posterior marginals, which we again get from the scaling
factors section, given by

ξ(zn−1, zn) = (cn)
−1α̂(zn−1)p(xn|zn)p(zn|zn−1)β̂(zn) (2171)

=
N (zn−1|µn−1, Vn−1)N (xn|Czn,Σ)N (zn|Azn−1,Γ)N (zn|µ̂n, V̂n)

cnα̂(zn)
(2172)

In Exercise (13.31), we can see that after we substitute α̂(zn) = N (zn|µn, Vn),
we can express the Gaussian in terms of the components γ(zn), γ(zn−1) and the
covariance succintly as well.

13.3.2 Learning in LDS

So far we have solved for the inference problems of LDS, using the efficient
forward-backward recursion message algorithm to find the marginal distribu-
tions. Now we are going to look at how to find the parameters θ = {A,Γ, C,Σ, µ0, V0}
using maximum likelihood, through EM.We are going to first assume the E-step,
where we run the inference algorithm to find p(Z|X, θold), with expectations
given by the distributions we solved for earlier:

E[zn] = µ̂n (2173)

E[znz
T
n−1] = Jn−1V̂n + µ̂nµ̂

T
n−1 (2174)

E[znz
T
n ] = V̂n + µ̂nµ̂

T
n (2175)

Where we have used the results of the single marginal posterior and the joint
neighboring marginal posterior, from Exercises 13.29 and 13.31. If we now look
at the complete log data likelihood, which is just the Markov chain probabilities
multiplied by the emission densities, we get

ln p(X,Z|θ) = ln p(z1|µ0, V0) +

N∑
n=2

ln p(zn|zn−1, A,Γ) +

N∑
n=1

ln p(xn|zn, C,Σ)

(2176)

If we now take the expectation, over this sum, we see that each of the param-
eters are contained to their own log probabilities and expectations, and we can
separate and optimize for each of them. See Exercises (13.32 - 13.34) for the
solutions to this optimization. This is the maximum likelihood approach. If we
now wished to use MAP, we would induce priors over the parameters, as well
as use variational approximations with a factorized posterior distribution.
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13.3.3 Extensions of LDS

There are interests of extending the simple linear-Gaussian model of the LDS
into more complex distributions. One simple extensions is to make p(z1) a mix-
ture of Gaussians, so that each forward recursion equation will give another
K-mixture Gaussians over the zn. If we tried to make the emission densities a
mixture of Gaussians, the number of mixtures would scale exponentially through
the recursion equation. More generally, extending transition or emission mod-
els outside of the exponential family leads to intractable inference problems,
because the exponential family stays closed under multiplication. A way to par-
tially solve this is to make Gaussian approximations by linearizing around the
mean of the log predicted distribution, creating the extended Kalman filter.

An interesting extension of LDS is the switching state space model, which
combines both aspects of HMM and LDS. We have multiple Markov chains of
linear-Gaussian latent variables, with a single Markov chain of discrete latent
variables. At inference, the xn is determined by sampling one of the discrete
latent variables to act as the mask for whichever chain, and then finding the
conditional output distribution through that specific chain. Exact inference is
intractable, but Hinton showed that variational methods lead to an efficient
inference scheme with forward-backward recursions independently across each
chain. If we made all the chains discrete, this would be a switching hidden
Markov model.

13.3.4 Particle filters

If we have dynamical systems that might have non-Gaussian emission densities,
we can turn to sampling methods for tractable inference algorithms. In par-
ticular, we use the sampling-importance-resampling algorithm from 11.1.5 to
obtain a sequential Monte-carlo algorithm called the particle filter. To recap,
the sampling-importance-resampling algorithm first draws K samples from the

proposal distribution. Then, it calculates the importance weights p(x)
q(x) , and then

performs a weighted resampling from the samples to get the final sample.
Consider the class of distributions represented by state space models, and

suppose we have observed variables Xn = (x1, ..xn), and we L samples from the
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posterior distribution p(zn|Xn). Using Bayes theorem:

E[f(zn)] =

∫
f(zn)p(zn|Xn)dzn (2177)

=

∫
f(zn)p(zn|xn, Xn−1)dzn (2178)

=

∫
f(zn)

p(xn|zn)p(zn|Xn−1)

p(xn|Xn−1)
dzn (2179)

=

∫
f(zn)p(xn|zn)p(zn|Xn−1)dzn∫
p(xn|zn)p(zn|Xn−1)dzn

(2180)

≊
M∑
l

w(l)
n f(z(l)n ) (2181)

Note we used the conditional independence property p(xn|zn, Xn−1) = p(xn|zn).
The last line comes from approximating through sampling from the distribution
p(zn|Xn−1), so we can remove the function from the integral, and now our
importance weights become

w(l)
n =

p(xn|z(l)n )∑M
l p(xn|z(l)n )

(2182)

The posterior distribution is then compactly represented through the samples
and weights. To now determine a sequential sampling scheme, if we assume
at time step n that we have zn, wn samples and weights and we get a new
observation xn+1, so we need to update our belief of the distribution by finding
the weights and samples at time n+ 1. We first sample from the new posterior
distribution using Bayes Theorem:

p(zn+1|Xn) =

∫
p(zn+1|zn, Xn)p(zn|Xn)dzn (2183)

=

∫
p(zn+1|zn)p(zn|Xn)dzn (2184)

=

∫
p(zn+1|zn)p(zn|xn, Xn−1)dzn (2185)

=

∫
p(zn+1|zn)p(xn|zn)p(zn|Xn−1)dzn∫

p(xn|zn)p(zn|Xn−1)dzn
(2186)

Again, this is extremely similar to the previous Bayes theorem application of
approximating the posterior, and we can again use the weights, this time on
probabilities:

≊
∑
l

wl
np(zn+1|zln) (2187)

Where we have L samples. Now, this is a mixture distribution, so we perform a
weighted sampling by wl, which we recall is actually the relative probability of
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p(xn|zn). In terms of mixture models, we see that the weight is the responsibility
of the specific sample zln, and the component is conditioned on it.

The basic particle filter goes like this then:

1. At each timestep n, we have the current weights and samples representing
our posterior distribution p(zn|xN )

2. We then sample L samples from this distribution using the mixture weight
distribution to get zln+1.

3. We then sample our newest observation xn+1 and use this to calculate the
next round of weights, creating our new posterior distribution, wl

n+1 ∝
p(xn+1|zln+1)

This gives us an exact, compact sequential Monte Carlo sampling method
to approximate posteriors for non-Gaussian emission densities. This method is
called the particle filter.

Exercises

13.1

The model in figure 13.3 satisfies the property xn ⊥⊥ x1, ..xn−2|xn−1, since any
path between the set x1, ..xn−2 and xn is head-to-tail with respect to xn−1 and
conditioning on it will block it.

For the model in Figure 13.4, we are asked to show the property xn ⊥
⊥ x1, ..xn−3|xn−1, xn−2. This is true because any node that is more than two
nodes behind xn must go through a head-to-tail path either through xn−1, xn−2,
again blocking when conditioning on those nodes.

13.2

The joint probability distribution described by the first order markov chain is

p(X) = p(x1)

N∏
n=2

p(xn|xn−1) (2188)

Directly evaluating this equation gives

p(x1, ..xn) = p(x1, ..xn−1)p(xn|xn−1) (2189)

p(x1, ..xn−1)p(xn|x1, ..xn−1) = p(x1, ..xn−1)p(xn|xn−1) (2190)

p(xn|x1, ..xn−1) = p(xn|xn−1) (2191)

Similarly, we can do this for the second markov order chain as well and cancel
on both sides to get the conditional independence property.
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13.3

This is straightforward - the joint distribution p(x1, ..xN ) has paths in between
any of the nodes through the observed variables, and these paths are head-to-
tail with respect to any of the latents. However, the latents are not observed,
so these paths are unblocked and conditional independence does not hold.

13.4

If we have emission densities given by p(x|z, w), such as the model used in
linear regression, we would perform maximum likelihood through EM. In the E-
step, just evaluate the emission density with respect to the posterior probability,
using γ(zn), ξ(zn−1, zn), and then compute the gradient to find the re-estimation
equations, which can be backpropagated in the case of a neural network.

13.5

To maximize with respect to π, we have to enforce the mixing coefficient con-
straint

∑
k πk = 1.

L(πk) =
∑
k

γ(z1k) lnπk + λ(1−
∑
k

πk) (2192)

∇ :
γ(z1k)

πk
− λ = 0 (2193)

γ(z1k) = λπk (2194)∑
k

γ(z1k) = λ (2195)

L(πk) =
∑
k

γ(z1k) lnπk −
∑
j

γ(z1j)
∑
k

πk (2196)

∇πk :
γ(z1k)

πk
=

∑
j

γ(z1j) (2197)

πk =
γ(z1k)∑
j γ(z1j)

(2198)

To then maximize with respect to A, we have to enforce the row sum con-
straint

∑
k Ajk = 1, because conditioning on a certain zn−1,j , the sum of the
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probabilities across znk must equal 1 to be a consistent distribution.

L(A) =

N∑
n=2

K∑
k

K∑
j

ξ(znk, zn−1,j) lnAjk + λ(1−
∑
k

Ajk) (2199)

∇Ajk :

N∑
n=2

ξ(znk, zn−1,j)

Ajk
= λ (2200)

∇Ajk :

N∑
n=2

ξ(znk, zn−1,j) = λAjk (2201)

N∑
n=2

K∑
k

ξ(znk, zn−1,j) = λ (2202)

Substituting our expression for the multiplier back into the original equation,
we get

N∑
n=2

K∑
k

K∑
j

ξ(znk, zn−1,j) lnAjk +

N∑
n=2

K∑
l

ξ(znl, zn−1,j)(1−
K∑
k

Ajk) (2203)

∇ :

N∑
n=2

ξ(znk, zn−1,j)

Ajk
=

N∑
n=2

K∑
l

ξ(znl, zn−1,j) (2204)

Ajk =

∑N
n=2 ξ(znk, zn−1,j)∑N

n=2

∑K
l ξ(znl, zn−1,j)

(2205)

13.6

Using equations 13.18 and 13.19 which describe the M-step update equations for
πk, Ajk,if these values are set to zero initially, then the numerator will always
be 0 for both equations, since their expected value is just 0.

13.7

The only part of Q(θ, θold) that depends on the emission densities is:

N∑
n=1

K∑
k=1

γ(znk) ln p(xn|ϕk) + const. (2206)

=
∑
n=1

∑
k=1

γ(znk)(−
1

2
ln |Σk| −

1

2
(xn − µk)

TΣ−1
k (xn − µk)) (2207)
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Taking the derivative with respect to µk gives:

N∑
n=1

γ(znk) ∗ −
1

2
Σ−1

k (xn − µk) = 0 (2208)

N∑
n=1

γ(znk)xn =

N∑
n=1

γ(znk)µk (2209)∑
n γ(znk)xn∑
n γ(znk)

= µk (2210)

For the covariance, we use the precision trick to get a new equation:∑
n

∑
k

γ(znk)(
1

2
ln |Λk| −

1

2
Tr[Λk(xn − µk)(xn − µk)

T ]) (2211)

∇ :
1

2

∑
n

γ(znk)(Λ
−T
k − (xn − µk)(xn − µk)

T ) = 0 (2212)∑
n

γ(znk)Σ
T
k =

∑
n

γ(znk)(xn − µk)(xn − µk)
T (2213)

And the resulting equation follows.

13.8

If we now find the M-step equations for the multinomial conditional distribution,
we can set up an optimization problem, along with the constraint

∑
i µki = 1

for each component k. This is because for each component xi of x, the 1-of-K
coding ensures that there is only one zk component that contributes to that xi.∑

n

∑
k

∑
i

γ(znk)xni lnµki +
∑
k

λk(1−
∑
i

µki) (2214)

∇µki :
∑
n

γ(znk)xni
µki

= λk (2215)∑
n

∑
i

γ(znk)xni =
∑
i

λkµki (2216)∑
n

γ(znk) = λk (2217)∑
n

∑
i

∑
k

γ(znk)xni lnµik +
∑
n

∑
k

γ(znk)(1−
∑
i

µki) (2218)

∇µki :
∑
n

γ(znk)xni
µki

=
∑
n

γ(znk) (2219)

µki =

∑
n γ(znk)xni∑

n γ(znk
(2220)
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IF we now investigate the analogous result for Bernoulli variables, suppose we
have a HMM with multiple binary output variables, each with its own Bernoulli
conditional distribution, where the parameters are given by:

p(xi|ϕk) = µxni
ki (1− µki)

1−xni (2221)

If we substitute this expression into our emission density expression, we get∑
n

∑
k

∑
i

γ(znk){xni lnµki + (1− xni) ln(1− µki)} (2222)

∇µki :
∑
n

γ(znk){
xni
µki

− 1− xni
1− µki

} = 0 (2223)

∑
n

γ(znk){
xni − µki

µki(1− µki)
} = 0 (2224)∑

n

γ(znk)xni =
∑
n

γ(znk)µki (2225)

(2226)

And we get the same result as before.

13.9

Let’s look at each of these equations step by step. (13.24) says:

p(X|zn) = p(x1, ..xn|zn)p(xn+1, ..xN |zn) (2227)

Any node from the first group on the right will have to go through zn to get to
any node on the right. For x1, ..xn−1, the paths meet at a head-to-tail, while
for xn → xn+1, ..xN , the paths are all tail-to-tail, so conditioning on zn blocks
these paths.

p(x1, ..xn−1|xn, zn) = p(x1, ..xn−1|zn) (2228)

For all x1, ..xn−1, the paths to xn are all head-to-tail with respect to zn, so
it will block the path, so x1, ..xn−1 ⊥⊥ xn|zn. Remember that a ⊥⊥ b|c =⇒
p(a|b, c) = p(a|c), so this is valid.

p(x1, ..xn−1|zn−1, zn) = p(x1, ..xn−1|zn−1) (2229)

This equation shows x1, ..xn−1 ⊥⊥ zn|zn−1. Verify using d-separation: all paths
from x1, ..xn−2 to zn are head-to-tail with respect to zn−1, and the path from
xn → zn are tail-to-tail with respect to zn−1, so this is valid. Equation (13.27):

p(xn+1, ..xN |zn, zn+1) = p(xn+1, ..xN |zn+1) (2230)

Any path from zn to xn+1, ..xN is head-to-tail with respect to zn+1, so xn+1, ..xN ⊥
⊥ zn|zn+1, true.
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Equation (13.28): Any path from xn+2, ..xN to xn+1 is tail-to-tail with re-
spect to zn+1, and is thus blocked.

Equation (13.29): First, we need to show the conditional independence be-
tween x1, ..xn−1 ⊥⊥ xn, ..xN |zn−1, zn. This is true, since taking any node from
the left subset to the right subset will be a tail-to-tail or head-to-tail path with
respect to the subset zn−1, zn, blocking.

p(X|zn, zn−1) = p(x1, ..xn−1|zn, zn−1)p(xn, ..xN |zn, zn−1) (2231)

We can decompose the left marginal distribution on RHS using equation (13.26),
to remove the zn term. For the right marginal distribution, observe that any
path from xn, ..xN → zn−1 is a head-to-tail path with respect to zn, so we can
remove zn−1 from the conditioning statement, leaving p(xn, ..xN |zn). Any path
from xn → xn+1, ..xN is a tail-to-tail path with respect to zn, so we can split
those further and get (13.29).

Equation (13.30): Conditioning on zN+1, any path from xn+1 to any other
observed node is either a head-to-tail, for k < n + 1, or a tail-tail if k > n + 1
with respect to zn+1, xn+1 ⊥⊥ X|zn+1.

Equation (13.31): This equations says that zN+1 ⊥⊥ X|zN . Any path from
zN+1 to X will be a head-to-tail or tail-to-tail (in the case of xN ) with respect
to zN , so the path is blocked.

13.11

For two successive latent variables in the Markov model, they are linked by the
factor graph node given by fn = p(xn|xn−1), and their marginal probability is
given by

p(zn, zn−1) = fs(zn, zn−1)
∏

i∈ne(fs)

µzi→fs(zi) (2232)

= p(xn|zn)p(zn|zn−1)µzn−1→fs(zn−1)µzn→fs(zn) (2233)

= p(xn|zn)p(zn|zn−1)µfn−1→zn−1(zn−1)µfn+1→zn(zn) (2234)

From the results of Section 13.2.3, we found that the forward-backward mes-
sage and the sum-product algorithm’s messages are equal, such that α(zn) =
µfn→zn(zn), β(zn) = µfn+1→zn(zn), so our equation now becomes

p(zn, zn−1) = p(xn|zn)p(zn|zn−1)α(zn−1)β(zn) (2235)

ξ(zn, zn−1) = p(zn, zn−1|X) = p(zn, zn−1)/p(X) (2236)

And then the result follows from there.

13.12

I didn’t want to get into fully showing this through equations, but the most
important property of this dataset of R sequences is that they are under the
i.i.d assumptions. This just creates products in the likelihood P (X|θ), which
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carry over as sums to the complete log likelihood. Then in the E-step, we can
just perform posterior evaluations for each of the sequences independently,
and then the log-sum appears in the M-step equations. If I have more time I
would go back and completely do this.

13.13

Let’s first write out the original expression for the alpha message, given by
α(zn) = p(x1, ..xn, zn). WTS that

α(zn) = p(x1, .xn, zn) = µfn→zn(zn) (2237)

µfn→zn(zn) = fn(zn)
∑
zn−1

µfn−1→zn−1
(zn−1) (2238)

= p(xn|zn)
∑
zn−1

p(zn|zn−1)µfn−1→zn−1(zn−1) (2239)

If we keep recursively evaluating the messages, then the emission densities will
stack up, until we get to the first message, h1 = p(x1, z1) = p(x1|z1)p(z1).
Along the way, we are also going to pick up the marginalization around the
latent nodes from z1, ..zn−1 as well as the transition probabilities, since they are
included in the factor nodes. Because the variable nodes are in a chain, they
can be ignored. Then

µfn→zn(zn) =
∑
z1

..
∑
zn−1

p(z1){
N∏

n=2

p(zn|zn−1)}
N∏

n=1

p(xn|zn) (2240)

=
∑
z1

..
∑
zn−1

p(x1, ..xn, z1, ..zn) = p(x1, ..xn, zn) = α(zn) (2241)

We use the expression for the joint distribution in equation (13.6) to change it
and then using the sum rule of probability we get the corresponding result for
the forward message.

13.14

We can follow a similar chain of reasoning to show that β(zn) = µfn+1→zn(zn)

β(zn) = p(xn+1, ..xN |zn) (2242)

µfn+1→zn(zn) = fn+1(zn+1, zn)
∑
zn+1

µfn+2→zn+2(zn+1) (2243)

= p(xn+1|zn+1)
∑
zn+1

p(zn+1|zn)µfn+2→zn+2
(zn+1) (2244)
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If we again keep evaluating these messages and exchange sums and products,
the final equation will be

µfn+1→zn(zn) =
∑
zn+1

..
∑
zN

N∏
k=n+1

p(xk|zk)
N−1∏
k=n

p(zk+1|zk) (2245)

=
∑
zn+1

..
∑
zN

p(xn+1, ..xN , zn+1, ..zN |zn) (2246)

= p(xn+1, ..xN |zn) = β(zn) (2247)

13.15

Equations 13.33 and 13.43 giving the unnormalized marginal posteriors:

γ(zn) =
α(zn)β(zn)

p(X)
(2248)

ξ(zn−1, zn) =
α(zn−1)p(zn|zn−1)p(xn|zn)β(zn)

p(X)
(2249)

The point of this exercise is to show that the scaling factors applied on the mes-
sages in the forward-backward algorithm actually cancel out when calculating
the marginals:

γ(zn) =

∏N
m=1 cmα̂(zn)β̂(zn)

p(X)
= α̂(zn)β̂(zn) (2250)

through: p(X) =

N∏
m=1

cm (2251)

ξ(zn−1, zn) =

∏n−1
m=1 cmα̂(zn−1)p(zn|zn−1)p(xn|zn)

∏N
m=n+1 cmβ̂(zn)∏N

m=1 cm
(2252)

= (cn)
−1α̂(zn−1)p(zn|zn−1)p(xn|zn)β̂(zn) (2253)

13.16

Writing the expression for the joint distribution again, we get

p(x1, ..xN , z1, ..zN ) = p(z1)

N∏
n=2

p(zn|zn−1)

N∏
n=1

p(xn|zn) (2254)

ln p(x1, ..xN , z1, ..zN ) = ln p(z1) +

N∑
n=2

ln p(zn|zn−1) +

N∑
n=1

ln p(xn|zn) (2255)
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We want to show the relationship between the messages ω(zn) ≡ µfn→zn(zn)
We can first show the recursion relation (13.68) as

ω(zn) = max
z1,..zn

ln p(x1, ..xn−1, z1, ..zn) (2256)

= max
z1,..zn−1

{ln p(z1) +
n∑

k=2

ln p(zk|zk−1) +

n∑
k=1

ln p(xk|zk)} (2257)

ω(zn+1) = max
z1,..zn

ln p(x1, ..xn, z1, ..zn) (2258)

= ln p(xn+1|zn+1) + max
z1,..zn

{
n+1∑
k=2

ln p(zk|zk−1) +

n∑
k=1

ln p(xk|zk) + ln p(z1)}

(2259)

= ln p(xn+1|zn+1) + max
zn

{ln p(zn+1|zn) + max
z1,..zn−1

{
n∑

k=2

ln p(zk|zk−1) (2260)

+

n∑
k=1

ln p(xk|zk) + ln p(z1)}} (2261)

= ln p(xn+1|zn+1) + max
zn

{ln p(zn+1|zn) + ω(zn)} (2262)

We can derive the initial recursion condition (13.69) by looking at ω(z2):

ω(z2) = ln p(x2|z2) + max
z1

{ln p(z2|z1) + ω(z1)} (2263)

= max
z1

p(z1, z2, x1, x2) (2264)

= max
z1

{ln p(x2|z2) + ln p(x1|z1) + ln p(z2|z1) + ln p(z1)} (2265)

=⇒ w(z1) = ln p(x1|z1) + ln p(z1) (2266)

Where we used both equations (13.68) and (13.70) to equate the expressions.

13.17

We can express this again as a chained factor node by expressing fn(zn, zn−1) =
p(zn|un, zn−1)p(xn|un, zn), so that we’re now including the input node contri-
bution as well. Then h(z1) = p(z1|u1)p(x1|z1, u1) it is the same as before except
we now include the contribution from the input node.

13.18

We have a lot of different formulations and interpretations of the forward-
backward algorithm we can now use. If we want to derive in terms of the
alpha-beta message passing formulation, we can use the expressions

µfn→zn(zn) = α(zn) = p(x1, ..xn, zn) (2267)

µfn+1→zn(zn) = β(zn) = p(xn+1..xN |zn) (2268)
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The initial condition first is straightforward:

µf1→z1(z1) = h1(z1) = p(z1|u1)p(x1|z1, u1) (2269)

µf2→z2(z2) =
∑
z1

f2(z2, z1)µf1→z1(z1) (2270)

= p(x2|u2, z2)
∑
z1

p(z2|u2, z1)µf1→z1(z1) (2271)

µfn→zn(zn) = p(xn|un, zn)
∑
zn−1

p(zn|un, zn−1)µfn−1→zn−1
(zn−1) (2272)

α(zn) = p(xn|un, zn)
∑
zn−1

p(zn|un, zn−1)α(zn−1) (2273)

We can also get the forward recursion from this. For the backward recursion:

µfn+1→zn(zn) =
∑
zn+1

fn(zn, zn+1)µfn+2→zn+1
(zn) (2274)

β(zn) =
∑
zn+1

p(xn+1|un+1, zn+1)p(zn+1|zn, un+1)β(zn+1) (2275)

13.19

This exercises shows that the linear-Gaussian property of LDS allows it to not
require the Viterbi algorithm. We see that the marginal posterior distributions
for each of the latents will be Gaussian:

p(zn|X) = N (zn|µn,Σn) (2276)

Furthermore, because of the linear-Gaussian property, we see that the marginal
of the sequence of the latent variables is also Gaussian:

p(z1, ..zN |X) = N (z|µ,Σ) (2277)

We can use the results from Section 2.3.2 on partitioned Gaussians, where we can
then split z = (z1, ..zn), and each of the corresponding marginal distributions,
following (2.98) come out as p(zn|X). Then each of the marginal distributions
can be seen only to depend on their partitioned means and covariances, so
maximizing with respect to individual distributions will not depend on other
components, which will be equivalent to maximizing all the components at once.

13.20

This was done in the section 13.3.1 notes.

13.21

Also done in the 13.3.1 notes.
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13.22

Done in the 13.3.1 notes.

13.23

Done in 13.3.1 notes.

13.24

If we follow what the question is asking, then this is similar to including a bias
term as seen in linear basis functions. Let’s first extend our state vector to be
z′ = [z1, ..zk, 1], and now our emission and transition matrices will be

A′ = [A1, ..Ak, a], C
′ = [C1, ...Ck, c] (2278)

p(zn|zn−1) = N (A′z′n−1,Γ) (2279)

p(xn|zn) = N (C ′z′n,Σ) (2280)

This returns our equations to the normal LDS form, with a simple change of
notation to account for the mean biases. All the equations we have already
derived will now just swap in A→ A′, C → C ′.

13.25

We are going to show that a specific case of the Kalman filter is equivalent to
the maximum likelihood solution of single univariate Gaussian, where we are
finding the mean µ of a random variable x, given observations x1, ..xN . We can
model this with a LDS with latent variables z1, ..zN , C = I, A = 0 because we
are under the iid assumption now. Our initial parameters are

p(z1) = N (z1|µ0, V0) = N (z1|µ0, σ
2
0) (2281)

To follow our earlier derivations of the Kalman filter equations, we can now
substitute our C = I, A = 0 to get some new expressions:

Pn−1 = 0 + Γ (2282)

Kn = Pn−1(Pn−1 + σ2)−1 = Γ(Γ + σ2)−1 (2283)

µn = Knxn = Γ(Γ + σ2)−1xn = σ−2xn (2284)

Vn = (I −Kn)Pn−1 = Pn−1 − Γ(Γ + σ2)−1Pn−1 (2285)

= Γ− Γ(Γ + σ2)−1Γ (2286)

= (Γ−1 + σ−2I)−1 = σ2I (2287)
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We can also rewrite the initial conditions 13.94, 13.95 in our situation as

K1 = V0(V0 + σ2)−1 (2288)

µ1 = µ0 + V0(V0 + σ2)−1(x1 − µ0) (2289)

V1 = V0 −K1V0 (2290)

= V0 − V0(V0 + σ2)−1V0 (2291)

= (V −1
0 + σ−2I)−1 (2292)

From Chapter 2, the bayesian treatment of the Gaussian gives

p(µ|X) ∝ p(µ)p(X|µ) (2293)

N (µ|µN , VN ) = N (µ|µ0, σ
2
0)

N∏
n=1

N (xn|I ∗ µ, σ2) (2294)

In this setting, since we are trying to infer the mean, we are treating the mean
as the latent variable z. This will give identical results, see page 98 in PRML
for the derivation.

13.26

We are now going to show that the LDS can also be formulated to the PCA
problem. If we again consider independent latent variables, like in probabilistic
PCA, we will have A = 0, the covariance between latents Γ = I, and the
emission covariance is Σ = σ2I, and the emission density matrix C =W , where
W ’s columns span the principal subspace we are interested in. To show that
this setting of LDS matches the probabilistic PCA posterior distribution when
µ = 0, equation (12.42), we need to solve through the equations 13.89 and 13.90
again, i.e the marginal posteriors.

α(zn) = p(zn|X) = N (zn|µn, Vn) (2295)

Pn−1 = I,Kn =WT (WWT + σ2I)−1 (2296)

Vn = I −WT (WWT + σ2I)−1W (2297)

using woodbury’s identity: (2298)

Vn = (I + σ−2WTW )−1 = (σ−2(σ2I +WTW ))−1 = (2299)

σ2(σ2I +WTW )−1 = σ2M−1 (2300)

µn = 0 +WT (WWT + σ2I)−1xn use (C.5) here (2301)

µn = (I + σ−2WTW )−1WTσ−2Ixn (2302)

= (σ2(I + σ−2WTW ))−1WTxn (2303)

= (σ2I +WTW )−1WTxn =M−1WTxn (2304)

And thus the mean and variance are equivalent to the probabilistic PCA for-
mulation.
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13.27

Again, using our equation for the posterior distribution, we see that the mean
and variance when Σ = 0, C = I (i.e no noise),are given by

Kn = Pn−1C
T ∗ C−TP−1

n−1C
−1 = C−1 (2305)

µn = Aµn−1 + C−1xn −Aµn−1 = xn (2306)

Vn = (I − I)Pn−1 = 0 (2307)

13.28

Another special case of the LDS - this time where the state variables zn stay
the same, so A = I,Γ = 0, and V0 → ∞, so the initial condition is unimportant.
We want to prove that the posterior mean for zn, i.e µn is given by an average
of x1, ..xn, so prove:

µn =
1

N

N∑
n

xn (2308)

by a proof of induction. Let’s first show the base case, of n = 1 works. The
posterior mean is given by

µ1 = µ0 +K1(x1 − Cµ0) (2309)

K1 = V0C
T (CV0C

T +Σ)−1 (2310)

. Here, when V0 → ∞, the Σ term is small compared to the coefficients, so K1

evaluates to

K1 = V0C
TC−TV −1

0 C−1 = C−1 (2311)

µ1 = µ0 + C−1(x1 − Cµ0) = C−1x1 (2312)

Which satisfies the inductive hypothesis since the average over one variable is
itself.

Thus it holds in the base case of n = 1. If we now assume our inductive
hypothesis holds for some n = N , and we want to look at the posterior mean
when we add another data point xN+1, the equation is

µN+1 = AµN +KN+1(xN+1 − CAµN ) (2313)

= µN +KN+1(xN+1 − CµN ) (2314)

PN = AVNA
T + Γ = VN (2315)

KN+1 = VNC
T (CVNC

T +Σ)−1 (2316)

We saw that V0 → ∞ – what does this tell us about future Vn?

V0 → ∞ =⇒ K1 → C−1, P0 → ∞ (2317)

=⇒ V1 = (I −K1C)Pn−1 (2318)

= P0 − P0C
T (CP0C

T +Σ)−1CP0 (2319)

= (P−1
0 − CTΣ−1C)−1 → ∞ (2320)
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We get the final conclusion because P0 → ∞ so it becomes the dominant term
and the inverses cancel each other out. It is straightforward to see that this
holds inductively such that every Vn → ∞.

Our inductive hypothesis tells us that

µN =
1

N

N∑
i=1

C−1xi (2321)

We multiply by the inverse of C to project back into latent space. If we substi-
tute this in, we get

µN+1 =
1

N

N∑
i=1

C−1xi +KN+1(xN+1 −
1

N

N∑
i=1

xi) (2322)

Again, from our previous derivations of what the variance going to infinity
implies, we see an important conclusion is that Kn → C−1 Then substituting
this in gives us:

µN+1 =
1

N

N∑
i=1

C−1xi + C−1(xN+1 −
1

N

N∑
i=1

xi) (2323)

13.29

I am going to now follow what the book said to solve this equation to find
expressions for the parameters. We first multiply both sides by α̂(zn), which is
expected to be known because we do the forward pass first.

cn+1γ(zn) = α̂(zn)

∫
β̂(zn+1)p(xn+1|zn+1)p(zn+1|zn)dzn+1 (2324)

cn+1γ(zn) = α̂(zn)

∫
α̂(zn+1)

−1N (zn+1|µ̂n+1, V̂n+1) (2325)

N (xn+1|Czn+1,Σ)N (zn+1|Azn,Γ)dzn+1 (2326)

Let’s first merge the marginals of zn+1:

N (zn+1|µ̂n+1, V̂n+1) ∗ N (zn+1|Azn,Γ) (2327)

= (zn+1 − µ̂n+1)
T V̂ −1

n+1(zn+1 − µ̂n+1) + (zn+1 −Azn)
TΓ−1(zn+1 −Azn)

(2328)

= zTn+1(V̂
−1
n+1 + Γ−1)zn+1 + zTn+1(−2V̂ −1

n+1µ̂n+1 − 2Γ−1Azn) + const (2329)

Λ = (V̂ −1
n+1 + Γ−1) (2330)

N (zn+1|Λ(V̂ −1
n+1µ̂n+1 + Γ−1Azn),Λ

−1) (2331)

We can now use the results from Chapter 2 we always use with finding marginals
for conditionals: we will set
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Unfortunately, we can’t immediately use the results from chapter 2 - because
we now have a non-gaussian, the first term in the integral. I think the easiest way
to do this to just complete squares and merge terms together in the zn+1 until we
get a single marginal posterior zn+1, and then combine this with p(xn+1|zn+1)
If we first combine the conditional zn+1 distributions, we can find the combined
quadratic and linear terms. First, the quadratic terms will be (I’m going to
abuse notation slightly and just use zn+1 = z just for my sake):

−1

2
∗ zT (−V −1

n+1 + V̂ −1
n+1 + Γ−1)z (2332)

new var : Σnew = (V̂ −1
n+1 + Γ−1 − V −1

n−1)
−1 (2333)

The linear terms are then:

−1

2
∗ 2zT (V −1

n+1µn+1 − V̂ −1
n+1µ̂n+1 − Γ−1Azn) (2334)

= zT (−V −1
n+1µn+1 + V̂ −1

n+1µ̂n+1 + Γ−1Azn) (2335)

= zTΣ−1
newµnew (2336)

µnew = (V̂ −1
n+1 + Γ−1 − V −1

n−1)
−1(−V −1

n+1µn+1 + V̂ −1
n+1µ̂n+1 + Γ−1Azn) (2337)

p(zn+1) = N (zn+1|µnew,Σnew) (2338)

cn+1γ(zn) = α̂(zn)

∫
N (zn+1|µnew,Σnew)N (xn+1|Czn+1,Σ)dzn+1 (2339)

Now we can use chapter 2’s equations, specifically (2.115). I’m just going to
write out the Gaussian

N (xn+1|Cµnew,Σ+ CΣnewC
T ) (2340)

Now we can write out the α̂(zn) as well, to get the equation

cn+1γ(zn) = N (zn|µn, Vn)N (xn+1|Cµnew,Σ+ CΣnewC
T ) (2341)

So we now we have a conditional xn+1|zn, since µnew has some zn components, so
we are going to have to combine them again using chapter 2 stuff, and this time
find p(x|y), if we were looking at it from chapter 2, as p(x) = p(zn), p(y|x) =
p(xn+1|zn). We first have to write out µnew in terms of zn though, and we pull
from the previously derived equations.

µnew = (V̂ −1
n+1 + Γ−1 − P−1

n−1(I −KnC)
−1)) (2342)
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13.30

Writing out 13.65 here gives us

ξ(zn−1, zn) = (cn)
−1α̂(zn−1)p(xn|zn)p(zn|zn−1)β̂(zn) (2343)

p(xn|zn) = N (xn|Czn,Σ), p(zn|zn−1) = N (zn, Azn−1,Γ) (2344)

β̂(zn) = N (zn|µ̂n, V̂n) (2345)∫
ξ(zn−1, zn)dzn−1 = c−1

n β̂(zn)p(xn|zn)
∫
α̂(zn−1)p(zn|zn−1)dzn−1 (2346)∫

ξ(zn−1, zn)dzn−1 = β̂(zn)α̂(zn) (2347)

13.31

If we substitute in for α̂(zn) = N (zn|µn, Vn), we can now just rearrange terms
in the exponentials to find expressions for the mean and covariances. Other
errata have pointed this out, but the book is a little unclear - cov[zn, zn−1] is
going to be the block off diagonal terms in the overall covariance matrix. This
is because as we have seen in Chapter 2, the marginal distribution ξ(zn−1, zn)
will be combined into a bigger vector, where the mean of the Gaussian is split
into components and the covariance matrix becomes a larger block diagonal.
Let’s first write out the entire exponential:

−1

2
∗ [(zn−1 − µn−1)

TV −1
n−1(zn−1 − µn−1) + (zn −Azn−1)

TΓ−1(zn −Azn−1)

(2348)

+(xn − Czn)
TΣ−1(xn − Czn) + (zn − µ̂n)

T V̂n(zn − µ̂n) (2349)

−(zn − µn)
TV −1

n (zn − µn)] (2350)

To identify the covariance first, we see that following the results from Chapter
2, if we take x = (zn−1, zn) =⇒ xa = zn−1, xb = zn, then Λaa will only con-
cern precision matrices that only interact with zn−1, and Λbb will only contain
precision matrices interacting with zn, so we can separate those out first. Then
if we partition all the terms in the previous equations into ones specific to each
quadratic term:

zTn−1(V
−1
n−1 +ATΓ−1A)zn−1 (2351)

zTn (Γ
−1 + CTΣ−1C + V̂ −1

n − V −1
n )zn (2352)

zTn−1(A
TΓ−1)zn (2353)

We can now compute the block matrix, and use Schur’s complement to calculate
the inverse:

Λ =
(V −1

n−1 +ATΓ−1A)−1 ΓA−T

A−1ΓT (Γ−1 + CTΣ−1C + V̂ −1
n − V −1

n )−1 =
A B
C D

= Σ−1

(2354)
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When we perform the block wise inversion, we are only concerned with the
off-diagonal element which is given by

−(A−BD−1C)−1BD−1 (2355)

= −((V −1
n−1 +ATΓ−1A)−1 (2356)

−ΓA−T (Γ−1 + CTΣ−1C + V̂ −1
n − V −1

n )A−1ΓT )−1ΓA−TD−1 (2357)

13.32

The terms only involving the initial p(z1) parameters can be written as

Q(θ, θold) = −1

2
ln |V0| −

1

2
EZ|θold [(z1 − µ0)

TV −1
0 (z1 − µ0)] (2358)

Taking the derivative with respect to µ0 gives

∇µ : −1

2
E[(z1 − µ0)

TV −1
0 ] = 0 (2359)

E[(z1 − µ0)] = 0 (2360)

E[z1] = µ0 (2361)

∇V0 :
1

2
Λ−T − 1

2
∇E[Tr((z1 − µ0)(z1 − µ0)

TΛ] = 0 (2362)

∇V0 :
1

2
Λ−T − 1

2
E[∇Tr((z1 − µ0)(z1 − µ0)

TΛ] = 0 (2363)

Λ−T − E[(z1 − µ0)
T (z1 − µ0)] = 0 (2364)

Λ−1 = E[(z1 − µ0)(z1 − µ0)
T ] (2365)

Vnew = E[z1z
T
1 ]− 2E[z1]µ

T
0 + E[z1]E[z1]

T (2366)

= E[z1z
T
1 ]− E[z1]E[z1]

T (2367)

We used the precision for ease of derivation.

13.33

To solve for the transition parameters, we can substitute the terms in that are
only dependent on A,Γ

Q(θ, θold) =

N∑
n=2

lnN (zn|Azn−1,Γ) + const. (2368)

= −N − 1

2
ln |Γ| − 1

2
E[

N∑
n=2

(zn −Azn−1)
TΓ−1(zn −Azn−1)] (2369)

= −N − 1

2
ln |Γ| − 1

2
E[

N∑
n=2

tr(Γ−1(zn −Azn−1)(zn −Azn−1)
T )] (2370)
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If we find the derivative with respect to A, the transition matrix first, we can
move out terms that don’t depend on A in our product

−1

2

N∑
n=2

E[Tr(Γ−1(Azn−1z
T
n−1A

T − 2Azn−1z
T
n ))] (2371)

∇ :

N∑
n=2

E[Γ−1(A(zn−1z
T
n−1 + zn−1z

T
n−1)− 2znz

T
n−1)] = 0 (2372)

N∑
n=2

E[Azn−1z
T
n−1] =

N∑
n=2

E[znz
T
n−1] (2373)

A

N∑
n=2

E[zn−1z
T
n−1] =

N∑
n=2

E[znzTn−1] (2374)

With our Anew re-estimation equations, we need to substitute it back in to
solve for Γ. I’m going to express it in terms of the precision again to make the
derivative easier. Writing out Q in terms of the precision gives

N − 1

2
ln |Λ| − 1

2
E[

N∑
n=2

tr(Λ(zn −Azn−1)(zn −Azn−1)
T )] (2375)

∇ :
N − 1

2
Λ−T − 1

2

N∑
n=2

E[(zn −Anewzn−1)(zn −Anewzn−1)
T ] = 0 (2376)

ΓT =
1

N − 1

N∑
n=2

{E[znzTn −Anewzn−1z
T
n− (2377)

znz
T
n−1A

T
new +Anewzn−1z

T
n−1A

T
new]} (2378)

Γ =
1

N − 1

N∑
n=2

E[znzTn ]− E[znzTn−1]A
T
new (2379)

−AnewE[zn−1z
T
n ] +AnewE[zn−1z

T
n−1]A

T
new (2380)

13.34

To optimize for the emission density parameters, we again write for only those
terms, giving

Q(θ, θold) = −N
2
ln |Σ| − 1

2

N∑
n=1

E[(xn − Czn)
TΣ−1(xn − Czn)] (2381)
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This equation has an extremely similar form to exercise 13.33, and we can
rewrite the equation to match the form I used there

Q(θ, θold) = −N
2
ln |Σ| − 1

2

N∑
n=1

E[Tr[Σ−1(xn − Czn)(xn − Czn)
T ]] (2382)

= −1

2

N∑
n=1

E[Tr[Σ−1(−2Cznx
T
n + Cznz

T
nC

T )]] (2383)

∇ : −1

2

N∑
n=1

E[Σ−1(−2xnz
T
n + 2Cznz

T
n )] = 0 (2384)

N∑
n=1

E[CznzTn ] =
N∑

n=1

xnE[zTn ] (2385)

Cnew = (

N∑
n=1

xnE[zTn ])(
N∑

n=1

E[znzTn ])−1 (2386)

We can now solve for Σ by substituting in our new Cnew in as well, and rewriting
the equation in terms of the precision to avoid inverse derivatives:

N

2
ln |Λ| − 1

2

N∑
n=1

E[Tr[Λ(xn − Czn)(xn − Czn)
T ]] (2387)

∇ :
N

2
Λ−T − 1

2

N∑
n=1

E[(xn − Czn)(xn − Czn)
T ] = 0 (2388)

ΣT =
1

N

N∑
n=1

{xnxTn − xnC
TE[zn]T − CE[zn]xTn + CE[znzTn ]CT } (2389)

Σ =
1

N

N∑
n=1

{xnxTn − E[zn]CxTn − xnE[zn]TCT + CE[znzTn ]CT } (2390)

Chapter Recap

This chapter introduces a new type of model to fix sequential data better,
called the state space model. We use both latents and observed variables, and
the structure can be described by a probabilistic graph where the latents run
through a Markov chain (usually first-order), and each of the observed xn only
depend on its corresponding zn. This structure allows to exploit some condi-
tional independence properties to obtain efficient message-passing methods to
estimate the marginal posteriors γ(zn), ξ(zn−1, zn), which are needed in the E-
step of the EM algorithm for maximum likelihood. Markov models are useful
because they allow us to capture temporal and sequential dependencies that
the iid assumption cannot fit to, and some widely used applications are speech
recognition and modeling particle systems. The discrete linear variable case
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of markov models are called Hidden Markov Models, which have an analog to
Gaussian Mixture Models. The continuous variable case uses a linear-Gaussian
tree model, called Linear Dynamical Systems, which allows the joint, marginal
and conditional distributions to all be Gaussian, a powerful property.

The forward-backward algorithm that is used to efficiently pass messages
between nodes is actually a special case of the sum-product algorithm, and
we also need to use scaling factors on the forward-backward messages to
make them numerically stable. The Viterbi algorithm is the max-sum algo-
rithm applied onto the HMM, and for LDS we don’t need it because of the
linear-Gaussian assumption, which allows us to separate the joint distribution
into distinct marginals that can be optimized separately. The forward algo-
rithm on LDS implements the Kalman filter, which basically is the operation
described by the update equation. The update equations work by creating a
belief of the next observed variable using the mean of the current latent, and
then updating it with the ground truth, multiplying this by the Kalman gain,
and updating our previous mean after the transition matrix is applied.

There are a lot of extensions applicable to both HMM and LDS, which
usually involve adding more nodes and dependencies, like input dependencies
that allow supervised sequential learning, or having multi-order latent Markov
chains. You can also combine HMM and LDS by havingK number of continuous
linear-Gaussian chains, and then having a single multinomial discrete chain that
acts as a selector, similar to the mixture model, called the witching state space
model. One last important generalization is the particle filter, which utilizes
MCMC sampling techniques to estimate non-Gaussian emission densities for
tractable inference. Specifically, it uses the sampling-importance-resampling
algorithm. Compressed version: at time step n, we have some weights beliefs
about different samples, we get a new sample xn+1, so we resample our sample
distribution with this new information p(xn+1|zn+1, and update our weights
based on the new probabilities. So the arrival of new observed points with their
conditional probabilties modulates and adaptively adjusts the weights of our
sampling distribution.

Chapter 14: Combining Models

We now investigate methods of iterative and ensemble training of multiple mod-
els. A brief overview of the methods are: averaging over predictions, committees,
boosting, which involves sequentially training multiple models, tree-based mod-
els (Decision trees), and mixture-of-experts, which can be seen as a soft version
of decision trees.

14.1 Bayesian Model Averaging

It is important to make the distinction between model averaging and combina-
tion. The Gaussian mixture model is one example of model combination, with
the prior latent variable being z acting as a mixture selector. If we instead
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suppose that we have several different models indexed by h = 1, ...H with prior
probability p(h), the marginal distribution would be given by

p(X) =

H∑
h=1

p(X|h)p(h) (2391)

This is an example of Bayesian model averaging. By summing over h, we are
asuming that one model is responsible for generating the entire dataset - not a
mixture, and the prior reflects our initial uncertainty.

14.2 Committees

Simplest method is to average the predictions of a set of individual models, one
motivation is from the frequentist perspective of mitigating the bias-variance
trade-off. By averaging predictions from multiple low-bias models, the variance
is seen to decrease.

Bagging : Because we only have a single dataset, a common tactic to intro-
duce variability between the committee models is to use bootstrap datasets. If
we give each model its own disjoint data set to train on, then the predictions
will be

ycom(x) =
1

M

M∑
m=1

ym(x) (2392)

If we suppose in the regression setting we are trying to predict a function
h(x), so that our predictions can be written as the true output + some erorr:

ym(x) = h(x) + ϵm(x) (2393)

The average sum of squares error can be written as

Ex[(ym(x)− h(x))2] = Ex[ϵm(x)2] (2394)

The average error of the models in the case they act individually is

EAV =
1

M

M∑
m=1

Ex[ϵm(x)2] (2395)

The expected error of the committee is given by

Ecom = Ex[{
1

M

M∑
m

ym(x)− h(x)}2] (2396)

= Ex[{
1

M

M∑
m=1

ϵm(x)}2] (2397)
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Notice the square is over the average error, instead of the previous error, where
it was the average of the squared errors. If we assume the errors have zero mean
and are uncorrelated, then we will get that

ECOM =
1

M
EAV (2398)

As shown in Exercise 14.2. In theory, this suggests that bagging committees will
reduce the error by a factor of M , but in practice the errors between individual
models are highly correlated and the error reduction is not as drastic. EAV ≥
ECOM does hold though.

14.3 Boosting

Boosting is a powerful technique to combine multiple ’base’, weak classifiers to
produce a committee where performance is significantly better - the most pop-
ular being AdaBoost. The principal difference between boosting and bagging is
that the base classifiers are trained sequentially in an active learning scheme,
where each data point has a weighting coefficient depending on the performance
of previous classifiers. Higher weights are given to points with higher misclas-
sification rates. Once training is finished, the predictions are found using a
majority voting scheme.

Adaboost Algorithm:

1. Initialize the weighting coefficients wn by setting w
(1)
n = 1

N for all points.

2. For training epochs m = 1, ..M :

(a) Fit a classifier ym(x) by minimizing the weighted error function, such
as for binary classification:

Jm =
∑
n

wm
n I(ym(xn) ̸= tn) (2399)

(b) Evaluate the error quantities:

ϵm =

∑
n wnI(ym(xn) ̸= tn)∑

n w
m
n

(2400)

This tells us our misclassification error scaled by the total weights,
and we can also calculate our update coefficient

αm = ln{1− ϵm
ϵm

} (2401)

wm+1
n = wm

n exp{αmI(ym(xn) ̸= tn)} (2402)

3. Make prediction using our final model through majority voting:

YM (x) = sign(
∑
m

αmym(x)) (2403)
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To get some intuition / motivation behind the algorithm, we see that the error
terms at each iteration are weighted sums of the misses of the base classifiers.
Each time a point is labelled wrong, it gets a little bit of a higher weighting
coefficient, so successive misses will continue to increase the weights of those
points. Also, in the final prediction equation, we see that the αm, which measure
how accurate the classifier ym is, will weight those classifiers higher.

14.3.1 Minimizing exponential error

Boosting’s origins came from statistical learning theory, but an easier interpre-
tation comes in terms of the sequential minimization of an exponential error
function. Consider the error function:

E =
∑
n

exp{−tnfm(xn)} (2404)

fm(x) =
1

2

m∑
l

αlyl(x), tn ∈ {−1, 1} (2405)

We see here that fm is a classifier that is defined as the linear combination
of the base classifiers. We want to minimize E with respect to the weighting
coefficients and the base classifiers.

Instead of doing a global error minimization where we just take the gradient,
we are going to take the sequential approach and assume y1, ..ym, α1, ..αm−1 are
fixed. We can then rewrite the error function by separating the contribution
from the varying classifier ym(x):

E =
∑
n

exp{−tnfm−1(x)−
1

2
tnαmym(xn)} (2406)

=
∑
n

wm
n exp{−1

2
tnαmym(xn)} (2407)

Where we have introduced constant coefficients. We can further rewrite the error
function by separating the points into Tm,Mm, as the correctly and incorrectly
classified points by ym(x):

E = e−αm/2
∑
Tm

wm
n + eαm/2

∑
Mm

wm
n (2408)

We can rewrite the misclassified set as the indicator function, which multiplies
a positive factor on the Mm set and a negative factor on the Tm. We introduce
an additional dummy sum term to make

= (eαm/2 − e−αm/2)

N∑
n

w(m)
n I(ym(xn) ̸= tn) + e−αm/2

N∑
n

wm
n (2409)

When we first minimize with respect to ym(x), the second term is constant,
and the first term is the original weighted sum function multiplied by a con-
stant that doesn’t change the minimum, so this is the stage where we fit the
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classifier. When we minimize with respect to αm, we get the error formulation
as described in (14.17), showing these give identical solutions to the normal
Adaboost algorithm.

Looking at the original formulation of the error function as a weighted ex-
ponential sum, we see after minimizing with respect to both variables, the new
minimum is at

wm+1
n = wm

n exp(−1

2
tnαmym(xn)) (2410)

If we make use of a clever notation trick:

tnym(xn) = 1− 2I(ym(xn) ̸= tn) (2411)

wm+1
n = wm

n exp(−1

2
αm(1− 2I(ym(xn))) (2412)

= wm
n exp(−1

2
αm + αmI(ym(xn) ̸= tn)) (2413)

= wm
n exp(−αm/2) exp{αmI(ym(xn) ̸= tn)} (2414)

The first exponential term is independent of n and can be discarded, and this
gives the update equation adaboost gave before.

After training is finished, we evaluate using the sum fm(x), which is identical
to the sign of the linear combinations of the base classifiers we saw earlier.
Thus, this small section showed how if we treat boosting instead as sequentially
minimizing an exponential error function, we recover the adaboost algorithm.
The error function specifically is minimized when correct predictions are made
since the signs are the same.

Error functions for boosting

This section looks at some of the common possible forms of boosting error
function, starting with the exponential one:

Ex,t[exp{−ty(x)}] =
∑
t

∫
exp{−ty(x)}p(t|x)p(x)dx (2415)

In Exercise 14.7, we will perform a variational minimization with respect to
classifiers y(x), giving

y(x) =
1

2
ln{ p(t = 1|x)

p(t = −1|x)
} (2416)

This is the solution that the Adaboost algorithm is trying to approximate, which
is half the log-odds ration, within the space of functions represented by lincombs
of base classifiers, subject to the constrained minimization from the sequential
optimization.

If we draw some comparisons to previous error functions seen for two class
problems, we can look at the cross-entropy loss from logistic regression and the
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hinge loss function in SVMs. Both the CE and exponential error loss are seen as
continuous approximations to the true misclassification error. The exponential
function is nice because it gives the simple Adaboost algorithm, but when plot-
ting its loss function, we see that for large negative values of |− ty|, the penalty
scales exponentially. It also cannot generalize to K > 2 classes, and cannot be
represented as a log likelihood. So the exp loss is much more brittle to outliers.

Using the interpretation of boosting as a sequential optimization with respect
to an exponential loss, we can still extend it to multiclass classification and
regression problems through altering the loss function. Exercise 14.9 shows how
this is done for regression.

14.4 Tree-Based Models

The most simple form of tree-based models is splitting an input space into
cuboid regions, with edges parallel to the axes, and assigning simple models (like
constants) to each region. This is viewed as a simple model combination method
where each model is assigned to a space, and decisions are made by looking at
the edges that split regions and traversing binary trees that represent the entire
grid. Trees are nice because they can readily be interpreted into sequences of
binary decisions.

To learn tree-based models, we have to consider the structure of the tree,
which means deciding at each node which input variable is chosen to form
the split criterion, as well as the value of the threshold parameter, and then
determining predictions in each region.

In the regression setting, with input vectors and continuous labels, we will
see in Exercise 14.10 that if the partitoning of the input space is given and we
minmize the SSE function, the optimal predictive value is the average of the tn
in that region. To determine the structure, it is computationally infeasible to
compute all possible configurations, so we perform a greedy solution.

We first start with a root node representing the entire input space, and at
each step we can split some number of the candidate regions, corresponding to
an addition of a leaf node pair. For each of these points, there is a choice of
which D input variables to split, as well as the threshold values. This joint
optimization involving which region to split, which input variables in the region
to split on, and the threshold is done by exhaustive search algorithms. A helpful
part in this algorithm is that the predictive variable is given by a local average
of the target data. We can search through these combinations and retain lowest
error configurations.

The next question is when to stop growing the tree / adding nodes. A
valid stopping condition would be to stop after a minimum threshold in error
reduction is not attained, but empirically it is seen that in these cases several
more splits causes substantial error reduction. Thus it is common to first grow
a large tree, using a stopping criterion based on the number of data points
associated with the leaf nodes, then iteratively prune the nodes by combining
regions, using a metric balancing residual error and model complexity. Suppose
the leaf nodes are indexed by τ = 1...|T |, with leaf node τ representing a region
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Rτ with Nτ data points. The optimal prediction for Rτ is

yτ =
1

Nτ

∑
xn∈Rτ

tn (2417)

The contribution to the residual error is:

Qτ (T ) =
∑

xn∈Rτ

{tn − yτ}2 (2418)

The pruning criterion is:

C(T ) =
∑
τ

Qτ (T ) + λ|T | (2419)

The lambda is a regularization parameter determining the trade-off between
error and complexity, found by cross-validation. To extend to classification
problems, we use different stopping criterions for growing the tree, instead of
the misclassification rate. The motivation is that in an ideal tree, we want to
have regions of input space where a high proportion of the input space is a single
class, so we can use the cross-entropy or the Gini-index:

−
∑
k

pτk ln pτk (2420)∑
k

pτk(1− pτk) (2421)

Both go to zero at pτk = 0, 1, with maximum at 0.5, which fits our motivation.
pτk is the proportion of the data points in the input space. These functions also
are differentiable, which the misclassification rate isn’t. The misclassification
rate is still used for the pruning criterion.

As said before, the human interpretability of CART (classification and re-
gression trees) is valuable, but the tree structures are often overfitted to the
specific dataset. Some other problems are that the splits must be parallel to the
axes, making them extremely rigid to optimal decision boundaries that aren’t
parallel. The splits in the decision tree are hard and not probabilistic, which is
problematic in regression problems where we want to model smooth functions
without discontinuities in input space.

14.5 Conditional Mixture Models

Conditional Mixture Models originate from the needs to create more soft, prob-
abilistic splits that are functions of all the input variables, at the cost of inter-
pretability. We can first start with a standard probabilistic mixture of uncondi-
tional density models then replace the components with conditional densities.
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14.5.1 Mixtures of Linear Regression Models

We are going to extend the standard Gaussian mixtures models to the condi-
tional Gaussian case, where we have K linear regression models:

p(t|θ) =
∑
k

πkN (t|wT
k ϕ, β

−1) (2422)

Notice we denoted a common precision β. Given a dataset of observations
{ϕn, tn}, we can find the log likelihood as

p(t|θ) =
∑
n

ln(
∑
k

πkN (t|wT
k ϕ, β

−1)) (2423)

We can again use the iterative EM algorithm to optimize for this likelihood by
introducing latent variables {zn} which tells for each data point which mixture
component corresponds to it. The complete log likelihood is given by

ln p(t,Z|θ) =
∑
n

∑
k

znk ln{πkN (tn|wT
k ϕn, β

−1)} (2424)

The EM algorithm start by initializing parameters θold, and then we calculate
the responsibilities given by the probability of the component k from the data
point ϕn

γ(znk) = E[znk] = p(k|ϕn, θold) =
πkN (tn|wT

k ϕn, β
−1)∑

j πjN (tn|wT
j ϕn, β

−1)
(2425)

The complete log likelihood under this expectation is given by:

Q(θ, θold) =
∑
n

∑
k

γnk{lnπk + lnN (tn|wT
k ϕn, β

−1)} (2426)

In the M-step we now maximize with respect to the different parameters. Max-
imizing with respect to the mixing coefficients is straightforward using a La-
grange multiplier, and it is shown in Exercises 14.14 it gives the same result as
GMMs. To maximize with respect to the class specific linear parameters wk,
we can first isolate the equation in terms of wT

k :∑
n

γnk(−
β

2
(tn − wT

k ϕn)
2) (2427)

This equation is similar to the standard sum of squares error, except each term
is weighted by βγnk, which can be seen as an effective precision - the higher the
responsibility, the more points are explained by the component k. Taking the
gradient gives: ∑

n

γnk(tn − wT
k ϕn)ϕn = 0 (2428)

0 = ΦTRk(t−Φwk) (2429)

ΦTRkΦwk = ΦTRkt (2430)

wk = (ΦTRkΦ)−1ΦTRkt (2431)
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Rk here is just a diagonal matrix of the responsibilities to fit the matrix formu-
lation. The final expression for wk can be seen as a modified, weighted version
of the normal equations by the responsibilities, which need to be updated ev-
ery M step. This small section was pretty straightforward, just talking about
extending mixture stuff to linear regression using EM.

14.5.2 Mixtures of Logistic Regression

Again, because the logistic regression, like the linear regression model, is defined
by a conditional distribution for the target variables, it is straightforward to use
it as a smaller component in more complex probabilistic models, like mixtures.
For K-mixture of logistic regression models we have

p(t|x, θ) =
K∑
k

πky
t
k(1− yk)

1−t (2432)

Where yk = σ(wT
k ϕn), and if we have an entire dataset, the likelihood function

is given by

p(t|θ) =
∏
n

(
∑
k

πky
tn
nk(1− ynk)

1−tn) (2433)

Just like before, utilizing gradient method on these mixture models does not give
closed form solutions - we instead use the EM algorithm, by again introducing
znk:

p(t, Z|θ) =
∏
n

∏
k

{ytnnk(1− ynk)
1−tn}znk (2434)

We then initialize our parameters, θold, and in the E-step we evaluate the pos-
terior probabilities of each znk:

γnk = E[znk] = p(k|ϕn, θold) =
πky

tn
nk(1− ynk)

1−tn∑
j πjy

tn
nj(1− ynj)1−tn

(2435)

In the M-step, we then substitute in the responsibilities and take the log, giving:

Q(θ, θold) = Ez[ln p(t, Z|θ)] (2436)

=
∑
n

∑
k

γnk{lnπk + tn ln ynk + (1− tn) ln(1− ynk)} (2437)

Optimizing with respect to the mixing coefficients using Lagrangian multipliers
gives the familiar result, but to optimize with respect to the linear parameters
wk, we note that the M-step equation comprises a k-indexed sum where each
term only depends on wk, decoupling the vectors across the sums and only
linking wk across the n-data point sum. There is no closed-form solution and an
iterative algorithm like the iterative reweighted least squares algorithm is used.
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Because the responsibilties γnk are fixed from the E-step, the IRLS equations are
solved separately for each wk, and the mixture solution corresponds to fitting a
single logistic regression model to a weighted data set where each data point is
weighted by γnk, similar to the linear regression mixture interpretation, which
solved normal equations weighted by the diagonal responsibility matrix.

14.5.3 Mixtures of Experts

We can extend the mixture framework to include the mixing coefficients as
functions of the input variables:

p(t|x) =
∑
k

πk(x)pk(t|x) (2438)

This is the mixtures-of-experts model, where the mixing coefficients are gating
functions and the individual components are experts. The gating functions
respect the usual constraints for mixing coefficients, like the sums, and they
can be represented by linear softmax models. If the experts are also linear, like
regression or classification, then the whole can be fitted efficiently using EM,
with IRLS in the M-step. The base MoE model still has limitations because of
its linearity restrictions.

The hierarchal MoE expands on this by using multilevel gating functions,
where the conditional distribution components are now also mixtures, so we
stack multiple layers of gating functions. It can also be viewed as a proba-
bilistic version of the decision tree formulation seen earlier, without the hard
constraints.

Exercises

14.1

The predictive distribution, where we marginalize out the model index and the
parameters, is given by:

p(t|x,X, T ) =
∫∫

p(t|x, zh, θh, h)p(zh, θh|h)p(h)dhdzh (2439)

This formula highlights that in Bayesian model averaging, we are marginalizing
over sets of different possible models with different parameter and latent vari-
able configurations. This is in contrast to mixture models or latent variables
contained in a single model, where we don’t marginalize over the model space
and instead only over the latent and parameter spaces.
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14.3

This is relatively straightforward - since both EAV and ECOM are are functions
of ϵm(x), we see that EAV can be rewritten as

EAV = Ex[
1

M

∑
m

ϵm(x)2] (2440)

ECOM = Ex[{
1

M

∑
m

ϵm(x)}2] (2441)

E[f(x)] ≥ f(E[x]) (2442)

If we take the perspective that the averaged sum over M can be thought of
as another expectation over model space, then this we can see that EAV is an
expectation of the quadratic function over the model space, while ECOM is the
squared function of ϵm over the model space.

14.4

This is straightforward once we see that the committee and average value errors
came from the SSE function, which is a convex function of y:

E[(ym(x)− h(x))2] = Ex[ϵm(x)2] (2443)

So the value inside the expectation must be a convex function, so that the
average error value can be seen as E[f(x)], and the committee error is seen as
averaging the errors of different y-values, and the inputting it into the convex
function: f(E[x]). Then Jensen’s still holds.

14.5

We can see these conditions hold by looking at the bounds:

ymin(x) = yCOM (x) =
∑
m

αmym(x) (2444)

If we show the sufficient condition first: If we find the maximum value of
yCOM (x), we see that it occurs when αk = 1, where k is the index of the
maximum classifier, and αm = 0 for all the other m. This also holds in the re-
verse for the minimum case when we are looking for minimums of yCOM (x), and
this satisfies the bounds. To prove the strict inequalities, we see that yCOM (x)
is a convex combination of the points, because of the constraints given.

To show the necessary condition, we can consider a specific case of the in-
equality

ymin(x) < yCOM (x) < ymax(x) =⇒ (2445)

αm ≥ 0,
∑
m

αm = 1 (2446)
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If we take the case where yk(x) = 1 for one k, ym(x) = 0∀m ̸= k, then ymin(x) =
0 ≤ αk, and we can cycle through all the k to show it holds for all coefficients.
To show the other condition, if we set all ym(x) = 1, then ymax(x) = 1, 1 ≤∑

m αm ≤ 1 =⇒
∑

m αm = 1.

14.6

We are differentiating this function:

(eαm/2 − e−αm/2)
∑
n

w(m)
n I(ym(xn) ̸= tn) + e−αm/2

∑
n

wm
n (2447)

∇αm :
1

2
(eαm/2 + e−αm/2)

∑
n

w(m)
n I(ym(xn) ̸= tn)−

1

2
e−αm/2

∑
n

wm
n = 0

(2448)∑
n w

(m)
n I(ym(xn) ̸= tn)∑

n w
m
n

=
e−αm/2

eαm/2 + e−αm/2
(2449)

ϵm =
1

eαm + 1
(2450)

eαm =
1

ϵm
− 1 (2451)

αm = ln{1− ϵm
ϵm

} (2452)

14.7

The expected error is given by∑
t

∫
exp(−ty(x))p(t|x)p(x)dx (2453)

Performing variational minimization, we get that∑
t=1,−1

−t exp{−ty(x)}p(t|x)p(x) = 0 (2454)

− exp{−y(x)}p(t = 1|x)p(x) + exp{y(x)}p(t = −1|x)p(x) = 0 (2455)

exp{2y(x)} =
p(t = 1|x)
p(t = −1|x)

(2456)

y(x) =
1

2
ln

p(t = 1|x)
p(t = −1|x)

(2457)

325



14.8

If we set the exponential error function as the corresponding negative log like-
lihood of some conditional:

−
∑
n

ln p(tn|x) =
∑
n

exp{−tnfm(xn)} (2458)

p(tn|x) = exp{exp{−tnfm(xn)}} (2459)

This function is not easily normalized because it doesn’t have a well defined
antiderivative, thus no well-defined normalization constant.

14.9

Following the framework already given in the book, we are simply using this
error function instead now:

E =
∑
n

(tn − fm(x))2 (2460)

=
∑
n

(tn − wm
n − αmym(x))2 (2461)

fm(x) = wm
n + αmym(x) =⇒ wm

n = fm−1(xn) (2462)

We again assume that all the m − 1 timesteps are held constants at this time
step and can be represented as wm

n . We can then take the gradient with respect
to αm, ym(x):

∇αm : −1

2
ym(x) = 0, (2463)

∇ym : −1

2
αm = 0 (2464)

So the optimal values are just αm, ym(x) = 0∀m, and the our update equation
is given by

wm+1
n = (tn − fm−1(xn))

2 (2465)

So the weights are updated by the residual errors, as stated in the question.

14.10

∑
n

(tn − t)2 (2466)

∇ :
∑
n

(tn − t) ∗ −1 = 0 (2467)

∑
n

tn = Nt =⇒ 1

N

∑
n

tn = t (2468)
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14.11**

14.12

Extension of the mixtures of linear regression model to the multiple output
settings:

p(t|θ) =
∑
k

πkN (t|W T
k ϕ, β−1I) (2469)

ln p(T,Z|θ) =
∑
n

∑
k

znk ln{πkN (t|W T
k ϕ, β−1I)} (2470)

We don’t need to change anything besides this because the way the data points
work is that now each tn target vector will be assigned to a 1-of-K latent variable.
In the E-step of EM, the responsibilities are again the posterior probabilities
and computing them is straightforward. In the M-step, we would get the same
relation as the univariate, since the mixing coefficients do not change. When
we now optimize for Wk, we see again that the expected complete log likelihood
can be separated into each of its k-components, weighted with a responsibility
γnk, so we recover the responsibility weighted normal equations again, but this
time:

Wk = (ΦTRkΦ)−1ΦTRkT (2471)

For the noise parameter β, because it is a multiplication on the identity, so the
equations are the same as before.

14.13

This is trivial - this just requires remembering that the mixing coefficients cor-
respond to the latent variables through a one-to-one matching represented by
the 1-of-K scheme, and so do the mixing component densities, so they are both
raised to a power of znk, and then the log drops it down.

14.14

If we take the Lagrangian on this:∑
n

∑
k

γnk{lnπk}+ λ(
∑
k

πk − 1) (2472)

∇πk :
∑
n

γnk
πk

= λ (2473)∑
n

∑
k

γnk = λ (2474)

N = λ (2475)

∇ :
∑
n

γnk
πk

= N =⇒ πk =
1

N

∑
n

γnk (2476)
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14.15

Equation for the conditional mean of a mixture of linear regression models:

E[p(t|θ)] =
∫
tp(t|θ)dt (2477)

=

∫
t
∑
k

πkN (t|wT
k ϕ, β

−1)dt (2478)

=
∑
k

πk

∫
tN (t|wT

k ϕ, β
−1)dt (2479)

=
∑
k

πkµk (2480)

14.16

To extend this to the multiclass problem, the target vector tn will now be a
1-of-C coding scheme, where C is the number of possible classes. Then the
likelihood function is given by

p(T |θ) =
∏
n

(
∑
k

πk{
C∏
c

ytncnk }) (2481)

ynk =
exp(wT

k ϕn)∑
j exp(w

T
j ϕn)

(2482)

So we have introduced a new variable tnc that is the label for the nth data point
that points to the class c. We can then introduce our latent variables here, like
znk as before, but we need to be careful since we need to ask ourselves how it
plays with the multi class. In my opinion, if we walk through the generative
process, and we first sample a zn, which follows a 1-of-K coding scheme, then the
znk tells us which mixture distribution to choose, so we don’t need to introduce
a class dependency of the latent variable vector. So the complete log likelihood
is:

p(T,Z|θ) =
∏
n

∏
k

πk{
∏
c

ytncnk }
znk (2483)

ln p(T,Z|θ) =
∑
n

∑
k

γnk{lnπk + ln
∏
c

ytncnk } (2484)

=
∑
n

∑
k

γnk{lnπk +
∑
c

tnc ln ynk} (2485)

I skipped showing the calculations of the posteriors but it is straightforward
using Bayes. To derive the mixing coefficient, we can just use the Lagrangian
multiplier constraint to get the known solution. Finding the derivative with
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respect to wk is more involved, let’s write out the terms involving it:∑
n

∑
k

γnk ∗
∑
c

tnc ln ynk + const. (2486)

(2487)

We use the chain rule on the derivatives, but like the logistic function, the
softmax does not have a closed function, so we are going to need to use IRLS
again. For that, we need the gradient and the hessian with respect to w:

∂ynk
∂wk

=
ϕn exp(w

T
k ϕn)

∑
j exp(w

T
j ϕn)− exp(wT

k ϕn) ∗ ϕn exp(wT
k ϕn)

(
∑

j exp(w
T
j ϕn))

2
(2488)

=
ϕn exp(w

T
k ϕn)∑

j exp(w
T
j ϕn)

− ϕny
2
nk (2489)

= ϕnynk − ϕny
2
nk = ϕnynk(1− ynk) (2490)

Thus when we take the original equation’s derivative with respect to w:

∂Q
∂ynk

∂ynk
∂wk

=
∑
n

γnk{
∑
c

tnc
ynk

} ∗ ϕnynk(1− ynk) (2491)

=
∑
n

γnkϕn(1− ynk){
∑
c

tnc} (2492)

=
∑
n

γnkϕn(1− ynk) (2493)

H = −
∑
n

−γnkϕn ∗ ϕTnynk(1− ynk)) (2494)

Note that the Hessian for both logistic and multiclass regression are the same.

14.17

We are examining a two-level hierarchal mixture model, and showing it is equiv-
alent to a conventional single level pixture model:

p(t|x) =
∑
k

πkψk(t|x) (2495)

ψk(t|x) =
∑
l

πlpl(t|x) (2496)

p(t|x) =
∑
k

∑
l

πkπlpl(t|x) (2497)

π′
k = πk ∗

∑
l

πl =⇒ (2498)

p(t|x) =
∑
k

π′
kpl(t|x) (2499)
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This shows another mixture distribution. If the mixing coefficients are functions
of x, we get a new function of

p(t|x) =
∑
k

∑
l

πk(x)πl(x)pl(t|x) (2500)

And then we can combine the mixing coefficients as before. In the case where
mixing coefficients at both levels are constrained to be linear classification model

Chapter Recap

This chapter goes over various different methods of combining model predic-
tions, going from the simple single variable latent mixture model to exploring
model averaging through committees. Boosting is another technique where we
sequentially optimize a chain of models, weighting different points higher based
on misclassifications. We also looked at decision trees, which separate input-
regions and hard assign different predictive models into different input regions.
Although they are powerful, they are still inflexible, which is why expand to
conditional mixture models, such as mixtures of linear and logistic regression
models, as well mixture of experts, where the mixing coefficients are functions
of the input variables as well.

Portions I missed and need to get back to:

Section 10.7 Expectation Propagation Section 12.4.3 Modelling nonlinear man-
ifolds
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